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1 Introduction

Probability theory provides tools to quantify uncertainty in random events. In
many situations, we do not have complete information about the outcome, but
rather partial knowledge that can influence our expectations. Conditional prob-
ability offers a systematic way to incorporate this partial information into the
calculation, allowing us to refine predictions and make more informed decisions.

*



Section 2

Example 1. Suppose a medical test is positive. The probability that the patient
actually has the disease depends not only on the test’s accuracy but also on
the prevalence of the disease in the population. This is a typical case where
conditional probability is essential.

2 Conditional Probability
Definition 1. Let A and B be two events in Q0 such that P(B) > 0. The
conditional probability of event A, given that event B has occurred is

Po(a) = T5 5

2.1 Remarks

1) Pp(A)) can be interpreted as the fact that  is restricted to B and the results
of A are restricted to AN B.

Q

2) If AN B = ¢ (A and B are mutually exclusive), A cannot occur if B has
already occurred, and therefore

_P(AnB)  P(¢)

Q
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3) In general P4(B)) # Pr(A))).

P(BNQ)

=1

Example 2. Let’s throw a dice and consider the events A = {5} and
B ={1,3,5}:

P(A) = ,P(B):% etP(AmB)zé

1
6
e The probability of ‘5 coming out’ knowing that it is ‘an odd number’ is :
(AN B)

Pp(A) = PPW =

olw|ol—
w

o The probability of an ‘even number’ coming out knowing that it is ‘5 is

PA(B) = Pg(g)B) =

olw|ol=

Note that Pg(A)) # Pa(B).

o The probability that ‘5 does not come out’ knowing that it is ‘an odd
number’ is

Py(A) = 1— Pp(A) =1 -

1_2
33
2.2 Conditional probabilities are probabilities

Conditional probability satisfies all the properties of probability.
For fixed B with P(B) > 0, the function Pp(-) satisfies the axioms of probability:

* Pp(4) > 0.
. PB(Q):].

o If Ay, As are disjoint, then PB(Al U Al) = PB(Al) + PB(AQ).
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Properties

1. Let A and B be two events of Q such that P(A) # 0 and P(B) # 0. We
have:

P(AN B) = PA(B) x P(A) = Pg(A) x P(B)
2. Let A, B, and C be three events of Q with P(A) # 0.

« if C'C B, then P4(C) < Pa(B))

« PA((BUC)) = Pa(B) + P(C) — PA((BN C)).

e P4(B)+ Ps(B)=1.

3. Pa(A) = FgG = 1.

2.3 Theorems on Conditional Probability

Definition 2. Let n be an integer equal to or greater than 2. To say that n
events By, B, ..., B, form a partition of the Q universe means that:

o Forallie{l1;2;...;n},B; #0.
CVZ.#]'IBI‘QBJ':W.
« BBUByU...UB, = 9.

2.3.1 Law of total probability

Theorem 1. (Law of total probability)

Letn events By, Bo, ..., B, have non-zero probabilities and form a partition
of Q.
For all event A of Q0 we have

P(A)=P(ANB))+P(ANDBy)+ ...+ P(ANDB,)
= P (By) Pp,(A) + P (B2) P,(A) + ...+ P (Bn) Pg, (A)

Remark . Since (BUB = Q and BUB = ¢ ), we can apply the total probability
formula:

P(A) = P(B) x Pg(A) + P(B) x Pg(A)
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2.3.2 Formula of compound probabilities

Theorem 2. Let A, B,C, D be events in a universe (2.

a) P(ANB) = P(A)Pa(B).

b) P(ANBNC) = P(A)Pa(B)Ppna(C)

c) P(ANBNC N D)= P(A)Pa(B)Pans)(C)Pansnc)(D).

Proof. a) According to the definition

Pa(B) = P(;l(r;)B)

b) According to the definition

= P(AN B) = P(A)P4(B)

= P(ANBNC)=P(ANB)Pnp)(C) = P(A)Pa(B)Panp)(C)
O
Example 3. . Consider an urn containing 4 white balls and 6 red balls. 3

balls are drawn one after the other. What is the probability of obtaining a draw
consisting of 8 white balls?

Answer Let W; be the event: the i-th ball drawn is white. Clearly

4

PWl (WQ) =

0N O] W

P(Wgﬁwl) (WS) =

By compound probabilities, we obtain

©|w
X

col b
Il

4
P(WlmWQQW;g):EX

3 Bayes’ Theorem

Theorem 2. (Bayes’ Theorem) Let By, Ba, ..., By, n events disjoint two by
two i.e. Vi # j: BiN Bj =0 and such that BiyU B U...UB, = Q.
Let A be an event

Then

Py (B;) = P(?,(Z)BZ)

_ P(B)Ps(A)
S P(B)) P, (A)




L]

4

Proof. We have BiU By U...UB, =Q and ANQ = A.

So
(ANB)U(ANB)U...U(ANB,) = A.
So,

P((ANB)U(ANB)U...U(ANB,)) = P(A) <
P(ANB)+P(ANBy)+...+ P(ANB,) = P(A) =
P(Bl)XPBl (A)—F—I-P(BH)XPBH (A):P(A)@

> " P(By) P, (A) = P(A).
k=0
So..,

_ P(B)Pg (4)
P (B;i/A) = S P (B)) Py, (A)
O

Remark 1. Bayes’theorem can be used to calculate Pa (B;) knowing Pg; (A),Vj €
{1;2;...;n}.

Example 4. . A company uses three types of bulb Ty, To and T3, in proportions
of 60%,30% and 10% respectively. The probability of these bulbs working is
respectively 90%,80% et 50%.
What is the probability of a faulty bulb coming from Ty ?
Réponse :
T =< use a bulb Ty > so P (11) = 0.60
Ty =< use a bulb Ty > so P (Tz) = 0.30
T3 =< use a bulb T5 > so P (T3) = 0.10
D = defective bulb. D = non-defective bulb.
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We’re looking for Pp (T1) = ¢

We have
D, P(Ty N D) = 0.60 x 0.10 = 0.06
%‘
Ty
0.90 D, P(Ty 1 D) = 0.60 x 0.90 = 0.54
Q
D
D, P(T, N D) = 0.30 x 0.20 = 0.06
M
- T
0.80 D, P(T, N D) =0.30 x 0.80 = 0.24
D, P(T5; N D) = 0.10 x 0.50 = 0.05
%‘
k‘ _ _ . .
D, P(T5N D) = 0.10 x 0.50 = 0.05
then

P(D) = P(T}) Pr, (D) + P (Ty) Pr, (D) + P (T3) Pr, (D)
= 0.60 x 0.10 4 0.30 x 0.20 + 0.10 x 0.50
= 0.17
so,
T,ND) 0.60x0.10 6

POy ~ oar a0

PD(Tl):p(

4 Independence of events

Definition 3. (Independence of two events). Events A and B are independent

if
P(ANB

~—

= P(A)P(B)

If P(A) > 0 and P(B) > 0, then this is equivalent to Pg(A) = P(A); and also
equivalent to P(B/A) = P (B):

In words, two events are independent if we can obtain the probability of
theirintersection by multiplying their individual probabilities. Alternatively, A
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and B are independent if learning that B occurred gives us no information that
would change our probabilities for A occurring (and vice versa).

Remark 2. Independence is completely different from disjointness.

If A and B are disjoint, then P(ANB) = 0, so disjoint events can be independent
only if P (A) = 0 or P (B) = 0.

Knowing that A occurs tells us that B definitely did not occur, so A clearly
conveys information about B, meaning the two events are not independent (except
if A or B already has zero probability).

Example 5. Two dice are thrown one after the other. The following events are
noted :

A =< the sum of the dice is 7 >, then, A = {(1;6),(2;5), (3;4), (6;1), (5;2), (4;3)}
ainsi P(A) = & = ¢

B = «the first die gives 4 >, which gives B = {(4;6), (4;5), (4;4), (4;1), (4;2), (4;3)}
so P(B) = & =¢

AN B =< the sum of the dice is 7 and the first die gives 4, so ANB = {(4;3)}

as a result P(ANB) =

In this example, we can see that
P(ANnB)=P(A) x P(B)
so events A and B are independent.

Proposition 1. If A and B are independent, then A and B are independent,
A and B are independent, and A and B are independent.

Proof. exercice. O
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