
 

 

 

 

 

 

Chapter 5: Linear systems with several 

degrees of freedom 

 

 

 

 

 

 

 

 
 

 

 

 

 



5.1 Degrees of freedom 

The independent variables needed to describe a moving system are called degrees of 

freedom. If there are N independent variables 𝑞𝑖, we write N Lagrange equations: 
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5.1.1 Types of coupling 

5.1.1.a Coupling by elasticity 

The coupling between the two systems is through a spring (capacitance).

 
Figure 5.1: Different mechanical and electrical systems coupled by elasticity 

 
5.1.1.b Couplage inertiel 

The coupling between the two systems is through a mass (coil).

 

Figure 5.2 : Mechanical and electrical systems coupled by inertia 

 

 



5.1.1.c Viscous coupling 

The coupling between the two systems is through a damper (resistor). 

 

 

Figure 5.3: Viscous coupling of different mechanical and electrical systems 

5.2 Free systems with two degrees of freedom 

5.2.1 Equation of motion 

Consider the free opposite system. The two independent variables are 𝑥1 and 𝑥2. 𝑘 is called the 

coupling element. 

 

Figure 5.4: Oscillatory motion of a coupled system with two degrees of freedom 

 

The kinetic energy is written as follows: 

𝐸௖ ൌ 𝑇 ൌ෍
1
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For the potential energy we have: 
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Hence the Lagrangian is written: 
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The two Lagrange equations are written: (For 𝐷=0, 𝐹=0∶ 𝑠𝑦𝑠𝑡𝑒𝑚 𝑛𝑜𝑛 damped and 𝑛𝑜𝑛 

𝑓𝑜𝑟𝑐edሻ 

The coupled differential system then becomes: 
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⎨
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𝑚ଵ𝑥ሷଵ ൅ ሺ𝑘ଵ ൅ 𝑘ሻ𝑥ଵ െ 𝑘𝑥ଶ ൌ 0
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5.2.2 Eigen modes 

In normal mode (or eigen) the solution of the preceding equation is the form of a 

superposition of the two eigen modes, as follows: 

𝑥1= 𝐴1 cos (𝜔𝑡+𝜑1). 

𝑥2=𝐴2 cos (𝜔𝑡+𝜑2).  

𝐴1, 𝐴2, 𝜑, Depending on the initial conditions. To find 𝜔, use the complex representation: 

ቊ
𝑥ଵ ൌ 𝐴ଵ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଵሻ → 𝑥෤ଵ ൌ 𝐴ଵ𝑒௝
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ൌ 𝑗𝜔𝐴ሚଶ𝑒௝ఠ௧

⇒ ൝
𝑥෤ଵ
••
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For the equation to be true without 𝐴ሚଵ and 𝐴ሚଶ both being zero, its characteristic determinant 

must be zero: 

𝛥ሺ𝜔ሻ ൌ ฬ
ሺെ𝜔ଶ ൅ 𝑎ሻ െ𝑏

െ𝑐 ሺെ𝜔ଶ ൅ 𝑑ሻ
ฬ ൌ ሺെ𝜔ଶ ൅ 𝑎ሻሺെ𝜔ଶ ൅ 𝑑ሻ െ ሺെ𝑐ሻሺെ𝑏ሻ ൌ 0 

𝛥ሺ𝜔ሻ ൌ 𝜔ସ െ 𝜔ଶ𝑑 െ 𝜔ଶ𝑎 ൅ 𝑎𝑑 െ 𝑏𝑐 ൌ 𝜔ସ െ ሺ𝑑 ൅ 𝑎ሻ𝜔ଶ ൅ ሺ𝑎𝑑 െ 𝑏𝑐ሻ ൌ 0 

This gives us the characteristic equation: 

𝜔ସ െ ሺ𝑑 ൅ 𝑎ሻ𝜔ଶ ൅ ሺ𝑎𝑑 െ 𝑏𝑐ሻ ൌ 0 

The two real and positive solutions 𝜔1 and 𝜔2 of this equation are called proper or normal 

pulsations. The smaller one is called the fundamental, the other is called the harmonic. 

First eigenmode: For 𝜔=𝜔1, the system implies that: 

ቊ
ሺെ𝜔ଶ ൅ 𝑎ሻ𝐴ሚଵ െ 𝑏𝐴ሚଶ ൌ 0
െ𝑐𝐴ሚଵ ൅ ሺെ𝜔ଶ ൅ 𝑑ሻ𝐴ሚଶ ൌ 0

⇒ ቊ
ሺെ𝜔ଶ ൅ 𝑎ሻ𝐴ሚଵ ൌ 𝑏𝐴ሚଶ
ሺെ𝜔ଶ ൅ 𝑑ሻ𝐴ሚଶ ൌ 𝑐𝐴ሚଵ

 

஺෨భሺଵሻ

஺෨మሺଵሻ
ൌ ିఠభ

మାௗ

௖
൐ 0. 

 The vibration is said to be in phase because the solution is written in this case 

ቊ
𝑥ଵሺଵሻ ൌ 𝐴ଵሺଵሻ 𝑐𝑜𝑠ሺ𝜔ଵ𝑡 ൅ 𝜑ሻ

𝑥ଶሺଵሻ ൌ 𝐴ଶሺଵሻ 𝑐𝑜𝑠ሺ𝜔ଵ𝑡 ൅ 𝜑ሻ
 

Second eigenmode: For 𝜔=𝜔2, the system implies that: 

஺෨భሺଶሻ

஺෨మሺଶሻ
ൌ ିఠమ

మାௗ

௖
൏ 0. The vibration is said to be in phase opposition because the solution is 

written in this case: 

ቊ
𝑥ଵሺଶሻ ൌ 𝐴ଵሺଶሻ 𝑐𝑜𝑠ሺ𝜔ଶ𝑡 ൅ 𝜑ሻ

𝑥ଶሺଶሻ ൌ െ𝐴ଶሺଶሻ 𝑐𝑜𝑠ሺ𝜔ଶ𝑡 ൅ 𝜑ሻ
 

In the general case, the system vibrates in a superposition of these two eigenmodes. 

5.3 Forced system with two degrees of freedom 

5.3.1 Motion equations 

Consider the opposite system. 

 

Figure 5.5: Oscillatory motion of a coupled system with two degrees of freedom 

 

The kinetic energy is written as follows: 

𝐸௖ ൌ 𝑇 ൌ෍
1
2
𝑚௜𝑥ሶ௜

ଶ ൌ

ଶ

௜ୀଵ

1
2
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ଶ ൅
1
2
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ଶ 

For the potential energy we have: 

𝐸௣ ൌ 𝑈 ൌ
1
2
𝑘ሺ𝑥ଵ െ 𝑥ଶሻଶ ൅

1
2
෍𝑘௜𝑥௜
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1
2
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1
2
𝑘଴ሺ𝑥ଵ െ 𝑥ଶሻଶ 

Hence the Lagrangian is written: 



𝐿 ൌ 𝑇 െ 𝑈 ൌ
1
2
𝑚ଵ𝑥ሶଵ

ଶ ൅
1
2
𝑚ଶ𝑥ሶଶ

ଶ െ
1
2
𝑘ଵ𝑥ଵ

ଶ െ
1
2
𝑘ଶ𝑥ଶ

ଶ െ
1
2
𝑘଴ሺ𝑥ଵ െ 𝑥ଶሻଶ 

𝐿 ൌ
1
2
𝑚ଵ𝑥ሶଵ

ଶ ൅
1
2
𝑚ଶ𝑥ሶଶ

ଶ െ
1
2
𝑘ଵ𝑥ଵ

ଶ െ
1
2
𝑘ଶ𝑥ଶ

ଶ െ
1
2
𝑘଴ሺ𝑥ଵ

ଶ ൅ 𝑥ଶ
ଶ െ 2𝑥ଵ𝑥ଶሻ 

𝐿 ൌ
1
2
𝑚ଵ𝑥ሶଵ

ଶ ൅
1
2
𝑚ଶ𝑥ሶଶ

ଶ െ
1
2
𝑘ଵ𝑥ଵ

ଶ െ
1
2
𝑘ଶ𝑥ଶ

ଶ െ
1
2
𝑘଴𝑥ଵ

ଶ െ
1
2
𝑘଴𝑥ଶ

ଶ െ
1
2
𝑘଴ሺെ2𝑥ଵ𝑥ଶሻ 

𝐿 ൌ
1
2
𝑚ଵ𝑥ሶଵ

ଶ ൅
1
2
𝑚ଶ𝑥ሶଶ

ଶ െ
1
2
𝑘ଵ𝑥ଵ

ଶ െ
1
2
𝑘ଶ𝑥ଶ

ଶ െ
1
2
𝑘଴𝑥ଵ

ଶ െ
1
2
𝑘଴𝑥ଶ

ଶ ൅ 𝑘଴𝑥ଵ𝑥ଶ 

The two Lagrange equations are written: (For 𝐷 ൌ
ଵ

ଶ
𝛼ଵ𝑥ሶଵ

ଶ ൅
ଵ

ଶ
𝛼ଶ𝑥ሶଶ

ଶ 𝑎𝑛𝑑 𝐹଴ 𝑐𝑜𝑠 𝜔 𝑡) 

⎩
⎨

⎧
𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑥ሶଵ

൰ െ ൬
𝜕𝐿
𝜕𝑥ଵ

൰ ൅
𝜕𝐷
𝜕𝑥ሶଵ

ൌ ൅𝐹 

𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑥ሶଶ

൰ െ ൬
𝜕𝐿
𝜕𝑥ଶ

൰ ൅
𝜕𝐷
𝜕𝑥ሶଶ

ൌ 0 
⇒

⇒

⎩
⎨

⎧
𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑥ሶଵ

൰ ൌ 𝑚ଵ𝑥ሷଵ, ൬
𝜕𝐿
𝜕𝑥ଵ

൰ ൌ െ𝑘ଵ𝑥ଵ െ 𝑘଴𝑥ଵ ൅ 𝑘଴𝑥ଶ,
𝜕𝐷
𝜕𝑥ሶଵ

ൌ 𝛼𝑥ሶଵ 

𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑥ሶଶ

൰ ൌ 𝑚ଶ𝑥ሷଶ, ൬
𝜕𝐿
𝜕𝑥ଶ

൰ ൌ െ𝑘ଶ𝑥ଶ െ 𝑘଴𝑥ଶ ൅ 𝑘଴𝑥ଵ,
𝜕𝐷
𝜕𝑥ሶଶ

ൌ 𝛼𝑥ሶଶ

 

൜
𝑚ଵ𝑥ሷଵ ൅ ሺ𝑘ଵ ൅ 𝑘଴ሻ𝑥ଵ ൅ 𝛼ଵ𝑥ሶଵ െ 𝑘଴𝑥ଶ ൌ 𝐹଴ 𝑐𝑜𝑠 𝜔 𝑡
𝑚ଶ𝑥ሷଶ ൅ ሺ𝑘଴ ൅ 𝑘ଶሻ𝑥ଶ ൅ 𝛼ଶ𝑥ሶଶ െ 𝑘଴𝑥ଵ ൌ 0

⇒

⎩
⎪
⎨

⎪
⎧𝑥ሷଵ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
𝑥ଵ െ

𝑘଴
𝑚ଵ

𝑥ଶ ൅
𝛼ଵ
𝑚ଵ

𝑥ሶଵ ൌ
𝐹଴
𝑚ଵ

𝑐𝑜𝑠 𝜔 𝑡

𝑥ሷଶ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
𝑥ଶ െ

𝑘଴
𝑚ଶ

𝑥ଵ ൅
𝛼ଶ
𝑚ଶ

𝑥ሶଶ ൌ 0
 

5.3.2 Resonance and antiresonance 

With 𝐷=0 and 𝐹≠0∶ 𝑓𝑜𝑟𝑐ed 𝑠𝑦𝑠𝑡e𝑚 but 𝑛𝑜𝑛 damped) The permanent solution is: 

൜
𝑥ଵ ൌ 𝐴ଵ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଵሻ
𝑥ଶ ൌ 𝐴ଶ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଶሻ

 

𝐴1, 𝐴2, 𝜑2 depend on the excitation pulse 𝜔 and 𝐹0. To find 𝐴1, 𝐴2, use the complex 

representation  

When 𝐷= 0 : 

ቊ
𝑥ଵ ൌ 𝐴ଵ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଵሻ → 𝑥෤ଵ ൌ 𝐴ଵ𝑒௝

ሺఠ௧ାఝభሻ ൌ 𝐴ሚଵ𝑒௝ఠ௧

𝑥ଶ ൌ 𝐴ଶ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଶሻ → 𝑥෤ଶ ൌ 𝐴ଶ𝑒௝
ሺఠ௧ାఝమሻ ൌ 𝐴ሚଶ𝑒௝ఠ௧

 

𝐹ሺ𝑡ሻ ൌ 𝐹଴ 𝑐𝑜𝑠 𝜔 𝑡 → 𝐹෨ሺ𝑡ሻ ൌ 𝐹଴𝑒௝ఠ௧ 

ቊ
𝑥෤ଵ ൌ 𝐴ሚଵ𝑒௝ఠ௧

𝑥෤ଶ ൌ 𝐴ሚଶ𝑒௝ఠ௧
⇒ ൝

𝑥෤ଵ
•
ൌ 𝑗𝜔𝐴ሚଵ𝑒௝ఠ௧

𝑥෤ଶ
•
ൌ 𝑗𝜔𝐴ሚଶ𝑒௝ఠ௧

⇒ ൝
𝑥෤ଵ
••
ൌ ሺ𝑗𝜔ሻଶ𝐴ሚଵ𝑒௝ఠ௧ ൌ െ𝜔ଶ𝐴ሚଵ𝑒௝ఠ௧

𝑥෤ଶ
••
ൌ ሺ𝑗𝜔ሻଶ𝐴ሚଶ𝑒௝ఠ௧ ൌ െ𝜔ଶ𝐴ሚଶ𝑒௝ఠ௧

 

⎩
⎪
⎨

⎪
⎧𝑥ሷଵ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
𝑥ଵ െ

𝑘଴
𝑚ଵ

𝑥ଶ ൌ
𝐹଴
𝑚ଵ

𝑒௝ఠ௧

𝑥ሷଶ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
𝑥ଶ െ

𝑘଴
𝑚ଶ

𝑥ଵ ൌ 0

⇒

⎩
⎪
⎨

⎪
⎧െ𝜔ଶ𝐴ሚଵ𝑒௝ఠ௧ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
𝐴ሚଵ𝑒௝ఠ௧ െ

𝑘଴
𝑚ଵ

𝐴ሚଶ𝑒௝ఠ௧ ൌ
𝐹଴
𝑚ଵ

𝑒௝ఠ௧

െ𝜔ଶ𝐴ሚଶ𝑒௝ఠ௧ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
𝐴ሚଶ𝑒௝ఠ௧ െ

𝑘଴
𝑚ଶ

𝐴ሚଵ𝑒௝ఠ௧ ൌ 0
 



⎩
⎪
⎨

⎪
⎧െ𝜔ଶ𝐴ሚଵ𝑒௝ఠ௧ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
𝐴ሚଵ𝑒௝ఠ௧ െ

𝑘଴
𝑚ଵ

𝐴ሚଶ𝑒௝ఠ௧ ൌ
𝐹଴
𝑚ଵ

𝑒௝ఠ௧

െ𝜔ଶ𝐴ሚଶ𝑒௝ఠ௧ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
𝐴ሚଶ𝑒௝ఠ௧ െ

𝑘଴
𝑚ଶ

𝐴ሚଵ𝑒௝ఠ௧ ൌ 0

⇒

⎩
⎪
⎨

⎪
⎧ቆെ𝜔ଶ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
ቇ𝐴ሚଵ𝑒௝ఠ௧ െ ൬

𝑘଴
𝑚ଵ

൰ 𝐴ሚଶ𝑒௝ఠ௧ ൌ
𝐹଴
𝑚ଵ

𝑒௝ఠ௧

ቆെ𝜔ଶ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
ቇ𝐴ሚଶ𝑒௝ఠ௧ െ ൬

𝑘଴
𝑚ଶ

൰𝐴ሚଵ𝑒௝ఠ௧ ൌ 0
 

⎩
⎪
⎨

⎪
⎧ቆെ𝜔ଶ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
ቇ𝐴ሚଵ െ ൬

𝑘଴
𝑚ଵ

൰𝐴ሚଶ ൌ
𝐹଴
𝑚ଵ

ቆെ𝜔ଶ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
ቇ𝐴ሚଶ െ ൬

𝑘଴
𝑚ଶ

൰𝐴ሚଵ ൌ 0
⇒

⎩
⎪
⎨

⎪
⎧ቆെ𝜔ଶ ൅

ሺ𝑘ଵ ൅ 𝑘଴ሻ

𝑚ଵ
ቇ𝐴ሚଵ െ ൬

𝑘଴
𝑚ଵ

൰ 𝐴ሚଶ ൌ
𝐹଴
𝑚ଵ

െ൬
𝑘଴
𝑚ଶ

൰𝐴ሚଵ ൅ ቆെ𝜔ଶ ൅
ሺ𝑘଴ ൅ 𝑘ଶሻ

𝑚ଶ
ቇ𝐴ሚଶ ൌ 0

 

Case where: 𝑚1=𝑚2=𝑚 and 𝑘0=𝑘1=𝑘2=𝑘. 

By posing 𝜔଴
ଶ ൌ

௞

௠
, the equation becomes 

൞
൬െ𝜔ଶ ൅ 2

𝑘
𝑚
൰𝐴ሚଵ െ

𝑘
𝑚
𝐴ሚଶ ൌ

𝐹଴
𝑚

െ
𝑘
𝑚
𝐴ሚଵ ൅ ൬െ𝜔ଶ ൅ 2

𝑘
𝑚
൰𝐴ሚଶ ൌ 0

 

ቐ
ሺെ𝜔ଶ ൅ 2𝜔଴

ଶሻ𝐴ሚଵ െ 𝜔଴
ଶ𝐴ሚଶ ൌ

𝐹଴
𝑚

. . . . . . . . ሺ1ሻ

െ𝜔଴
ଶ𝐴ሚଵ ൅ ሺെ𝜔ଶ ൅ 2𝜔଴

ଶሻ𝐴ሚଶ ൌ 0. . . . . . . . ሺ2ሻ
 

ሺ2ሻ ⇒ ൅ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ𝐴ሚଶ ൌ ൅𝜔଴

ଶ𝐴ሚଵ 

𝐴ሚଶ ൌ
𝜔଴
ଶ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ
𝐴ሚଵ. . . . . . . . ሺ3ሻ 

𝑤𝑒 𝑟𝑒𝑚𝑝𝑙𝑎𝑐𝑒 ሺ3ሻ 𝑏𝑦 ሺ1ሻ 

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ𝐴ሚଵ െ 𝜔଴

ଶ 𝜔଴
ଶ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ
𝐴ሚଵ ൌ

𝐹଴
𝑚

 

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ𝐴ሚଵ െ

𝜔଴
ସ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ
𝐴ሚଵ ൌ

𝐹଴
𝑚

 

൭ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ െ

𝜔଴
ସ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ
൱𝐴ሚଵ ൌ

𝐹଴
𝑚

 

ቆ
ሺെ𝜔ଶ ൅ 2𝜔଴

ଶሻሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ െ 𝜔଴

ସ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ

ቇ𝐴ሚଵ ൌ
𝐹଴
𝑚

 

ቆ
ሺെ𝜔ଶ ൅ 2𝜔଴

ଶሻଶ െ 𝜔଴
ସ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ

ቇ𝐴ሚଵ ൌ
𝐹଴
𝑚

 

⎩
⎪
⎨

⎪
⎧ 𝐴ሚଵ ൌ

𝐹଴
𝑚

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ

ሺሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻଶ െ 𝜔଴

ସሻ

𝐴ሚଶ ൌ
𝜔଴
ଶ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ
𝐴ሚଵ ൌ

𝐹଴
𝑚

𝜔଴
ଶ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ

ሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻ

ሺሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻଶ െ 𝜔଴

ସሻ
ൌ
𝐹଴
𝑚

𝜔଴
ଶ

ሺሺെ𝜔ଶ ൅ 2𝜔଴
ଶሻଶ െ 𝜔଴

ସሻ

 

𝐴1=𝐴2=∞ when 

 𝜔 ≅ 𝜔଴ ≅ 𝜔ோଵ (called first Resonance 𝑝𝑢𝑙𝑠𝑎𝑡𝑖𝑜𝑛.) 

 𝜔 ≅ √3𝜔଴ ≅ 𝜔ோଶ𝜔=√3𝜔0≡𝜔𝑅2 (called second Resonance 𝑝𝑢𝑙𝑠𝑎𝑡𝑖𝑜𝑛.) 

 𝐴1=0 lorsque 𝜔 ≅ √2𝜔଴ ≅ 𝜔஺ (called antiresonance 𝑝𝑢𝑙𝑠𝑎𝑡𝑖𝑜𝑛.) 



 

5.3.3 Input and transfer impedance 

(With 𝐷≠0 and 𝐹≠0 : Damped and forced system ሻ 

In electricity, the impedance is defined by 𝑧̃ ൌ ி

ప̃భ
. By analogy, we define the mechanical 

impedance by 𝑧̃ ൌ ி

ఔᇲ෤
. 𝑧̃ா ൌ

ி

ఔ෥భ
 is called input impedance. 𝑧்̃ ൌ

ி

ఔ෥మ
 is called transfer impedance. 

To find them we still use the complex representation: 

𝐹ሺ𝑡ሻ ൌ 𝐹଴ 𝑐𝑜𝑠 𝜔 𝑡 → 𝐹෨ሺ𝑡ሻ ൌ 𝐹଴𝑒௝ఠ௧  

ቊ
𝑥ଵ ൌ 𝐴ଵ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଵሻ → 𝑥෤ଵ ൌ 𝐴ଵ𝑒௝

ሺఠ௧ାఝభሻ ൌ 𝐴ሚଵ𝑒௝ఠ௧

𝑥ଶ ൌ 𝐴ଶ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ଶሻ → 𝑥෤ଶ ൌ 𝐴ଶ𝑒௝
ሺఠ௧ାఝమሻ ൌ 𝐴ሚଶ𝑒௝ఠ௧

 

⎩
⎨

⎧𝜈෤ଵ ൌ 𝑗𝜔𝑥෤ଵ ⇒ 𝑥෤ଵ ൌ
𝜈෤ଵ
𝑗𝜔

𝜈෤ଶ ൌ 𝑗𝜔𝑥෤ଶ ⇒ 𝑥෤ଶ ൌ
𝜈෤ଶ
𝑗𝜔

 

So 

ቊ
𝑥ሷ෨ଵ ൌ 𝑗𝜔𝜈෤ଵ
𝑥ሷ෨ଶ ൌ 𝑗𝜔𝜈෤ଶ

 

ቊ
𝑚ଵ𝑥ሷ෨ଵ ൅ ሺ𝑘ଵ ൅ 𝑘଴ሻ𝑥෤ଵ ൅ 𝛼ଵ𝑥ሶ෨ଵ െ 𝑘଴𝑥෤ଶ ൌ 𝐹෨

𝑚ଶ𝑥ሷ෨ଶ ൅ ሺ𝑘଴ ൅ 𝑘ଶሻ𝑥෤ଶ ൅ 𝛼ଶ𝑥ሶ෨ଶ െ 𝑘଴𝑥෤ଶ ൌ 0
⇒

⎩
⎪
⎨

⎪
⎧൬𝑗𝜔𝑚ଵ ൅

𝑘ଵ
𝑗𝜔

൅
𝑘଴
𝑗𝜔

൅ 𝛼ଵ൰ 𝜈෤ଵ െ
𝑘଴
𝑗𝜔

𝜈෤ଶ ൌ 𝐹෨

൬𝑗𝜔𝑚ଶ ൅
𝑘ଶ
𝑗𝜔

൅
𝑘଴
𝑗𝜔

൅ 𝛼ଶ൰ 𝜈෤ଶ െ
𝑘଴
𝑗𝜔

𝜈෤ଵ ൌ 0
 

By posing 𝑗𝜔𝑚ଵ ൅
௞భ
௝ఠ
൅ 𝛼ଵ ൌ 𝑧̃ଵ,𝑗𝜔𝑚ଶ ൅

௞భ
௝ఠ
൅ 𝛼ଶ ൌ 𝑧̃ଶ, 

௞బ
௝ఠ
ൌ 𝑧̃଴ we obtain 

൜
ሺ𝑧̃ଵ ൅ 𝑧̃଴ሻ𝜈෤ଵ െ 𝑧̃଴𝜈෤ଶ ൌ 𝐹෨
ሺ𝑧̃ଶ ൅ 𝑧̃଴ሻ𝜈෤ଶ െ 𝑧̃଴𝜈෤ଵ ൌ 0

⇒ 𝐹 ൌ ቆ𝑧̃ଵ ൅ 𝑧̃଴ െ
𝑧̃଴

ଶ

ሺ𝑧̃ଶ ൅ 𝑧̃଴ሻ
ቇ 𝜈෤ଵ ൌ ൬𝑧̃ଵ ൅

𝑧̃ଶ𝑧̃଴
ሺ𝑧̃ଶ ൅ 𝑧̃଴ሻ

൰ 𝜈෤ଵ 

 The input impedance is 𝑧ா ൌ
ி

ఔ෥భ
ൌ ቀ𝑧̃ଵ ൅

௭෤బ௭෤మ
ሺ௭෤మା௭෤బሻ

ቁ ≡ ቀ௭
෤భା௭෤బ
௭෤మ

ቁ 

 The transfer impedance is 𝑧் ൌ
ி

ఔ෥మ
ൌ 𝑧̃ଵ ൅ 𝑧̃ଶ ൅

௭෤భ௭෤మ
௭෤బ

 

 
 

 
 
 

 

 

 


