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Exercise n° 1:
All digits in the following numbers are correct. Calculate the absolute and relative errors:
a)0.1342 ) 7.480 ¢)0.34235 x 102 d)7.000

Solution:

Since all digits are correct, the absolute error is Az = 0.5 x 10¥ where k is the last decimal rank.

a) z = 0.1342: Last rank 107* = Az = 0.5 x 10~ = 0.00005.

. _ 0.00005 ~ —4
rp = G00005 3,72 % 104,

b) z = 7.480: Last rank 1072 = Az = 0.5 x 1073 = 0.0005.

— 0.0005 -5
rp = 20005 ~ 6.68 x 105

c) o =0.34235 x 10~3: Last rank 1078 = Az = 0.5 x 1078.

__0.5x107% -5
Te = G3idssxio=3 ~ 1.46 x107°.

d) = =7.000: Last rank 1073 = Az = 0.0005, r, ~ 7.14 x 105,

Exercise n° 2:
Let © = 0.1256 be given with an error of 0.5%..
1) Give the absolute error of x.
2) Determine the exact number of significant digits of this number.
3) Round the result to the last csd .

Solution:
1) The absolute error of x:
The relationship between absolute error Az and relative error 4, is given by:

Az =|z|-r,
Given z = 0.1256 and r, = 0.005 (which is 0.5%), we have:
Az = 0.1256 x 0.005 = 0.000628

So, the absolute error is: Az = 0.0628 x 10~2.
2) Exact number of correct significant digits (csd):
(m=1)

Az =0.0628 x 1072 < x0.5x1072<05x10m " = m-nt+l=-2=n=2

Therefore, the number of exact significant digits is 2.
3) Rounding the result to the last csd:

z~0.13

Final result z = 0.13 £ 0.01
Exercise n° 3:
Let: . =2.5+0.01; y=1.24+0.02; 2 =3.2+0.03; t = 5.1 £ 0.01.
1) Verify that all digits of z,y, z, and ¢ are correct.
2) Let S = a2 +y? + 22 + 12
a) Determine the number of CSD of S.
b) Round the result to the last CSD and give the final result.
Solution:

1. Verification (for z): Az =0.01, m = 0.
0.01=0.1x10"1 <0.5x 1071 < 0.5 x 10"+ = n =2 (True). All have n =2 CSD.



2. Calculation of S: S* =2.5% +1.22 +3.22 + 5.1° = 43.94.
Error AS: AS = 3 |2z;|Az; = 2(2.5-0.01 +1.2-0.02 + 3.2 - 0.03 + 5.1 - 0.01) = 0.392 ~ 0.4.

3. CSD for S: m=1. Forn =2: AS <0.5 x 101721 = 0.5 (True). n = 2.

4. Final result: S ~ 44 +0.8.

*Exercise n° 4:

Let: x =5.27£0.01; y = 28.61 £ 0.04; z = 15.80 £ 0.02.

w2y1/3

Calculate for f = =

a) The value of f and its relative and absolute errors.

b) Give the final result of f in the form f* + Af.
Solution:
f _ $2y1/3

1. Relative error: r; = 2r, + ir, + 3r,

rr=2(29%) + 3 (35%7) + 3(£55) ~ 0.003795 4 0.000466 + 0.003797 ~ 0.008058 ~ 0.008.

2, 1/3
— fr=52T2800 ~0.0215.

2. Absolute error: Af = f*-r; ~0.0215 x 0.008 ~ 0.0002.
3. Final form: f = 0.0215 + 0.0002.

Exercise no 5:
Consider the equation f(z) = 2® — 2 —3 = 0.
1) Graphically find an interval [a, b] of length 1 containing the root a.
2) Using the bisection method with precision € = 1072:
a) Calculate the number of iterations needed.
b) Find the root a.

Solution:

1) Graphical Isolation of the Root «

To determine an interval [a, b] of length 1, we rewrite the equation as follows:

2P —-3=0 << x>=x+3

Let g1(z) = 2% and go(x) = 2 + 3. The root « is the x-coordinate of the intersection point.



The intersection occurs within [1, 2] because the curves switch positions. Both functions are strictly increas-

ing, ensuring a unique root « € [1,2].

2) Bisection Method with Precision ¢ = 1072

a) Number of Iterations (n)

Using the refined error formula for the midpoint ¢,:

I (52552 )

n>-—""") 564 = n=6
In2
b) Calculation Table
ap+b . b — ag
k ak g xp = 2k Signf(a) 3
0 1.0 2.0 1.5 (-) 05
1 1.5 2.0 1.75 (+) 0.25
2 1.5 1.75 1.625 (-) 0.125
3 1.625 1.75 1.6875 (+) 0.0625
4 1.625 1.6875 1.65625 (-) 0.03125
5 1.65625 1.6875 1.671875 (+) 0.015625
6 1.65625 1.671875 1.6640625 (-) 0.0078125
After 7 steps (from k = 0 to k = 6), the root approximation is:
Numerical Root: o ~ 1.6640625 ]

Or, the error |1.6640625 — «| < ¢ confirms the precision € = 1072,
Exercise no 6:
Calculate /3 with a precision of ¢ = 1072 using the bisection method (Hint: use * % f()

Solution:

2?2 — 3).



1) Root Isolation

We evaluate the function z = /3 < f(z) = 22 — 3 = 0 to find an interval [a, b] of length 1:
e f(H)=12-3=-2<0
e f(2)=22-3=1>0

Since f(1) - f(2) < 0 and f is continuous, the root a = v/3 lies in [1,2]. Monotonicity: f'(z) = 2z > 0 on
[1,2], ensuring the root is unique.

3) Bisection Table

k ak b T, = %b’“ Signf(xr) i ;ak
0 10 2.0 15 (-) 0.5
1 1.5 2.0 1.75 (+) 0.25
2 1.5 1.75 1.625 (=) 0.125
3 1.625 1.75 1.6875 (=) 0.0625
4 1.6875 1.75 1.71875 (—) 0.03125
5 1.71875 1.75 1.734375 (+) 0.015625
6 1.71875 1.734375 1.7265625 (=) 0.0078125
4) Final Result
1.71875 — 1.734375
the error | 5 | < ¢, the approximation of v/3 is:
[ Approximate Value: a ~ 1.7265625 ]

Exercise no 7: Consider f(x) =exp(z) —z —2=0.

1. Show that f(z) = 0 has a unique solution « € [1,2].
2. Consider the fixed-point forms: g;(z) = e* — 2 and g2(z) = In(z + 2).
(a) Which function satisfies the fixed-point conditions? Justify.

(b) Starting with x¢ = 1.5, calculate the number of iterations for e = 1073,

(c) Calculate the root o and show the error |z — xg|.

Solution

1) Existence and Uniqueness of «
o Existence: f(z) =e® —x — 2 is continuous on I = [1,2].
— f(l)=e'—1-2~ —0.2817 < 0
— f(2)=e?—2-2~ 3381 >0
Since f(1) - f(2) < 0, by the Intermediate Value Theorem, there exists at least one root a € [1,2].

o Uniqueness: f/'(r) =e® — 1. For z € [1,2], f'(x) > e! — 1 ~ 1.718 > 0. Since the derivative is strictly
positive, the function is strictly increasing, which ensures the uniqueness of a.

We evaluate the two conditions: Stability (¢(I) C I) and Contraction (|¢'(x)] < M < 1).

Analysis of g1(z) =e® — 2:

1. Stability Check: forz € [1,2]: 1 <2 <2& el —2<e? —2<e? -2 0.718 < g1 () < 3.3891 Since ,
g1(I) € I. The Stability condition fails.

2. Contraction Check: g}(z) = e*. For = €]1,2], |¢;(z)| > e! ~ 2.718 > 1. The Contraction condition
fails.

= g¢i(x) is divergent and cannot be used.



Analysis of gs(z) = In(z 4 2):

1. Stability Check: forz € [1,2]:1 <2 <2&3<zx+2<441.098 < go(z) < 1.386
Since [1.098,1.386] C [1,2], the Stability condition is satisfied.

2. Contraction Check: g)(z) = ﬁ On ]1,2[, the maximum value is: M = |g5(1)| =  ~ 0.333 < 1. The

Contraction condition is satisfied.

= ¢o(x) is convergent and satisfies the Fixed-Point Theorem.

2-b) Iteration Count and Initial Error
With 2o = 1.5 and M = 1/3:
e 21 =1In(15 +2) = In(3.5) ~ 1.25276
« Initial Error: |z, — zo| = [1.25276 — 1.5 = 0.24724

Using |z, — o] < %|I1 — x| <1073

(1/3)" L 10-3.2/3
24724) <107 = (1/3)" < ——-L2
1f1/3(0 724) < 10 3" = =5 517

~ 0.002696

1In(0.002696)

n 2 In(1/3) ~ 5.38 = n = 6 iterations
2-c) Root Calculation Table

n Ty Error |z, — Zp—1]

0 | 1.50000 -

1 | 1.25276 0.24724

2 | 1.17950 0.07326

3 | 1.15672 0.02278

41 1.14954 0.00718

5 | 1.14726 0.00228

6 | 1.14654 0.00072

Table 1: Fixed-point iterations for go(x)

The approximate root is a ~ 1.14654.
Exercise 8: Let f(x) =xlnz—3=0.

1. Show that the root lies in [2, 3].
2. Verify the convergence conditions for the Newton-Raphson method in [2, 3].

3. Calculate the root with e = 1073, starting from z¢ = 3.

1) Existence of the Root
We apply the Intermediate Value Theorem (IVT) on the interval [2, 3]:

e f(2)=2In(2) —3~1.3863—-3=—16137<0
« f(3)=3In(3) — 3~ 3.2958 — 3 = +0.2958 > 0

Since f(z) is continuous on [2,3] and f(2) - f(3) < 0, there exists at least one root « € (2, 3).



2) Verification of Convergence Conditions

To guarantee convergence, we check the following conditions on [2, 3]:

o Differentiability: f(x) is C? on [2,3].
f'(z) =Inz+1and f’(z) = 1.

o Monotonicity (f'(z) # 0): For x € [2,3], f'(x) > 0. The function is strictly increasing, thus the root is
unique.

o Constant Concavity (f"(z) # 0): For z € [2,3], f”(z) > 0. The curve is strictly convex (no inflection
points).

o Initial Guess Choice (zg): We choose zg such that f(xg) - f”(xo) > 0. Since f”(z) > 0, we select
xo = 3 (where f(3) > 0).

3) Numerical Iterations

Ty Inx, —3

The iteration formula is: x =X, —
el " Inz, +1

T f(xn) fl(l'n) |xn+1 - mn|

n
0  3.000000 0.295837 2.098612 —

1 2.859032 0.003310 2.050484 0.140968
2
3

2.857417  0.000000 2.049919 0.001615
2.857417 0.000000 2.049919  0.000000

Table 2: Newton-Raphson Iterations (¢ = 1073)

Conclusion: The root is oo ~ 2.857417 after 3 iterations.



