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4.1 Damping force 

A system subject to friction is said to be damped. The simplest friction is viscous friction. 

Viscous friction is of the form: 

𝑓= −𝛼𝑣 

𝛼 is a positive constant called the coefficient of friction and 𝑣 is the speed of the moving body. 

In mechanics, damping is schematized by: 

 

4.2 Lagrange equation of damped systems 

If there is the friction 𝑓 ൌ െ𝛼𝑞ሶ , the Lagrange equation becomes: 

ௗ

ௗ௧
ቀడ௅
డ௤ሶ
ቁ െ ቀడ௅

డ௤
ቁ ൌ െ𝛼𝑞ሶ  .  

By introducing the dissipation function 𝐷 ൌ
ଵ

ଶ
𝛼𝑞ሶ ଶ , we can write:  

𝑓 ൌ െ𝛼𝑞ሶ ൌ െ
డ஽

డ௤ሶ
. (In translation 𝐷 ൌ

ଵ

ଶ
𝛼𝜈ଶ ൌ

ଵ

ଶ
𝛼𝑥ሶ ଶ. In electricity 𝐷 ൌ

ଵ

ଶ
𝑅𝑖ଶ ൌ

ଵ

ଶ
𝑅𝑞ሶ ଶ). The 

Lagrange equation of damped systems is then written (where 𝑞=𝑥, 𝑦, 𝑧, 𝑞, 𝜃…) 

𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑞ሶ
൰ െ ൬

𝜕𝐿
𝜕𝑞
൰ ൌ െ

𝜕𝐷
𝜕𝑞ሶ

  

4.3 Equation of motion of damped systems 

The equation of motion of linear damped systems by 𝑓 ൌ െ𝛼𝑞ሶ  is of the form: 

 The damped oscillation is defined as follows: 

𝑞ሷ ሺ𝑡ሻ ൅ 2𝛿𝑞ሶ ሺ𝑡ሻ ൅ 𝜔଴
ଶ𝑞ሺ𝑡ሻ ൌ 0 

Where, 𝛿 is a positive coefficient and is called the damping factor. 𝜔0 is the proper pulsation. 
ఠబ

ଶఋ
ൌ 𝑄 is called the quality factor. 

4.4 Solving the equation of motion 

𝑞ሷ ሺ𝑡ሻ ൅ 2𝛿𝑞ሶ ሺ𝑡ሻ ൅ 𝜔଴
ଶ𝑞ሺ𝑡ሻ ൌ 0 

This equation is solved by the change of variable 𝑞ሺ𝑡ሻ ൌ 𝐴𝑒௥௧ ⇒ 𝑞ሶ ሺ𝑡ሻ ൌ 𝐴𝑟𝑒௥௧ ⇒ 𝑞ሷ ሺ𝑡ሻ ൌ 𝐴𝑟ଶ𝑒௥௧, 

the equation then becomes: 

 𝑞ሷ ሺ𝑡ሻ ൅ 2𝛿𝑞ሶ ሺ𝑡ሻ ൅ 𝜔଴
ଶ𝑞ሺ𝑡ሻ ൌ 0 

𝐴𝑟ଶ𝑒௥௧ ൅ 2𝛿𝐴𝑟𝑒௥௧ ൅ 𝜔଴
ଶ𝐴𝑒௥௧ ൌ 0 

𝐴𝑒௥௧ሺ𝑟ଶ ൅ 2𝛿𝑟 ൅ 𝜔଴
ଶሻ ൌ 0 

𝑟ଶ ൅ 2𝛿𝑟 ൅ 𝜔଴
ଶ ൌ 0 

We calculate the discriminant 𝛥 and we then obtain: 

𝛥 ൌ ሺ2𝛿ሻଶ െ 4𝜔଴
ଶ 

𝛥 ൌ 4𝛿ଶ െ 4𝜔଴
ଶ 



From the course of Dr Ghellab in French language 

 

𝛥 ൌ 4ሺ𝛿ଶ െ 𝜔଴
ଶሻ 

√𝛥 ൌ ට4ሺ𝛿ଶ െ 𝜔଴
ଶሻ ൌ 2ටሺ𝛿ଶ െ 𝜔଴

ଶሻ 

There are three types of solution: 

 Case where the system is strongly damped: 𝛥 ൐ 0  ⇒ 𝛿 ൐ 𝜔଴ and Q < 0.5 

 

The solution of the differential equation is written as follows: 

   𝑞ሺ𝑡ሻ ൌ 𝐴ଵ𝑒௥భ௧ ൅ 𝐴ଶ𝑒௥మ௧ 𝑎𝑣𝑒𝑐 𝑟ଵ,ଶ ൌ
ିଶఋേଶටఋమିఠబ

మ

ଶ
ൌ െ𝛿 േ ඥ𝛿ଶ െ 𝜔଴

ଶ 

𝑞ሺ𝑡ሻ ൌ 𝐴ଵ𝑒
ቆିఋିටఋమିఠబ

మቇ௧
൅ 𝐴ଶ𝑒

ቆିఋାටఋమିఠబ
మቇ௧

ൌ 𝑒ିఋ௧ ൭𝐴ଵ𝑒
ቆିටఋమିఠబ

మቇ௧
൅ 𝐴ଶ𝑒

ቆටఋమିఠబ
మቇ௧
൱ 

Where A1 and A2 are coefficients to be determined by the initial conditions 

൜
𝑞ሺ𝑡 ൌ 0ሻ
𝑞ሶ ሺ𝑡 ൌ 0ሻ

 

The system is said to have aperiodic motion. 

 

Figure 3.1 : Aperiodic damped movement 

 Case where damping is critical: 𝛥 ൌ 0  ⇒ 𝛿 ൌ 𝜔଴ et Q = 0.5 

 

The solution of the equation is of the form: 
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𝑞ሺ𝑡ሻ ൌ ሺ𝐴ଵ𝑡 ൅ 𝐴ଶሻ𝑒௥௧ 

𝑟ଵ ൌ 𝑟ଶ ൌ 𝑟 ൌ
െ2𝛿

2
ൌ െ𝛿 

𝑞ሺ𝑡ሻ ൌ ሺ𝐴ଵ𝑡 ൅ 𝐴ଶሻ𝑒ିఋ௧ 

Where A1 and A2 are coefficients to be determined by the initial conditions: 

൜
𝑞ሺ𝑡 ൌ 0ሻ
𝑞ሶ ሺ𝑡 ൌ 0ሻ

 

 

Figure 3.2 : Critical damped movement 

 Case where damping is low: 𝛥 ൏ 0  ⇒ 𝛿 ൏ 𝜔଴ et Q > 0.5 

 

Two complex solutions for the characteristic equation 

⎩
⎨

⎧𝑟ଵ ൌ െ𝛿 െ 𝑗ට𝜔଴
ଶ െ 𝛿ଶ

𝑟ଶ ൌ െ𝛿 ൅ 𝑗ට𝜔଴
ଶ െ 𝛿ଶ

 

The resulting motion is 𝑞ሺ𝑡ሻ ൌ 𝐴ଵ𝑒ି௥భ௧ ൅ 𝐴ଶ𝑒ି௥మ௧ that is: 

𝑞ሺ𝑡ሻ ൌ 𝐴𝑒ିఋ௧ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ሻ 

Where, A et 𝜑 are constants to be determined by the initial conditions: ൜
𝑞ሺ𝑡 ൌ 0ሻ
𝑞ሶ ሺ𝑡 ൌ 0ሻ

 

The motion is said to be pseudo-periodic. 𝜔 ൌ ඥ𝜔଴
ଶ െ 𝛿ଶ is called pseudo-pulsation. 
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𝑇 ൌ ଶగ

ఠ
ൌ ଶగ

ටఠబ
మିఋమ

 is called pseudo-period. 

 

Figure 3.3: Damped oscillating motion 

 

3.5 Logarithmic decrement 

To evaluate the exponential decrease in the amplitude of the pseudo-periodic motion, we use 

the logarithm. The report 

𝐷 ൌ 𝐿𝑛
௤ሺ௧ሻ

௤ሺ௧ା்ሻ
 or 𝐷 ൌ

ଵ

௡
𝐿𝑛

௤ሺ௧ሻ

௤ሺ௧ା௡்ሻ
 is called the logarithmic decrement. Using the equation 

𝑞ሺ𝑡ሻ ൌ 𝐴𝑒ିఋ௧ 𝑐𝑜𝑠ሺ𝜔𝑡 ൅ 𝜑ሻ, we find 𝛿 ൌ 𝐿𝑛
஺௘షഃ೟

஺௘షഃሺ೟శ೅ሻ
⇒ 𝐷= 𝛿 𝑇 

It should be noted that the system undergoes a total loss of energy due to the work of the 

friction forces. 

𝑑𝐸்ሺ𝑡ሻ ൌ െ𝛼𝑝ሶሺ𝑡ሻଶ𝑑𝑡 ൌ െ𝑑𝑊௙௥ ⇒ 𝛥𝐸் ൅ 𝛥𝑊௙௥ ൌ 0 

Examples 

a) Consider the mass-spring system. Find the equation of motion first with the Lagrangian 

then with PFD. 

 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

• Using the Lagrangian:  

The Lagrangian is: 
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 𝐿 ൌ 𝑇 െ 𝑈 ൌ
ଵ

ଶ
𝑚𝑥ሶ ଶ െ

ଵ

ଶ
𝑘𝑥ଶ.  

𝐷 ൌ
ଵ

ଶ
𝛼𝜈ଶ ൌ

ଵ

ଶ
𝛼𝑥ሶ ଶ  

The Lagrange equation is then written: 

𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑥ሶ
൰ െ ൬

𝜕𝐿
𝜕𝑥
൰ ൌ െ

𝜕𝐷
𝜕𝑥ሶ

  

with 𝐿 ൌ 𝑇 െ 𝑈  ൌ
ଵ

ଶ
𝑚𝑥ሶ ଶ െ

ଵ

ଶ
𝑘𝑥ଶ ൅ 𝑐𝑡𝑒 

 
𝜕𝐿
𝜕𝑥ሶ

ൌ  
𝜕
𝜕𝑥ሶ

൬
1
2
𝑚𝑥ሶ ଶ൰ ൌ

1
2
𝑚

𝜕
𝜕𝑥ሶ

ሺ𝑥ሶ ଶሻ ൌ
1
2
𝑚ሺ2𝑥ሶሻ ൌ 𝑚𝑥ሶ ⇒

𝑑
𝑑𝑡
൬
𝜕𝐿
𝜕𝑥ሶ
൰ ൌ

𝑑
𝑑𝑡
ሺ𝑚𝑥ሶሻ ൌ 𝑚

𝑑
𝑑𝑡
ሺ𝑥ሶሻ ൌ 𝑚𝑥ሷ  

𝜕𝐿
𝜕𝑥

ൌ
𝜕
𝜕𝑥

൬െ
1
2
𝑘𝑥ଶ൰ ൌ െ

1
2
𝑘
𝜕
𝜕𝑥

ሺ𝑥ଶሻ ൌ െ
1
2
𝑘ሺ2𝑥ሻ ൌ െ𝑘𝑥 

𝐷 ൌ
1
2
𝛼𝜈ଶ ൌ

1
2
𝛼𝑥ሶ ଶ ⇒

𝜕𝐷
𝜕𝑥ሶ

ൌ
𝜕
𝜕𝑥ሶ

൬
1
2
𝛼𝑥ሶ ଶ൰ ൌ

1
2
𝛼
𝜕
𝜕𝑥ሶ

ሺ𝑥ሶ ଶሻ ൌ
1
2
𝛼ሺ2𝑥ሶሻ ൌ 𝛼𝑥ሶ  

 

So 

𝑚𝑥ሷ ൅ 𝑘𝑥 ൌ െ𝛼𝑥ሶ ⇒ ቐ𝑥ሷ ൅
𝑘
𝑚
𝑥 ൅

𝛼
𝑚
𝑥ሶ ൌ 0

𝑥ሷ ൅ 𝜔଴
ଶ𝑥 ൅ 2𝛿𝑥ሶ ൌ 0

 

𝜔଴
ଶ ൌ

𝑘
𝑚
⇒ 𝜔଴ ൌ ඨ

𝑘
𝑚
 𝑒𝑡 2𝛿 ൌ

𝛼
𝑚
⇒ 𝛿 ൌ

𝛼
2𝑚

 

Using the PFD : ∑ 𝐹⃗ ൌ 𝑚 𝑎⃗ ⇒ 𝑚𝑔⃗ ൅ 𝑇ሬ⃗ ൅ 𝑅ሬ⃗ ൅ 𝑓 ൌ 𝑚 𝑎⃗ ⇒ െ𝑘𝑥𝚤 െ 𝑚𝑔𝚥 ൅ 𝑅𝚥 െ 𝛼𝑥ሶ 𝚤 ൌ 𝑚𝑥ሷ𝚤 

By projection on 𝑥′𝑂𝑥∶െ𝑘𝑥 െ 𝛼𝑥ሶ ൌ 𝑚𝑥ሷ ⇒ 𝑚𝑥ሷ ൅ 𝑘𝑥 ൅ 𝛼𝑥ሶ ൌ 0 ⇒ 𝑥ሷ ൅
௞

௠
𝑥 ൅

ఈ

௠
𝑥ሶ ൌ 0 

𝑏) Consider the disk-spring system. 𝜃 ≪1. Find the equation of motion if 𝑀=1𝑘𝑔, 𝑘=2 𝑁/𝑚, 

𝑅=10𝑐𝑚, 𝑟=5𝑐𝑚, 𝛼=8𝑁𝑠/𝑚. 

 

Using the Lagrangian:  

𝑇 ൌ 𝐸௖ ൌ 𝑇ሾ𝐷𝑖𝑠𝑞𝑢𝑒ሿ ൌ
1
2
𝐽𝜃ሶ ଶ 
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𝐽 ൌ
1
2
𝑀𝑅ଶ 

𝑇 ൌ
1
2
൬

1
2
𝑀𝑅ଶ൰ 𝜃ሶ ଶ 

𝑑𝑈௞ ൌ െ𝐹⃗௞𝑑𝑙 ൌ െ𝐹௞𝑑𝑙 𝑐𝑜𝑠 ቀ𝐹⃗௞ሺ↑ሻ,𝑑𝑙ሺ↓ሻቁ 

𝑑𝑈௞ ൌ െ𝐹௞𝑑𝑙 𝑐𝑜𝑠ሺ180°ሻ 

𝑐𝑜𝑠ሺ180°ሻ ൌ െ1 

𝑑𝑈௞ ൌ ൅𝐹௞𝑑𝑙 ൌ 𝑘𝑥𝑑𝑥/𝐹௞ ൌ 𝑘𝑥,𝑑𝑙 ൌ 𝑑𝑥 

𝑈௞ ൌ න𝑑𝑈௞ ൌ න 𝑘𝑥𝑑𝑥
௫బା௫

଴
ൌ 𝑘න 𝑥𝑑𝑥

௫బା௫

଴
ൌ 𝑘 ቈ

𝑥ଶ

2
቉
଴

௫బା௫

ൌ
𝑘
2
ሾ𝑥ଶሿ଴

௫బା௫ 

𝑈 ൌ 𝑈௞ ൌ
𝑘
2
ሾሺ𝑥଴ ൅ 𝑥ሻଶ െ 0ሿ 

𝑈 ൌ
𝑘
2
ሺ𝑥଴ ൅ 𝑥ሻଶ ൌ

𝑘
2
ሺ𝑥ଶ ൅ 2𝑥𝑥଴ ൅ 𝑥଴

ଶሻ ൌ
𝑘
2
𝑥ଶ ൅ 𝑘𝑥𝑥଴ ൅

𝑘
2
𝑥଴
ଶ 

𝑈 ൌ
𝑘
2
𝑥ଶ ൅ 𝑘𝑥𝑥଴ ൅

𝑘
2
𝑥଴
ଶ ൅ 𝑐𝑡𝑒/

𝑘
2
𝑥଴
ଶ ൌ 𝑐𝑡𝑒 

𝐴𝑙𝑜𝑟𝑠 
𝑈 ൌ 𝑈௞ ൌ

௞

ଶ
𝑥ଶ ൅ 𝑘𝑥𝑥଴ ൅ 𝑐𝑡𝑒      

Whith  

𝑠𝑖𝑛 𝜃 ൌ
𝑥
𝑅
⇒ 𝑥 ൌ 𝑅 𝑠𝑖𝑛 𝜃 

𝑈 ൌ 𝑈௞ ൌ
𝑘
2
𝑥ଶ ൅ 𝑘𝑥𝑥଴ ൅ 𝑐𝑡𝑒 ൌ

𝑘
2
ሺ𝑅𝑠𝑖𝑛 𝜃ሻଶ ൅ 𝑘ሺ𝑅𝑠𝑖𝑛 𝜃ሻ𝑥଴ ൅ 𝑐𝑡𝑒 

At low amplitude 𝑠𝑖𝑛 𝜃 ൎ 𝜃 

𝑈 ൌ
𝑘
2
𝑅ଶሺ𝜃ଶሻ ൅ ሺ𝑘𝑅𝑥଴ሻሺ𝜃ሻ ൅ 𝑐𝑡𝑒 

In the equilibrium 

 
డ௎

డఏ
ቚ
ఏୀ଴

ൌ 0 

𝜕𝑈
𝜕𝜃

ൌ
𝑘
2
ൈ 𝑅ଶ ൈ 2𝜃 െ ሺ𝑘𝑅𝑥଴ሻ 

𝜕𝑈
𝜕𝜃
ฬ
ఏୀ଴

  :𝜃 ൌ 0 ⇒
𝑘
2
ൈ 𝑅ଶ ൈ 2ሺ𝜃 ൌ 0ሻ െ ሺ𝑘𝑅𝑥଴ሻ ൌ െሺ𝑘𝑅𝑥଴ሻ 

𝜕𝑈
𝜕𝑥
ฬ
௫ୀ଴

ൌ 0 ⇒ െሺ𝑘𝑅𝑥଴ሻ ൌ 0 ⇒ 𝑥଴ ൌ 0 

So 

𝑈 ൌ
௞

ଶ
𝑅ଶ𝜃ଶ ൅ 𝑐𝑡𝑒. 

𝐷 ൌ
1
2
𝛼𝜈ଶ ൌ

1
2
𝛼𝑥ሶ ଶ 
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𝑥ሶ ൌ 𝑟𝜃ሶ ⇒ 𝐷 ൌ
1
2
𝛼൫𝑟𝜃ሶ൯

ଶ
 

𝑑
𝑑𝑡
൬
𝜕𝐿

𝜕𝜃ሶ
൰ െ ൬

𝜕𝐿
𝜕𝜃
൰ ൌ െ

𝜕𝐷

𝜕𝜃ሶ
  

𝐴𝑣𝑒𝑐 𝐿 ൌ 𝑇 െ 𝑈  ൌ 𝑈 ൌ
1
2
൬

1
2
𝑀𝑅ଶ൰ 𝜃ሶ ଶ െ

𝑘
2
𝑅ଶ𝜃ଶ ൅ 𝑐𝑡𝑒 

 
𝜕𝐿

𝜕𝜃ሶ
ൌ  

𝜕

𝜕𝜃ሶ
൬

1
2
൬

1
2
𝑀𝑅ଶ൰ 𝜃ሶ ଶ൰ ൌ

1
2
൬

1
2
𝑀𝑅ଶ൰

𝜕

𝜕𝜃ሶ
൫𝜃ሶ ଶ൯ ൌ

1
2
൬

1
2
𝑀𝑅ଶ൰ ൫2𝜃ሶ൯ ൌ ൬

1
2
𝑀𝑅ଶ൰ 𝜃ሶ  

⇒
𝑑
𝑑𝑡
൬
𝜕𝐿

𝜕𝜃ሶ
൰ ൌ

𝑑
𝑑𝑡
ቆ൬

1
2
𝑀𝑅ଶ൰ 𝜃ሶቇ ൌ ൬

1
2
𝑀𝑅ଶ൰

𝑑
𝑑𝑡
൫𝜃ሶ൯ ൌ ൬

1
2
𝑀𝑅ଶ൰ 𝜃ሷ  

𝜕𝐿
𝜕𝜃

ൌ
𝜕
𝜕𝜃

൬െ
1
2
𝑘𝑅ଶ𝜃ଶ൰ ൌ െ

1
2
𝑘𝑅ଶ

𝜕
𝜕𝜃

ሺ𝜃ଶሻ ൌ െ
1
2
𝑘𝑅ଶሺ2𝜃ሻ ൌ െ𝑘𝑅ଶ𝜃 

𝐷 ൌ
1
2
𝛼𝜈ଶ ൌ

1
2
𝛼𝑟ଶ𝜃ሶ ଶ ⇒

𝜕𝐷

𝜕𝜃ሶ
ൌ

𝜕

𝜕𝜃ሶ
൬

1
2
𝛼𝑟ଶ𝜃ሶ ଶ൰ ൌ

1
2
𝛼𝑟ଶ

𝜕

𝜕𝜃ሶ
൫𝜃ሶ ଶ൯ ൌ

1
2
𝛼𝑟ଶ൫2𝜃ሶ൯ ൌ 𝛼𝑟ଶ𝜃ሶ  

So 

൬
1
2
𝑀𝑅ଶ൰ 𝜃ሷ ൅ 𝑘𝑅ଶ𝜃 ൌ െ𝛼𝑟ଶ𝜃ሶ ⇒ ൞
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