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Linear systems with two degrees of freedom 

Exercise №1: (elastic coupling) 

Two pendulums of the same length 𝑙 but different masses (𝑚1 > 𝑚2) oscillate around their respective 

axes 𝑂1𝑒𝑡𝑂2(low amplitudes) being coupled by a stiffness spring K arranged according to the figure 

below. 

1. Establish the differential equations of movement of the system. 

2. Make the following variable change: 𝜃1 = 𝛽1 + 𝛽2𝑒𝑡𝜃2 = 𝛽1 − 
𝑚1

𝑚2
𝛽2 

3. Then give the proper pulsations ω1𝑒𝑡ω2 of the system as well as the general 

solution of the movement knowing that at the initial moment 𝑡 = 0 we had: 

𝜃1(0) = 𝜃0 ;  𝜃1̇(0) = 0 ; 𝜃2(0) = 0 ; 𝜃2̇(0) = 0  

 

Solution (Exercise №1): 

1- the differential equations of movement of the system: 

• kinetic energy: T = T𝑚1 + T𝑚2 

{
 
 

 
 T𝑚1 =

1

2
𝑚1𝑣1

2

T𝑚2 =
1

2
𝑚2𝑣2

2

⇒

{
 
 

 
 T𝑚1 =

1

2
𝑚1ℓ

2𝜃̇1
2

T𝑚2 =
1

2
𝑚2ℓ

2𝜃̇2
2

⇒ 𝑇 =
1

2
𝑚1ℓ

2𝜃̇1
2 +

1

2
𝑚2ℓ

2𝜃̇2
2 

 

• potential energy: U = U𝑚1 + U𝑚2 + 𝑈𝑘 

 

{

U𝑚1 = 𝑚1𝑔ℓ (1 − 𝑐𝑜𝑠𝜃1)
U𝑚2 = 𝑚2𝑔ℓ (1 − 𝑐𝑜𝑠𝜃2)

U𝑘 =
1

2
𝑘ℓ2 (𝑠𝑖𝑛𝜃1 − 𝑠𝑖𝑛𝜃2)

2

 

 

𝜃1 ≪; 𝜃2 ≪⇒

{
 
 

 
 
𝑐𝑜𝑠𝜃1 ≈ 1 −

𝜃1
2

2
  ; 𝑠𝑖𝑛𝜃1 ≈ 𝜃1

𝑐𝑜𝑠𝜃2 ≈ 1 −
𝜃2

2

2
  ; 𝑠𝑖𝑛𝜃2 ≈ 𝜃2

⇒

{
 
 

 
 U𝑚1 =

1

2
𝑚1𝑔ℓ𝜃1

2 

U𝑚2 =
1

2
𝑚2𝑔ℓ𝜃2

2 

U𝑘 =
1

2
𝑘ℓ2 (𝜃1 − 𝜃2)

2 =
1

2
𝑘ℓ2𝜃1

2 +
1

2
𝑘ℓ2𝜃2

2 − 𝑘ℓ2𝜃1𝜃2 

 

 

⇒ 𝑈 =
1

2
(𝑚1𝑔ℓ + 𝑘ℓ

2)𝜃1
2 +

1

2
(𝑚2𝑔ℓ + 𝑘ℓ

2)𝜃2
2 + 𝑘ℓ2𝜃1𝜃2 

 

Lagrange function ℒ = T − U ⇒ ℒ =
1

2
𝑚1ℓ

2𝜃̇1
2
+
1

2
𝑚2ℓ

2𝜃̇2
2
−
1

2
(𝑚

1
𝑔ℓ + 𝑘ℓ2)𝜃1

2 −
1

2
(𝑚

2
𝑔ℓ + 𝑘ℓ2)𝜃2

2 + 𝑘ℓ2𝜃1𝜃2  

 

• the Lagrange equations: 

{
 

 
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃1̇
) −

𝜕𝐿

𝜕𝜃1
= 0

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃2̇
) −

𝜕𝐿

𝜕𝜃2
= 0

 

 



⇒ {
𝑚1ℓ

2𝜃1̈ + (𝑚1𝑔ℓ + 𝑘ℓ
2)𝜃1 − 𝑘ℓ

2𝜃2 = 0

𝑚2ℓ
2𝜃2̈ + (𝑚2𝑔ℓ + 𝑘ℓ

2)𝜃2 − 𝑘ℓ
2𝜃1 = 0

⇒

{
 
 

 
 𝜃1̈ +

(𝑚1𝑔ℓ + 𝑘ℓ
2)

𝑚1ℓ
2

 𝜃1 −
𝑘ℓ2

𝑚1ℓ
2
𝜃2 = 0

𝑚2ℓ
2𝜃2̈ +

(𝑚2𝑔ℓ + 𝑘ℓ
2)

𝑚2ℓ
2

𝜃2 −
𝑘ℓ2

𝑚2ℓ
2
𝜃1 = 0

 

 

 

⇒

{
 
 

 
 𝜃1̈ + (

𝑔

ℓ
+
𝑘

𝑚1
) 𝜃1 −

𝑘

𝑚1
𝜃2 = 0

𝜃2̈ + (
𝑔

ℓ
+
𝑘

𝑚2
)𝜃2 −

𝑘

𝑚2
𝜃1 = 0

 

 

 2-Make the following variable change: {
𝜃1 = 𝛽1 + 𝛽2 

𝜃2 = 𝛽1 − 
𝑚1

𝑚2
𝛽2
⇒ {

𝜃1̈ = 𝛽1̈ + 𝛽2̈ 

𝜃2̈ = 𝛽1̈ − 
𝑚1

𝑚2
𝛽2̈

 

⇒

{
 
 

 
 (𝛽1̈ + 𝛽2̈) + (

𝑔

ℓ
+
𝑘

𝑚1
) (𝛽1 + 𝛽2) −

𝑘

𝑚1
(𝛽1 − 

𝑚1

𝑚2
𝛽2) = 0

(𝛽1̈ − 
𝑚1

𝑚2
𝛽2̈) + (

𝑔

ℓ
+
𝑘

𝑚2
) (𝛽1 − 

𝑚1

𝑚2
𝛽2) −

𝑘

𝑚2
(𝛽1 + 𝛽2) = 0

 

 

⇒

{
 
 

 
 [𝛽1̈ + (

𝑔

ℓ
+
𝑘

𝑚1
−
𝑘

𝑚1
)𝛽1] + [𝛽2̈ + (

𝑔

ℓ
+
𝑘

𝑚1
+
𝑘

𝑚2
 )𝛽2] = 0

[𝛽1̈ + (
𝑔

ℓ
+
𝑘

𝑚2
−
𝑘

𝑚2
)𝛽1]

̈
−  
𝑚1

𝑚2
[𝛽2̈ + (

𝑔

ℓ
+
𝑘

𝑚1
+
𝑘

𝑚2
)𝛽2] = 0

 

 

⇒

{
 
 

 
 [𝛽1̈ + (

𝑔

ℓ
)𝛽1] + [𝛽2̈ + (

𝑔

ℓ
+
𝑘

𝑚1
+
𝑘

𝑚2
 )𝛽2] = 0

[𝛽1̈ + (
𝑔

ℓ
)𝛽1]

̈
− 
𝑚1

𝑚2
[𝛽2̈ + (

𝑔

ℓ
+
𝑘

𝑚1
+
𝑘

𝑚2
)𝛽2] = 0

 

 

So ;  

⇒

{
 
 

 
 𝛽1̈ + (

𝑔

ℓ
)𝛽1 = 0

𝛽2̈ + (
𝑔

ℓ
+
𝑘

𝑚1
+
𝑘

𝑚2
)𝛽2 = 0

 

 

3- The propre pulsations: 

  𝜔1 = √
𝑔

ℓ
 and 𝜔2 = √

𝑔

ℓ
+

𝑘

𝑚1
+

𝑘

𝑚2
 

 

⇒ {
𝛽1̈ + 𝜔1

2 𝛽1 = 0

𝛽2̈ + 𝜔2
2𝛽2 = 0

 

 

-the general solution of the motion:  

⇒ {

 𝛽1(𝑡) = 𝐴1𝑐𝑜𝑠( 𝜔1𝑡 + 𝜑1)

𝛽2(𝑡) = 𝐴2𝑐𝑜𝑠( 𝜔2𝑡 + 𝜑2)
 



So; {
𝜃1 = 𝛽1 + 𝛽2 

𝜃2 = 𝛽1 − 
𝑚1

𝑚2
𝛽2
⇒ {

𝜃1(t) = 𝐴1𝑐𝑜𝑠( 𝜔1𝑡 + 𝜑1)+ 𝐴2𝑐𝑜𝑠( 𝜔2𝑡 + 𝜑2) 

𝜃2(t) = 𝐴1𝑐𝑜𝑠( 𝜔1𝑡 + 𝜑1)− 
𝑚1

𝑚2
𝐴2𝑐𝑜𝑠( 𝜔2𝑡 + 𝜑2)

 

 

the initial moment 𝑡 = 0 we had: 𝜃1(0) = 𝜃0 ;  𝜃1̇(0) = 0 ; 𝜃2(0) = 0 ;  𝜃2̇(0) = 0 

 

⇒ {

𝜃1(0) = 𝐴1𝑐𝑜𝑠( 𝜑1)+ 𝐴2𝑐𝑜𝑠( 𝜑2) 

𝜃2(0) = 𝐴1𝑐𝑜𝑠( 𝜑1)− 
𝑚1

𝑚2
𝐴2𝑐𝑜𝑠( 𝜑2)

 

 

⇒ {
𝜃1̇(t) = −𝜔1𝐴1𝑠𝑖𝑛( 𝜔1𝑡 + 𝜑1) − 𝜔2𝐴2𝑠𝑖𝑛( 𝜔2𝑡 + 𝜑2) 

𝜃2̇(t) = −𝜔1𝐴1𝑠𝑖𝑛( 𝜔1𝑡 + 𝜑1)− 𝜔2  
𝑚1

𝑚2
𝐴2𝑠𝑖𝑛( 𝜔2𝑡 + 𝜑2)

 

 

⇒ {
𝜃1̇(0) = −𝜔1𝐴1𝑠𝑖𝑛( 𝜑1) − 𝜔2𝐴2𝑠𝑖𝑛(𝜑2) 

𝜃2̇(t) = −𝜔1𝐴1𝑠𝑖𝑛( 𝜑1)− 𝜔2  
𝑚1

𝑚2
𝐴2𝑠𝑖𝑛( 𝜑2)

 

 

Find some: 𝜑1 = 𝜑2 = 0;  𝐴1 =
𝜇

𝑚2
𝜃0  ; 𝐴2 =

𝜇

𝑚1
𝜃0 ; 

𝜇 = (
1

𝑚1
+
1

𝑚2
) 

 

⇒ {

𝜃1(t) =
𝜇

𝑚2
𝜃0𝑐𝑜𝑠( 𝜔1𝑡)+

𝜇

𝑚1
𝜃0𝑐𝑜𝑠( 𝜔2𝑡) 

𝜃2(t) =
𝜇

𝑚2
𝜃0𝑐𝑜𝑠( 𝜔1𝑡)−

𝜇

𝑚2
𝜃0𝑐𝑜𝑠( 𝜔2𝑡)

 

 

Exercise №2: (inertial coupling) 

The system shown in the figure below consists of two identical simple pendulums of mass 𝑚and length 𝑙 

placed end to end. 

1. Calculate the exact Lagrange function of the system. 

2. Give the approximate expression of the Lagrange function in the 

case of small amplitude oscillations. 

3. Establish the differential equations of motion in 𝜃1 𝑎𝑛𝑑 𝜃2. 

4. Calculate the propre pulsations ω1 𝑒𝑡 ω2 and give the two associated 

eigenmodes, as well as the general solution of the movement of the 

system. 

5. Find the simplest initial conditions to achieve for the system to 

oscillate according to the first vibration mode. Same question for the second mode. 

 

Solution (Exercise №2): 

1. the exact Lagrange function of the system: ℒ = T − U 

• kinetic energy: T = T𝑚1 + T𝑚2 

{
 
 

 
 T𝑚1 =

1

2
𝑚1𝑣1

2

T𝑚2 =
1

2
𝑚2𝑣1

2

 

 



𝑜𝑚⃗⃗⃗⃗⃗⃗ 1 = 𝑙𝑠𝑖𝑛𝜃1𝑖 + 𝑙𝑐𝑜𝑠𝜃1j ⇒ 𝑣 1 =
𝑑𝑜𝑚⃗⃗⃗⃗⃗⃗ 1
𝑑𝑡

 

 

⇒ 𝑣 1 = 𝑙 𝜃̇1𝑐𝑜𝑠𝜃1𝑖 − 𝑙 𝜃̇1𝑠𝑖𝑛𝜃1j ⇒ 𝑣1 = 𝑙 𝜃̇1 

T𝑚1 =
1

2
𝑚1𝑙

2 𝜃̇1
2
 

 

𝑜𝑚2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑜𝑚⃗⃗⃗⃗⃗⃗ 1 +𝑚1𝑚2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = (𝑙𝑠𝑖𝑛𝜃1𝑖 + 𝑙𝑐𝑜𝑠𝜃1j ) + (𝑙𝑠𝑖𝑛𝜃2𝑖 + 𝑙𝑐𝑜𝑠𝜃2j ) ⇒ 𝑣 1 =
𝑑𝑜𝑚⃗⃗⃗⃗⃗⃗ 2
𝑑𝑡

  

 

⇒ 𝑣 1 = 𝑙 𝜃̇1(𝑐𝑜𝑠𝜃1𝑖 − 𝑠𝑖𝑛𝜃1j ) + 𝑙 𝜃̇2(𝑐𝑜𝑠𝜃2𝑖 − 𝑠𝑖𝑛𝜃2j ) 

 

⇒ 𝑣 1 = (𝑙 𝜃̇1𝑐𝑜𝑠𝜃1 + 𝑙 𝜃̇2𝑐𝑜𝑠𝜃2)𝑖 + (𝑙 𝜃̇1𝑠𝑖𝑛𝜃1 + 𝑙𝜃̇2𝑠𝑖𝑛𝜃2)j  

⇒ 𝑣2
2 = 𝑙2 𝜃̇1

2
+ 𝑙2 𝜃̇2

2
+ 2𝑙2𝜃̇1𝜃̇2 cos(𝜃1 − 𝜃1) 

T𝑚2 =
1

2
𝑚2𝑙

2 ( 𝜃̇1
2
+ 𝜃̇2

2
+ 2𝜃̇1𝜃̇2 cos(𝜃1 − 𝜃1)) 

T = T𝑚1 + T𝑚2 ⇒ T =
1

2
𝑚1𝑙

2 𝜃̇1
2
+
1

2
𝑚2𝑙

2
( 𝜃̇1

2
+ 𝜃̇2

2
+ 2𝜃̇1𝜃̇2 cos(𝜃1 − 𝜃1)) 

𝑚1 = 𝑚2 = 𝑚 ⇒  T =
1

2
𝑚𝑙2 (2 𝜃̇1

2
+ 𝜃̇2

2
+ 2𝜃̇1𝜃̇2 cos(𝜃1 − 𝜃1)) 

 

• potential energy: 𝑈 = 𝑈𝑚1 +𝑈𝑚2 

 

{

𝑈𝑚1 = 𝑚𝑔𝑙(1 −  𝑐𝑜𝑠𝜃1)

𝑈𝑚2 = 𝑚𝑔𝑙(2 − 𝑐𝑜𝑠𝜃1 + 𝑐𝑜𝑠𝜃2)
⇒𝑈 = 𝑚𝑔𝑙(1 −  𝑐𝑜𝑠𝜃1) + 𝑚𝑔𝑙(2 − 𝑐𝑜𝑠𝜃1 + 𝑐𝑜𝑠𝜃2) 

 

 

the exact Lagrange function: ℒ = T − U 

⇒ ℒ =
1

2
𝑚𝑙2 (2 𝜃̇1

2
+ 𝜃̇2

2
+ 2𝜃̇1𝜃̇2 cos(𝜃1 − 𝜃1))−𝑚𝑔𝑙(1 −  𝑐𝑜𝑠𝜃1)+𝑚𝑔𝑙(2 − 𝑐𝑜𝑠𝜃1 + 𝑐𝑜𝑠𝜃2) 

 

2- the approximate expression of the Lagrange function: 

In the case of small amplitude: 

(𝜃1 ≪, 𝜃2 ≪) ⇒ {
𝑐𝑜𝑠𝜃 ≈ 1 −

𝜃2

2
𝑠𝑖𝑛𝜃 ≈ 𝜃

𝜃1 − 𝜃2 ≅ 0

 

 

⇒ ℒ =
1

2
𝑚𝑙2 (2 𝜃̇1

2
+ 𝜃̇2

2
+ 2𝜃̇1𝜃̇2)−

1

2
𝑚𝑔𝑙(2𝜃1

2 + 𝜃2
2) 

 

3- Establish the differential equations of motion in 𝜃1 𝑎𝑛𝑑 𝜃2:  

 

The Lagrange equation’s:     {

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃̇1
) −

𝜕𝐿

𝜕𝜃1
= 0

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃̇2
) −

𝜕𝐿

𝜕𝜃2
= 0

 

 

 



⇒ {

1

2
𝑚𝑙2(4𝜃̈1 + 2𝜃̈2) +

1

2
𝑚𝑔𝑙 (4𝜃1) = 0

1

2
𝑚𝑙2(2𝜃̈2 + 2𝜃̈1) +

1

2
𝑚𝑔𝑙 (2𝜃2) = 0

⇒ {
𝜃̈1 +

𝑔

𝑙
𝜃1 +

1

2
𝜃̈2 = 0

𝜃̈2 +
𝑔

𝑙
𝜃2 + 𝜃̈1 = 0

 

4- the propre pulsations ω1 𝑒𝑡 ω2:  

The solution:  

𝜃1(𝑡) = 𝐴1𝑐𝑜𝑠(𝜔𝑡 + 𝜑) ⇒ 𝜃1̅̅ ̅ = 𝐴1̅̅ ̅𝑒
𝑗𝜔𝑡 

𝜃2(𝑡) = 𝐴2𝑐𝑜𝑠(𝜔𝑡 + 𝜑) ⇒ 𝜃2̅̅ ̅ = 𝐴2̅̅ ̅𝑒
𝑗𝜔𝑡 

By replacing in the equations: ⇒ {
(
𝑔

𝑙
−𝜔2)𝐴1 −

1

2
𝜔2𝐴2 = 0

−𝜔2𝐴1 + (
𝑔

𝑙
−𝜔2)𝐴2 = 0

 

 

We can write in matrix form as follows: (
(
𝑔

𝑙
−𝜔2) −

1

2
𝜔2

−𝜔2 (
𝑔

𝑙
−𝜔2)

) (
𝐴1
𝐴2
) = (

0
0
) 

 

 

The metrically system admits a non-zero solution if:  𝑑𝑒𝑡 |
(
𝑔

𝑙
−𝜔2) −

1

2
𝜔2

−𝜔2 (
𝑔

𝑙
−𝜔2)

| = 0 

⇒ (
𝑔

𝑙
− 𝜔2)2 −

1

2
𝜔4 = 0 

⇒
1

2
𝜔4 − 2

𝑔

𝑙
 𝜔2 + (

𝑔

𝑙
)2 = 0   ⇒ 𝜔4 − 4

𝑔

𝑙
 𝜔2 + 2(

𝑔

𝑙
)2 = 0 

 

{
 
 

 
 
𝜔1 = √2 − √2  

𝑔

𝑙

𝜔2 = √2 + √2 
𝑔

𝑙
 

⇒ {
𝜔1 = 0.765 

𝑔

𝑙

𝜔2 = 1.848 
𝑔

𝑙
 
 

5- Find the simplest initial conditions to achieve for the system to oscillate according to the first 

vibration mode. Same question for the second mode: 

1stmode of vibration: for 𝜔1 = 0.765 
𝑔

𝑙
 

−𝜔2𝐴1 + (
𝑔

𝑙
− 𝜔2)𝐴2 = 0 ⇒

𝐴1
𝐴2
= 

𝑔
𝑙
− 𝜔1

2

𝜔1
2

= 0.859 > 0 ⇒ 𝜑1 = 𝜑2 

The masses vibrate in phase: 

𝜃1(𝑡) = 𝐴1𝑐𝑜𝑠(𝜔𝑡 + 𝜑1) 

𝜃2(𝑡) = 0.859𝐴1𝑐𝑜𝑠(𝜔𝑡 + 𝜑1) 

1ndmode of vibration: for 𝜔1 = 1.848 
𝑔

𝑙
 

−𝜔2𝐴1 + (
𝑔

𝑙
− 𝜔2)𝐴2 = 0 ⇒

𝐴1
𝐴2
= 

𝑔
𝑙
− 𝜔1

2

𝜔1
2

= −0.718 > 0 ⇒ 𝜑2 = 𝜑1 + 𝜋 

The masses vibrate in opposite phase: 

𝜃1(𝑡) = 𝐴1𝑐𝑜𝑠(𝜔𝑡 + 𝜑1) 

𝜃2(𝑡) = 0.718𝐴1𝑐𝑜𝑠(𝜔𝑡 + 𝜑1 + 𝜋) 

 

Exercise №3: 

The following mechanical oscillatory system is considered: 

The 2 cylinders of the same mass M and the same radius R 



roll without slipping, that is to say that when they rotate respectively by θ1 and θ2, their centers of 

gravity move respectively by x1 = Rθ1   and x2 = Rθ2 

1. Determine the kinetic energy and potential energy of the system (θ 1 and θ2 will be chosen as 

variables)  

2. Establish the Lagrange function for k1 = k2 = k     and 

   K = 2k. From this deduce the system of differential equations of motion  

3. Find the propre pulsations corresponding to the possible vibration modes. 

4. Deduce the passage matrix and write the general solutions. 

 

   : لثالتمرين الثا

تتدحرجان دون انزلاق، أي    Rونفس نصف القطر  M نفس الكتلة لهما  نالتالي: الأسطوانتاالميكانيكي  الاهتزاز يعتبر نظام

𝑥1تحرك مراكز ثقلهما على التوالي بمقدار ي، 𝜃1 و 𝜃2ا تدوران على التوالي بمقدار  أنهما عندم  =  𝑅𝜃1    و 𝑥2 =  𝑅𝜃2 

  𝜃1 و 𝜃2بدلالة  للنظام قة الكامنة الطاقة الحركية والطا جد .1

𝑘1  أعطي دالة لاغرونج في حالة  .2  =  𝑘 2 =  𝑘     و   𝐾 =  2𝑘 .ستنتج المعادلات التفاضلية للحركة  ا ثم 

 الاهتزاز المحتملة.  نماطلأ ينالمقابل ينالذاتي ينالنبضابحث عن  .3

 

 

 


