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1 Introduction

The notion of random variable plays an important role in probability. The
majority of experiments can be modeled simply using a random variable.

2 Definitions and properties

Definition 1. A random wvariable X, defined on a sample space €2, is a
function from Q) to the set of real numbers R, where every possible outcome of
the experiment (i.e., every element of ) is associated with a real number

X:0—R
wr— X(w)

Remarks

e We use a capital letter, say X, to denote a random variable, and use the cor-
responding lower-case letter x to denote the realization (values) of the random
variable.

e In general, the set of values taken by the random variable X is denoted by
X () and is called the range of the random variable X.

e Let X and Y be two random variables defined on a sample space (€2), then
X+Y, XY, X+ A and A.X (where A is any real number) upper(X;Y’) and
lower(X;Y") are also random variables on {2.

1
o If X #0, then X is random variable on (2.

Example 1. We toss a coin 2 times and observe the sequence of heads/tails.
The sample space here may be defined as
Q={(H,H),(H,T),(T H),(T,T)}.
Let X represent the number of heads that can come up.
X(T,T)=0;X(HT)=1;X(T,H)=1,X(H,H)) = 2.
So the values that the random variable X can take are:0; 1; 2. i.e.

X(9) ={0,1,2}
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Example 2. A bozx contains three balls numbered 2, 8 and 5. We draw succes-
stvely with return Q = {(2;2); (2;3); (2;5); (3;2); (3;3); (3;5); (55 2); (5; 3); (5;5)
Let' Y be the random variable indicating the sum of the points obtained
Y. Q—R
(4,5) = Y(i,j) =i+
Therefore, Y (2) = {4;5;6;7;8;10}.
Remark 1. There are two types of random variables:

1. Discrete random variables ;
2. Continuous random variables.

3 Discrete Random Variable

Definition 2. A random wvariable X is said to be discrete random variable if
its range X () includes finite number of values or countable infinite number of
values.

Example 3. The random variables defined in the previous examples are discrete.
X can only take three values, 0,1 or 2.
Y can only take six values, 4;5;6;7;8 or 10.

3.1 Discrete Probability Distributions

The probability distribution of X is usually given in the form of the following
table following table

X |z | 22| ... | zp
Plpi|p2|.-.-| P

The probability distribution satisfies the conditions :
L.LOSKP(X=uz;)<1.
2.5 P(X=umz)=1.

Example 4. In example 1, the probability distribution of boldsymbol X is

X
P

- S
b1H

B INY

Example 5. Taking ezample 2 again, the probability distribution of Y is

Y456 7]8]10
Pl I 2 (L2222
9 9 9 9 9 9
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3.2 Graphical representation of the probability distribu-
tion

This is done using a bar chart with the values taken by the random variable on
the abscissa and the corresponding probability values on the ordinate.

Example 6. In the example of the coin toss: ( example 1)

0.4} |

0.3 i

o | N

0 1 2

Figure 1: Distribution of X

Example 7. Let’s take the random variable Y indicating the sum of points
obtained after two draws with a discount (example 2).

s g v s g e ey, osengrn w2
0:22 + i
0.2} 5
0.18 - .
0.16 1
0.14 - i
0.12 |- 8
0. N [] 0
4 5 0 7 8 10

Figure 2: Distribution of Y
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3.3 Cumulative distribution function for Discrete Random
Variables

Definition 3. Let X be a discrete random variable on ). The cumulative
distribution function of X is the function Fx defined by :

Fx :R —[0;1]
v Fx(e) = P(X <a)= Y P(X =2,)

If X takes on only a finite number of values x1,x1, ..., T,, then the distribution
function is given by

0, T < T
P(X =), 1 <<
Fy ={ P(X =m1) + P(X = 13), To <z < T3

PX=x))4+..+PX=u,), z,<z

3.3.1 Properties
The distribution function F(x) has the following properties:

1) F(z) is nondecreasing [i.e., F'(z) < F(y) if x <]

2) lim F(z)=0, lim F(z)=1.

T——0Q r—+o0
3) F(z) is continuous from the right.

Example 8. (a) Find the distribution function for the random variable X of
Ezxample 1.

(b) Obtain its graph.

Answer

(a) The distribution function is

0, =<0

1

-, 0<z<1
Flo)= % 1<z<?2

47 —

1 2 <.

)

(b) The graph of F(x) is shown in Figure



Section 33 Relationship between distribution function and probability of X

151
1.25 | -
1 1
0.75 | —
051
0,25 m—
9 1 1 2 3

Exercice 1. (a) Find the distribution function for the random variable Y of
Ezample 2.

(b) Obtain its graph.

Answer See worksheet.

3.4 Relationship between distribution function and prob-
ability of X

Theorem 1. Let a;b € R with a < b, X be a discrete random variable and Fx
its function then :

1) P(a < X <b) = Fx(b) — Fx(a).

2) Pla< X <b) = Fx(b) — Fx(a)+ P(X = a)

3) Pla< X <b) = Fx(b) — Fx(a) — P(X =b)

4) Pla< X <b) = Fx(b) — Fx(a) + P(X =a) — P(X =b)
5) Pla< X)=1- Fx(a).

6) Pla<X)=1-Fx(a)+ P(X =a).

Proof. Clearly it is sufficient to show the first equality, let a;b € R with a < b,
we have :

{X<b}={a< X <blU{X <a}land ¢ ={a< X <b}N{X <a}
according to Axiom 3 (Chapter 4, page 6)

P(X<b)=P{a< X <b}U{X <a})=PHa< X <b})+P{X <a})
Fx(b)=Pla< X <b)— Fx(a)
Therefore
Pla< X <b) = Fx(b) — Fx(a) O
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Example 9. In example 2, calculate the following probabilities:

P(Y <8)=F(8) =8/9.

PY>5)=1-PY <5)=1-F((5)=1-3/9=6/9
PG6<Y<75)=P6<Y<T7)=F(7)-F(6)+P(6)=6/9—4/9+1/9=23/9.

3.5 Mathematical Expectation

Definition 3. For a discrete random wvariable X having the possible values
X1, , Tn, with respective probabilities P(X = x1); P(X = x,): The mathemat-
ical expectation of X is :

m=FEX)=% 2;P(X =x;)

Example 10. In example 1, we have

1 2 1

Example 11. In example 2, we have
m=EX)=Y" 12;P(X =2;)=7
3.5.1 Interpretation

The expectation E[X] represents the mean value taken by X.

3.5.2 Properties of mathematical expectation

Let X and Y be two random variables defined on €2, a and a two real constants.
1.E(aX) = aB(X)

2. E(E(X)) = E(X); since E(X) is not a random variable.

3. E(aX +bY)=aE(X)+bE(Y)

3.6 Variance and standard deviation of a discrete random

variable

Definition 4. The variance is the quantity:

V(z) = B, P(X = ;) (2 — m)? (1)

Definition 5. The standard deviation is the quantity
or =V V(2) (2)
Proposition 1. The variance of X, can be calculated as m = E(X) :

V(z) =X, P(X = z;)z; —m? (3)

3

Proof. exercice O
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3.6.1 Properties of V (X)

Let X be a random variable defined on 2, with a and [ two real constants.
1)The variance of a constant is zero: V(a) =0

2) V(X +a) = V(X).

BV(BX +a) = B2V (X)

4 Continuous random variable

Definition 6. A random variable X is said to be continuous when it can take
on an infinite, non-countable number of values. This means that such a variable
can take all the values of a real interval.

Example 12. Ezamples of continuous random variables include:
o The weight of a child at birth (e.g., between 2.7kg and 5.6kg).
o The time interval between two train passes.

o The lifetime in seconds of a mechanical part.

4.1 Probability Density Function (PDF)

The function f(z) is a probability density function (PDF') for the contin-
uous random variable X, defined over the set of real numbers, if:

1. f(x)>0 VzeR

2. /O;f(x)dle

3. P(a<X<b):/bf(ac)dx

The first two conditions in the definition state the properties necessary for a
function to be a valid pdf for a continuous random variable.

The third condition tells us how to use a pdf to calculate probabilities for con-
tinuous random variables.

Remark 2. If X is a continuous random variable, then:

This equality holds because the probability of X taking any exact value is
zero in the continuous case. This is not the case for discrete random variables.
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4.2 Cumulative Distribution Function (CDF)
The cumulative distribution function (CDF) of X is defined as:

Flz)=P(X <z) = [ £(8) dt

Properties of CDF
e F(z) is non-decreasing.
o lim,, o F(z)=0
o lim, o Fz) =1

o If F(x) is differentiable, then:

f@) = 2 F(@)

4.3 Probability of an Interval

For a continuous random variable X, the probability that X belongs to an
interval [z1, 23] can be obtained either by integrating the PDF or by using the
CDF:

z2
P(XG [1'1,1'2]):/ f(t)dt:F(.’EQ)—F(l'l)
x1
Example 13. Consider continuous random variable X, with PDF:

flx)=e"" >0
The CDF is:

Flz)y=1—-¢e", x>0
Probability on Interval [1,3]

3
P(1§X§3):/ etdt=e!—e3
1

=F@B)-Fl)=1-e®)-1-et)=et—e3

Graphical Illustration
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4.3 Probability of an Interval

PDF of Exp(1) with shaded probability

0.5 1

L,

o s
The CDF is:

0,

F(z) =< =,

1

Probability on Interval [0.2,0.7]

P02< X <0.7) =

0<zx

<1

otherwise

<0
0<zx
z>1

0.7
/0.2

<1

ldx =0.5

= F(0.7) — F(0.2) =0.7— 0.2 = 0.5

10
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Graphical Illustration

PDF of U(0,1) with shaded probability

f(z)
1
0.5+ P(0.2<X <0.7)
! It It 1: |
—-0.2 0.2 0.4 0.6 0.8 1 1.2
CDF of Exp(1) showing F(3) — F (1)
F(z)
1 1
F3) (1)
0.5 ¢
Fe
It m |
1 2 3 4 5

4.4 Moments of a Continuous Random Variable
4.4.1 Mathematical Expectation (Mean)

The expected value or mean of a continuous random variable X with prob-
ability density function f(x) is defined as:

4.4.2 Variance

The variance of X measures the dispersion around the mean:
o0

Var(X) =o* = / (x — p)?f(x) dx

— 0o

11
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Equivalently:
Var(X) = E[X? - (E[X])*

4.5 Moments

Non-centered moments: The n-th non-centered moment of X is:

m, = E[X"] = /00 " f(z) dx

— 00

Centered moments: The n-th centered moment of X (around the mean )
is:
oo

o = B[(X — p)"] = / (2 — p)" f(z) de

4.6 Notes
e The first centered moment p; = 0.
o The second centered moment pg = Var(X).

o Higher-order centered moments describe skewness (u3) and kurtosis (p4).

4.7 Covariance

For two continuous random variables X and Y with joint density fx v (z,y),
the covariance is defined as:

Cov(X,Y) = E[(X — E[X])(Y — E[Y])
Equivalently:
Cov(X,Y) = E[XY] - E[X]|E[Y]
Where:

E[XY] = /_OO /_OO zy fxy(z,y)dedy

4.8 4. Properties
o Cov(X,X)=Var(X)
e Cov(X,Y)=Couv(Y,X)

e If X and Y are independent, then Cov(X,Y) =0

12
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