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Tutorials (TD) Series Ne5

Linear systems with two degrees of freedom
Exercise Neol: (elastic coupling)

Two pendulums of the same length [ but different masses (m; > m,) oscillate around their respective
axes 0;etO,(low amplitudes) being coupled by a stiffness spring Karranged according to the figure
below.
1. Establish the differential equations of movement of the system.
2. Make the following variable change: 8, = B, + B,et8, = p; — Z—:ﬁz

3. Then give the proper pulsations w;etw, of the system as well as the general
solution of the movement knowing that at the initial moment ¢t = 0 we had:
6,(0) = 6y ; 91(0) =0;6,(0)=0; 92(0) =0

Solution (Exercise Nel):

1- the differential equations of movement of the system:
e kinetic energy: T = Tjp; + T2

1 1 .
(Tml = 57’111712 (Tml = E"'117€2912 1 1
= =>T= Emlﬁzélz + Emzfzézz
1 .
T2 = 5"121722 Tz = 57’1252922

e potential energy: U =U,;; + Uy, + Uy

Uy = myg? (1 — cosb,)
Uz = myg?f (1 — cosB,)

1
Uy = Ekl’z (sinf, — sind,)?

1 .
cosf, = 1 - ;8inf, = 04

0; K; 0, K= , = Uz = Eng%’zz

02" . 1 1 1
costy x1——- ;sint, =0, |y, = S kb2 (61— 6,02 = 2 k€26,” + - kt26,% — kt26,6,
1 2 2 1 2 2 2
=>U =E(m1g{’+k1€ )64 +§(m2g€+k€ )6,° + k76,06,

. 1 252 1 2,2 1 2yn0 2 1 2vp 2 2
Lagrange functionL=T—-U= L —Emﬂ,’ 0, +5m2£’ 92—5(m19€+k{’ )0, —E(ng{’+k{’ )6, + k€°6,6,
aL aL
(55:) ~ 56 = 0

d(oy_o_y
dt \a6, 96,

d
b

e the Lagrange equations: i



(myg¢ + kt?) 2

my €26, + (my gl + k€2)6, — k£26, = 0 O1+ m, £2 01— my ¢2 9, =0
= =
m, €20, + (mygf + k£?)0, — k26, = 0 . (mygt + k£?) k4?2
m,£%0, + — 0, — — 6, =0

) . 01=p1+ B2 6, =B+ 8,
2-Make the following variable change: 0,=p— "B, =14, = ALY
= — 2= P b2

. g k k my
(Gt b+ (o) Bt b = (B 2 =0

=

B 2B+ (G4 o) = )= o i+ ) =0
. g k k . g k k _
Bt Gt =+ B+ G+ = 0

o+ Gt aoom] = 22 [ (G o )] =0

£ my
(B4 S+ [+ G oot 2o =0

[31 +E%)ﬂ1] [.32 ( + mi + mi) .32] =0

1 2

So .
( By + (%),31 =0

=

B, + ( +£+i)ﬂz=0

£ m; m,

3- The propre pulsations:
Wy = \/%and Wy = %+mil+i

my
ﬁl + (Ulz p1=0
=
B2+ w,*B =0

-the general solution of the motion:
{[ﬁ(t) = Ajcos(wit +¢,)
=

B2(t) = Azcos(wyt + ¢,)



0, =0+ 05 01(t) = Arcos(w it + @) + Aycos(wt + @)
, =
102 = Br— 12627 |02(0) = Arcos(wit +9,) = T2 Arcos(wyt +g,)

the initial moment t = 0 we had: 6,(0) = 6,; 6,(0) = 0;8,(0)=0; 6,(0) =0

61(0) = Ajcos( @) + Azcos( ¢,)

= m1
02(0) = A1COS( (pl) - m AZCOS( (pz)
2

. m
2

6,(0) = —w,A;sin( ¢,) — w,Azsin(e,)

: , my .
0,(t) = —w,4;15in(9,) — w, m_Azsm( ®,)
2

- oA B 4 Ko
Flndsome-(p1—¢2—0, Al—ngo,Az mlgo,

1 N 1
#—(m1 mz)

0.(t) = il Opcos( w t) + i490005( wyt)

N m; my
0,(t) = il Bycos( wyt) — il Bocos( w,t)

my m;

Exercise No2: (inertial coupling)
The system shown in the figure below consists of two identical simple pendulums of mass mand length [
placed end to end.

1. Calculate the exact Lagrange function of the system.

2. Give the approximate expression of the Lagrange function in the
case of small amplitude oscillations.

3. Establish the differential equations of motion in 6, and 6,.

4. Calculate the propre pulsations w, et w, and give the two associated
eigenmodes, as well as the general solution of the movement of the
system.

5. Find the simplest initial conditions to achieve for the system to

oscillate according to the first vibration mode. Same question for the second mode.

Solution (Exercise No?2):

1. the exact Lagrange function of the system: £=T-U
o kinetic energy: T = T,y + Ty,

T 1 2
=—mqv
m1 = 5 Ml

1 2

T2 = 5mavy

2



dom;

dt

om, = lsinB,1 + lcosO,] = v; =

= ¥, =1 0,c050,7 — 1 0;sinb,] = v, =16,

1 .
Tml = _m1l2 912

2
—_— o _— . - . - - dmz
om, = om, + mym, = (Isin0,1 + lcos6,)) + (Isinb,1 + lcosh,)) = v, = It

= B, = 10,(cos0,1 — sindy]) + L 8,(cosh,T — sinby))

= v = (l 9’1c0591 +1 9260592)?+ (l élsin91 + lézsinGZ)T
= 1]22 = l2 912 + lZ 922 + leéléz Cos(el - 91)

1 o 42 . 2 ..
Tmz = Emzl ( 91 + 92 + 26102 COS(91 - 91))

1 , 1 , , .,
T=Tpm1 + T, >T= Emllz 912 +§m212 ( 912 + 922 + 2610, cos(61 — 91))

1 2 .2 .2 ..
m=my=m=T=_ml (26,° + 6," + 26,6, cos(6, — 6,))

o potential energy: U = Uy + Uy,

Unpi = mgl(1 — cos6,)
=>U =mgl(1 — cosb,) + mgl(2 — cos6; + cosh,)
Uy = mgl(2 — cos6, + cosB,)

the exact Lagrange function: £=T-U

1 , , .
> L= Eml2 (2 01"+ 8, + 20,0, cos(; — 91)) —mgl(1— cosby) + mgl(2 — cosb; + cost)

2- the approximate expression of the Lagrange function:

In the case of small amplitude:

92
cosf ~1——

2
(6 <0 <)=>5 .o,

0, — 0,=0

1 . o1
= =oml (2 01" + 0" +20,0,) - 5mgl(26,* +6,")

3- Establish the differential equations of motion in 6, and 6,:

d (oL daL
—|\—=—)——=0
dt \ad, 20,

The Lagrange equation’s: i(a_L) a_,
dt \oo,) a8,



1 . 1 . g 1.
Eml (491+292)+§mgl (46,) =0 ¢91+791+§92 =0
= =
1 . | " ,
Eml2(292 +26;) +Emgl (26,) =0 6, +%92 +6,=0

4- the propre pulsations w; et w,:
The solution:
0, (t) = Ajcos(wt + @) = 0, = A;e/®t
0,(t) = Aycos(wt + @) = 0, = A,e/®t

g 1
(7 - (l)z)Al - szAZ = 0

By replacing in the equations: =
y replacing i {—sz1 + (@ —wHA, =0

We can write in matrix form as follows: (

w
The metrically system admits a non-zero solution if: det , 2 =0

1
:(%—wz)z—iw“:O

>0t —2202+9?2=0 20 -42 w2 +29)2=0

W, = /2—\/5% w1=0.765%

=

_ g
w2=/2+\/§% w; = 1848 7

5- Find the simplest initial conditions to achieve for the system to oscillate according to the first
vibration mode. Same question for the second mode:
1*'mode of vibration: for w, = 0.765 %
g 2
—w?A; + (%—wZ)AZ =0 :ﬁ—l= L wlaz)l =0.859>0= ¢, =@,
The masses vibrate in phase:
0,(t) = Ajcos(wt + ¢1)

0,(t) = 0.8594;cos(wt + ¢4)

1"mode of vibration: for w; = 1.848 %

g A % — wy?
1
—w2A1+(T—w2)A2 =02 = = 07185059, = g 47
The masses vibrate in opposite phase:
0,(t) = A;cos(wt + @)
0,(t) = 0.7184,cos(wt + ¢, + m) ky ' " v
oo TR . /
DU P [i]_.I, ) —
N\ . ! :.-f -1. K l."rf_?\' ";
Exercise Ne3: | W v
The following mechanical oscillatory system is considered: o N/ y
. . TR \RRES 7
The 2 cylinders of the same mass M and the same radius R H I'; h,, /

I



roll without slipping, that is fo say that when they rotate respectively by 6: and 62, their centers of
gravity move respectively by x: = R8: and xz2= R6:

1. Determine the kinetic energy and potential energy of the system (81 and 62 will be chosen as
variables)
2. Establish the Lagrange function for k1= k2 =k and
K = 2k. From this deduce the system of differential equations of motion
3. Find the propre pulsations corresponding to the possible vibration modes.
4. Deduce the passage matrix and write the general solutions.
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