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Theoretical Questions(3 marks)

1. State the Newton—Raphson iterative formula.
2. Define diagonal dominance for the matrix A = (a;;)nxn.
3. Give two sufficient conditions for convergence of Jacobi and Gauss—Seidel methods.

Solution :

1. The Newton—Raphson iterative formula is

n = dnp — (1 k
Tpp1 =T Pl (Imark)
2. A matrix
A= (aij)an
is strictly diagonally dominant if
la| > Z lag;|, Vi e {1,2,...,n}.(Imark)
j=1

JF

3. Two sufficient conditions for convergence of Jacobi and Gauss—Seidel methods are :
(a) A is strictly diagonally dominant.(0.5 mark)
(b) ||J]| < 1. (0.5 mark)

Exercise 1 (5 marks)
Consider the function f(z) = 2* — 2z — 2.

1. Using a graphical argument, propose an interval [a, b] of length 1 containing a root «
of f(z) =0, and justify your choice using the Intermediate Value Theorem.

2. Show that Newton-Raphson method can be applied on [1,2].
3. Approximate the root o using Newton-Raphson method with precision € = 1073.

Solution

1. Graphical localization of the root (0.5 mark)
We consider the equation :

flz)=2"-20-2=0 <= 2°=21+2< fi(2)= fo(z)



The function f is continuous on R, hence on [1,2]. (0.25 mark)

F1)=-3, f(2)=2= f)f(2) < 0.(0.25mark)

Since f is continuous, by the Intermediate Value Theorem
there exists at least one a € [1, 2] such that :

f(a) =0.(0.25mark)

Moreover,
f'(r) =32* —2> 0 on [1,2], (0.25mark)
so the root is unique.
2. Applicability of Newton—Raphson
fec*([1,2)
i) f(1)f(2) < 0.(0.25 mark)
ii) f'(z) #0,Vz € [1,2]. (0.25 mark)
iii) f"(x) =6z > 0,Vz € [1,2].(0.25 mark)
Then there exists a unique root « € [1, 2] of the equation f(z) = 0.
Moreover, if the initial approximation xy = 2 is chosen such that

f(xo) f"(x0) > 0,(0.25mark)
then the sequence defined by the :

f(zn) 3 — 2w, — 2
T =Ty — = dn — T 5 5 4
i f(xy) 3x2 —2

is well-defined and converges to a.

n >0, (0.5mark)

3. Newton—-Raphson iteration ¢ =103, 2y =2
Iteration 1 :

2
T =2 — 1—0 = 18, ’.731 — I0| =0.2>0. (()5TTL(L7”II€)

Iteration 2 :
xi} — 2.%'1 -2

e 322 — 2

= 1.770, |zy — 21| =0.03 > 0. (0.5mark)



Iteration 3 :

x5 — 219 — 2

e 3z3 —2

= 1.7693, |z3 — 2| < 0.001. (0.5mark)

r3 = 1.7693

Conclusion :
a~1.769 (0.5mark)

Exercise 2 (8 marks)

Consider the system :
Tr1 — 329 + 23 = —8
—14x; + dzy — 323 = 13
Tx1 —4xy + 423 = —3

Assume that the matriz A admits an LU decomposition without pivoting : A = LU, where
L is a unit lower triangular matrix and U is upper triangular.

1. Write the system in matrix form AX = b.
2. Determine the matrices L and U.
3. Solve the system using LU decomposition.

4. Deduce det(A).

Solution :
1. Matrix form (AX=b)

Tx1 — 319 + 23 = —8 7 -3 1 ) -8
—14x1 + 529 — 323 =13 < | —-14 5 =3 Ty | = 13 | & Az = b(1 mark)
71‘1 — 41’2 + 41’3 = -3 7 —4 4 T3 —3

2. LU decomposition (product method + comparison)
We assume :

A= LU,
where L is unit lower triangular and U is upper triangular.
Let :

1 0 O Ui Uiz U13

L= ggl 1 0 > U= 0 U929 U3

l31 30 1 0 0 us
We compute the product LU :

U1 U12 U13
(1.25 mark)LU = | lajuyn  loguqs + usg lo1us + ugs

Us1ury La1ugg + laatioe  U31urs + U303 + Uss

By identification with A, we obtain :

up =7, up=-3, upz=1



—14 7
21 7 ) 31 7

U929 — 5 — fglulg =5 — (—2)(—3) =-1
U23 = -3 — gglulg = -3 (—2)(1) =-1

€32 _ —4 — €31u12 _ —4 — (—3) —1
U922 —1

U3z = 4 — E31U13 — 2327123 = 4 — 1 — (—1) = 4

Thus :
1 00 7T =3 1
(0.75 mark)L={-2 1 0], (L5mark)U=|0 -1 -1
1 11 0 0 4
3. Solution using LU decomposition
_ _ Ly=0b (1) ,
Ax—b(:)L(Ux)—bé{szy (2) (0.5 mark)
1 0 0 Y1 —8 Yy = —8 Yy = -8
Ly=b&s | =2 1 0 y2 | =1 13 | &< —2y1+y2=13 & < yo = —=3(1 mark)
11 Y3 —3 Y1+ tys=-3 ys =38
7T =3 1 T —8 7331 — 31’2 +x3 = -8 T = —1
Ur=y< | 0 -1 -1 o | =1 -3 | & —29 — T3 = —3 & xg = 1(1 mark)
0 0 4 Zs3 8 4rs =8 T3 =2
Thus :
-1
X=11
2

4. Determinant of A
Since A = LU, we have :
det(A) = det(L) det(U).
Because L is unit lower triangular :
det(L) = 1.

Thus :
det(A) =7-(-1)-4=-28. (1 mark)

Exercise 3 (4 marks)
Let

I
I
— = Ot
— o =
3 = =



1. Write A = D — E — F, where D is diagonal, —F strictly lower triangular, and —F
strictly upper triangular.

2. Determine the Jacobi iteration matrix J = D™}(E + F).
3. Compute

[ ]loc = max Z 171

1<i<n

4. Using the obtained result, conclude whether the Gauss—Seidel method converges.

Solution :

We consider the matrix

A:

A
[ o N
—_

1. Decomposition A=D — F — F

The diagonal matrix is :
5 0 0
(0.25mark)D = :

The strictly lower triangular part is :
000
(0.25mark) — E =

The strictly upper triangular part is :

)
(@)
@)

—
o
o

011
(0.25mark)—F =10 0 1
000
Thus :
A=D—-FE—-F.
2. Jacobi iteration matrix
We compute :
0 -1 -1
(0.5mark)E+F=|-1 0 -1
-1 -1 0
Since
200
(0.5mark) D™ =10 ¢ 0],
1
00 =
o —1 _1
5
(1.25mark)J = D' (E+ F) = (% 0 —g
1
—= —= 0
7 7



3. Computation of ||J||
We compute the row sums :

1+1_2
5 5 5
1+1_1
6 6 3
1+1_2
7T 7 7

Thus : 5 1 9
2
0.5 )| oo = - -, = |==<1
(0.5mark)||J|] max (5 3 7) <
4. Conclusion

Since :
[/l <1,

Hence, the Jacobi iterative method is convergent.(0.5 mark)
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