Solution of Exercise n°1

1) Augmented Matrix Form [A:b]

The system is written in augmented matrix form as follows:

2 1 —-1]3
Ab=]1 3 2|5
3 —2 4 |10

2) Gauss Elimination Method

Step 1: Eliminate elements below the pivot a;; = 2.
« Ly Ly— 3L,
o Ly« Ly— 3L,

2 1 -1]3

5 5 |7
o3 oA lA
0 =3 313

Step 2: Eliminate the element below the pivot ag = g

. L3<_L3_(%/22)L2 — L3%L3+%L2

The resulting augmented upper triangular matrix [A:b] is:

1]3
T
2
52
5

O O N
O Mot =
O oot |
[\

3) Back Substitution

Solving the system from the bottom up:

e From Ls: 9x3:% — x3:%

.5 5752y _ 7 _ 52 11 11
e From Ly: 51’24—5(@)—5 — 5%’2—7—3—3 — T9 = %

e From Li: 2:1:14—%—%:3 - 25171:34‘%:% = :1:1:%

88 11 52]T
45 45 45) -

The solution vector is X = [

1



4) Determinant of A

For an upper triangular matrix, the determinant is the product of the diag-
onal elements:

det(A):2x2x9:45

Solution of Exercise n°2

The determinant to evaluate is the Vandermonde determinant of order 3:

Step 1: Row Operations
Perform the following operations to create zeros in the first column:
o Lo+ Ly— 14
o L3+ L3— 1L,
1 z
2

— 2
A=10 zy—xy 27— 2§

2 _ .2
0 zo—x9 75— 23

Step 2: Further Elimination

To obtain an upper triangular matrix, perform: L3 < L3 — ﬁ[zg. The
pivot element az3 becomes:

(a2
ass = (3 — x5) —
The triangular form is:

1
A=|0 =z —x z? —
0 0 (IQ - ZL‘())(ZL’Q — I'1>



Step 3: Final Result

The determinant is the product of the diagonal elements:
A =1 (l’l — ZL’Q) . (iCQ — l’o)(l’g — CCl)

A = (21 — x0) (29 — x0) (29 — 77)

Exercise 3: LU Decomposition Method

(a) Matrix Form AX =10

The system can be written as:

1 1 1| |x 1
2 3 5 To| = 3
4 5 9| [x3 6
Where:
1 11 1 1
A=12 3 5|, X=|x|, b=13
4 5 9 T3 6

(b) Existence and Uniqueness of LU-decomposition

A matrix A admits a unique LU-decomposition (where L;; = 1) if all its
leading principal minors are non-zero:

e detAl] =1 =1#0

. detAQ] = '; ;‘ — (1)(3) = (1)2) =140

e detA3] = det(A) = 1(27—25)—1(18—20)+1(10—12) = 2422 =2 40

Since all leading principal minors are non-zero, the decomposition A = LU
exists and is unique.



(c) Determination of L and U

1 0 0 Ui Uz U13
L=l 1 0 , U= 0 wu ug
l31 l32 1 0 0 Uuss

The product LU is given by:

U1 U2 U13
LU = |lyyuin  laruig + uge lo1uig + ugs
la1urr  laiuge + lsguge  l31uss + lsauog + uss

111
By identifying the elements of LU with the elements of A= |2 3 5],
4 59
we solve row by row:
1. From the first row:

upp =1, wup=1, wz=1

2. From the second row:

o lyyu =2 = 121(1) =2 = Iy =2
o lyupptup =3 = 2(1)+up=3 = up=1
o lyuis+u =5 = 2(1)Fupy =5 = uy =3
3. From the third row:
. l31U11 =4 — 131(1> =4 — 131 =4
o lyuip +lsoun =5 = 4(1) +l5(l) =5 = Iy =1
o lg1urs +lsouoz +ug3 =9 = 4(1) +1(3) +uzs =9 = uzz =2

Final Result:

100 111
L=|2 10|, U=|01 3
41 1 00 2



Solving the system AX =b
1. Solve LY = b (Forward substitution):

1 0 0] [ 1 =1
41 1] |vs 6 4D +1(1D) +y3=6 = y3 =1

2. Solve UX =Y (Backward substitution):

11 17 [n 1 203 =1 = 13 =1/2
0 0 2| |z3 1 v+ (—1/2)+1/2=1 = 2, =1

The solution is X = [1 —1/2 1/2}T.

(d) Determinant of A
Using the LU decomposition:

det(A) = det(L) x det(U)
Since det(L) = 1 (product of unit diagonal):

det(A):1X<U11XUQQXU33):1X1X2:2

Exercise 4: Cholesky Factorization Method

(i) Matrix Form AX =5

The system (S) can be written in matrix form as:

1 2 3| |z —13

2 5 10| [z =] 12

3 10 29| |x3 -3
1 2 3 1 —13
Where A= |2 5 10|, X = [2y|,and b= | 12
3 10 29 T3 -3



(ii) Symmetry and Positive Definiteness

1 2 3
o Symmetry: A matrix is symmetric if AT = [2 5 10| = A.
3 10 29

» Positive Definite: Using Sylvester’s Criterion (leading principal mi-
nors must be positive):
1. detAl]=1]=1>0
1 2
2 5
3. detA3] = det(A) = 1(145 — 100) — 2(58 — 30) + 3(20 — 15) =
45—-56+15=4>0

2. detA2] = ‘ ’ —(1)(5) = (2)(2)=1>0

Since all leading principal minors are positive, A is positive definite.

(iii) Cholesky Factorization A = M M7

Let M be a lower triangular matrix:

mi1 0 0
M = mo1 1MM92 0
m31 M3z 133

The product M M7 is given by:

2
mll mi1Mo1 m111M31 1 2 3
2 2
Ma211M11 ma; + Miy Ma1Mmgy +mogmsze | = [2 5 10
2 2 2
ms31M11  M31Ma1 + M32Mao msq + mso + mss 3 10 29

By identification (assuming m; > 0): * m2, =1 = mq; =1

* miiMe = 2 —> (1)m21 =2 = Mg =2

* miims; = 3 — (1)77131 =3 = m3; =3

*m§1+m§2:5 - 4+m§2:5 - m22:1

* Mao1M31 + MagMszy = 10 = (2)(3) -+ (].)mgg =10 = mgy =4
m3 4+ miy+mi; =29 = 9+16+m3; =29 = mgz =2



Thus:

<

Il
W N =
N O O

M" =

o = M = = O

o O =
N = W

(iv) Solving the system (.5)
Step 1: Forward Substitution (MY =)

1 0 0\ [ —13 Yy =—13
2 1 0| [w]=]| 12| = {yp=12—2(-13) =38
3 4 2/ \ys -3 ygzw:_&g

Step 2: Backward Substitution (M7X =Y)

12 3\ [ ~13 r3 = —29
01 4] (o] =|3] = {2,=38—4(—29) =154
0.0 2/ \z3 —58 zy = —13 — 2(154) — 3(—29) = —234

(v) Determinant of A

Using the Cholesky factor:

det(A) = (det(M))* = (my1 - Moy -ma3)® = (1-1-2)*> =4

Exercise n°5: Solution

(i) Unique LU Decomposition

The matrix A admits a unique LU decomposition (with [; = 1) if all its
leading principal minors A; are non-zero:

e detA(l] = —2+£0
o detA2] = (=2)(5) = (=4)(1) = =6 # 0

7



e detA3] = —2(=5+6)—1(4—0)=—6#0
o detAd] = det(A) = =22 £ 0

Since all A; # 0, the decomposition exists and is unique.

(ii) Determination of L and U

Following the property of tridiagonal matrices where [;; = 1, the super-
diagonal of U is identical to the super-diagonal of A. We define:

1 0 0 O u; 1 0 0

o 121 1 0 0 . 0 U922 2 0
L= 0 l32 1 0}’ v 0 0 U33 —1
0 0 l43 1 0 0 0 Ug4

The product LU is:

U1t 1 0 0
LU — Ionunn lo1(1) + ug 2 0
0 132’&22 l32(2) + Us33 -1

0 0 l43’LL33 l43(—1) + Ugq

By identification with matrix A:

1. uyp = -2

2. loqyuyy = —4 = 1oy =2

3. li(1)+up =5 = 24 up=5 = uxp=3

4. l3oU9g = —3 = I30 = —1

5. l32(2) +ugzs =—1 = —24uzz=—-1 = wugz =1
6. lyguzz = —1 = I3 =—1

7. 143(—1)4-’&44:4 = 14+ upu=4 — uuu=3

Thus:
1 0 0 O -2 1 0 0
2 1 0 O 0 3 2 0
L= 0O -1 1 0|’ U= 0 01 -1
0O 0 -1 1 0O 00 3



(iii) Solving AX =10

We solve LY = b then UX =Y with b = [—4, 36, —27,12].

Step 1: Forward Substitution (LY = b)

yr = —4

2 =36 — =44
Y1+ Yo Yo oy
—Ys+ys =27 = ys =17

—Yst+ys =12 = y, =29
Step 2: Backward Substitution (UX =Y)

3ry =29 = 1'4:%

r3— x4 =17 = Igzgo

3r9 + 223 =44 — 31‘2:44_1;;0 — I, =
2wy =—4 = 2 =—4+2 = 1=
Final Solution:
4/9
~1—28/9
X=1 503
29/3

44
17
29

I3
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