Chapter 4: Free linear damped systems

with one degree of freedom
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4.1 Damping force
A system subject to friction is said to be damped. The simplest friction is viscous friction.
Viscous friction is of the form:
f=—av
a is a positive constant called the coefficient of friction and v is the speed of the moving body.

In mechanics, damping is schematized by:
o

%j_

4.2 Lagrange equation of damped systems

If there is the friction f = —aq, the Lagrange equation becomes:
d (oL aL .
a(5q) = (55) = —ad

By introducing the dissipation function D = %aqz

, We can write:

f=-aq= _Z_Z' (In translation D = %avz = %aa‘cz. In electricity D = %Ri2 = %qu). The

Lagrange equation of damped systems is then written (where g=x, y, z, q, 6...)

d(@L) (6L>_ oD
dt\dq dq B aq

4.3 Equation of motion of damped systems
The equation of motion of linear damped systems by f = —aq is of the form:
e The damped oscillation is defined as follows:
§(t) +26G(t) + wiq(®) = 0
Where, § is a positive coefficient and is called the damping factor. wo is the proper pulsation.

w

s = Q is called the quality factor.

4.4 Solving the equation of motion
() +28¢(8) + wiq(®) =0
This equation is solved by the change of variable q(t) = Ae™ = ¢(t) = Are™ = {(t) = Ar2e™,
the equation then becomes:
() +28q() + wiq(t) =0
Ar2e™ + 25Are™ + wiAe™ =0
Ae™(r?2 +26r+ w3) =0
r2+26r+wi=0
We calculate the discriminant 4 and we then obtain:
A= (26)? - 4w}
A =48% — 4w}
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A =4(6% — wd)

VA= [46? - wh) =2 |6 - w})

There are three types of solution:

o Case where the system is strongly damped: A > 0 = § > wy and Q <0.5

4(0) q(r)

The solution of the differential equation is written as follows:

—26+2 ’62—00(2)
q(t) = Are"t + Aye™t avec 1y, = ———— = —§ + /62 — w2

2

q(t) = A1€<_6_\/m>t + Aze(_5+‘/m>t =e % <A1e<_\/m>t + Aze(\/rw‘z)t)

Where A; and A2 are coefficients to be determined by the initial conditions

{q(t =0)
q(t=0)

The system is said to have aperiodic motion.
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Figure 3.1 : Aperiodic damped movement

e Case where damping is critical: A =0 = § = wyetQ=0.5

1 a@)
qO)

.__‘\‘

The solution of the equation is of the form:
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q(t) = (A1t + Ay)e™
—26

==
q(t) = (At + Ap)e™ %"

Where A; and A2 are coefficients to be determined by the initial conditions:

n=r=r= -0

{q(t =0)
gt =0)
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Figure 3.2 : Critical damped movement

e Case where dampingislow: 4 <0 = § < wyetQ>0.5

‘q(r)

Two complex solutions for the characteristic equation

Jr1=—6—j ’wé—&z
\2=—6+j /w§—62

The resulting motion is q(t) = Aje "t + A,e "2t that is:
q(t) = Ae % cos(wt + @)

q(t=0)
q(t =0)

The motion is said to be pseudo-periodic. w = /w3 — §2 is called pseudo-pulsation.

Where, 4 et ¢ are constants to be determined by the initial conditions: {
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()

=22 is called pseudo-period.
w3—52
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Figure 3.3: Damped oscillating motion

3.5 Logarithmic decrement
To evaluate the exponential decrease in the amplitude of the pseudo-periodic motion, we use

the logarithm. The report

D=In-2 orp=2py99_

is called the logarithmic decrement. Using the equation
q(t+T) n=  q(t+nT)

_ A5t _ Ae % -
q(t) = Ae™°" cos(wt + @), we find § = Ln- =>D=6T

¢-8(t+T)
It should be noted that the system undergoes a total loss of energy due to the work of the
friction forces.
dEr(t) = —ap(t)?dt = —dWy, = AEr + AWy, = 0
Examples
a) Consider the mass-spring system. Find the equation of motion first with the Lagrangian

then with PFD.

Solution
* Using the Lagrangian:

The Lagrangian is:
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L=T-U=2mi? - Tkx?
2 2
D= %avz = 2 qx?
The Lagrange equation is then written:
d (6L) (OL) 0D
de\ax/ \ox/  9x
with L=T—-U =

1 . 1
= mez - Ekx2 + cte

JaL d /1 1 0 1 d (0L
— = — [Zm¥2) = —(v2) = — ) — v —
P % (2 mx ) Zmax (x%) m(2x) = mx = (

da | d . 3y
2 7t (57) = g ) = migg ) = m
dL d 1 1 0 1
—_— = —— 2 = —— K — 2 = —— = —
d0x 6x( ka> Zkax(x) 2k(2x) fex
1 1 aD d /1 1 0 1
_ 2=_ .2 T __ (= .2 - .2 —_ 2\ — .
D—Zav 2ax :ax ax<2ax> 2ozajc(x) 2a(2x) ax

So

.o a.
mi+ kx = —ax = x+ﬁx+ﬁx_0
¥+ wix +286x=0

m 2m

5 a a
Wg=—>wyg= [—et2=—=06=
m m
Using the PFD : Y F=md=>mg+T+R+f=m d@ = —kxil — mgj] + R] — axi = m¥i
By projection on x'Ox:—kx — ax = m¥ = m¥ + kx + ax = 0=>5c‘+£x+%5c=0

b) Consider the disk-spring system. 8 < 1. Find the equation of motion if M=1kg, k=2 N/m,
R=10cm, r=5cm, a=8Ns/m.

Using the Lagrangian:

1 .
T = E. = T[Disque] = E]BZ
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= —MR?
J 2
1/1 .
T == —MRZ)HZ
2(2

AUy = —Fedl = —Fydl cos (F (1), (L))
dU, = —Fdl cos(180°)

cos(180°) = —1

dUy = +Fdl = kxdx/F, = kx,dl = dx

Xot+Xx

Xo+Xx Xo+Xx x2 k
Uy = f dU, = f kxdx = kf xdx =k [—] =~ [x?]5°™
0 0 2 2

0
k
U= U =5[(x+x)?~0]

k k k k
U= E(xo +x)? = E(x2 + 2xx0 + x§) = = x% + kxxo + - x§

2 2
k » k k
U= 5% + kxxy + 5 %0 + cte/zx0 = cte
Alors
U= Uy =§x2+kxx0+cte

Whith

X
sin0=E=>x=Rsin9

k k
U=Uy = Exz + kxxy + cte = E(Rsin 0)? + k(Rsin 8)x, + cte

At low amplitude sin6 =~ 6

U= ;RZ(OZ) + (kRx)(0) + cte

In the equilibrium

o _
0lg=g

ou k

= _ 2 —

30 2><R x 20 — (kRx,)

au k

96 15—, 2

aou

ax=o :O:>_(ka0) :O:xo :O
So

U= %RZGZ + cte.
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d(@L) (BL)_ aD
dt \oo 90) 96

1/1 k
Avec L=T-U =U=—<§MR2)92 2R292+cte
oL 4 /11 . 1
—= —(= —MR2>92)=—( MR) 2 _—( MRZ) 20 ( MR2>6
7%= 350G ; 5 (62) (20) =

. 1

2 2
)9) (MR)dt(H) (MR)H

:>d<aL)_d (1MR2
dt\gd/) dt\\2

aL o0 1 1 d 1
—_— = —— 2p2 = —— 2 ___ 2 = —— 2 = — 2
( kRG) 2kR 69(9) 2kR (20) kR<6

00 06 2
1 1 . aD a /1 1
D =Eav2 =Ear292 = — 5= 09( r2g2 )=§ar —(92) =—ar2(29) = qr?
So
LS S
1 . . 1 1 =
1 in2 20 — _ p2 1. 50 Larp2
(ZMR)9+kR9 ar2d = (3Mr?)  (3MR?)
0+a) 0+ 250 =0
P 2k9 Zarzg._
L )i+ 6 =0

0+w 0 +280=0

, 2k 2k 2ar? ar?
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