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As there are three degrees of freedom (3DOF) at each node, there is a total of twenty-four DOF

3.2.2. Hexahedral elements:
The hexahedral element is an eight-node, six-face element, with the nodes numbered
counterclockwise
8 for the element. We can work in the local coordinate system of the element and follow the steps
already used for one-dimensional and two-dimensional elements.
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Each component of the displacement field is approximated as follows:
u=ayg+ax+ay+azz+asxy+asxz+agyz+ a;xyz
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For the quadrilateral plane element designed for the study of plane elasticity

But it is useful to define a reference element in a natural coordinate system with its origin at the
problems, for example, the reference element and the associated natural coordinate

center of the element, as this facilitates the construction of shape functions and the evaluation of
system are given by the following figure:

matrix integration.
For the linear one-dimensional element designed for the study of trusses (tensile and
4

compressive bar system), the reference element and the associated natural coordinate system are

given by the following figure:
0,0
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The transition from the reference element to the real element is done through

geometric transformations.

Real element &  Reference element

o

| functions for coordinates (iso parametric elements):

8
x= ) Ni(Em ) X &
i=1

8
y= ZNi(f.n,O X 1;
i=1

8
2= ) NiEn.9) xS
i=1

We often use the same shape functions found in the natural system as interpolation

3.2.2.1. Approximation of the displacement field:

In the natural coordinate system:

u=ap+a;§+an+azd+adn+asf+aend+a;éng
u=|1¢n ¢ & § 93 indl{a}

The boundary conditions give:

Uy 1 -1 -1 -1 1 1 1 -1y (%
U 1 1 -1 -1 -1 -1 1 1(|%
Uz 1 1 1 -1 1 -1 -1 -1
U\ _[ 1 -1 1 -1 -1 1 -1 1]/)as
Us 1 -1 -1 1 1 -1 -1 1])as
Ug 1 1 -1 1 -1 1 -1 -1]|Gs
uz 1 1 1 1 1 1 1 1]|%
Ug 1 -1 1 1 -1 -1 1 —-1l\az




University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method. Lecturer: A. HAMITOUCHE

1 1 1 1 1
-1 1 1 -1 -1
-1 -1 1 1 -1

u=11¢n ¢ & & ng gixoazs| 74 717t oL L

1 -1 -1 1 -1
1 1 -1 -1 -1
-1 1 -1 1 1

-1

-1

-1
-1

el N Y ey

1
1

Juny

-1
-1

-1

Where:

Qo 1 1 1 1 1 1 1 1 Uy
ay -1 1 1 -1 -1 1 1 -1 |%
a -1 -1 1 1 -1 -1 1 1 ||us
as| _ 1 -1 -1 -1 1 1 1 1 ||ua
g [~ 0.125 1 -1 1 -1 1 -1 1 -1||Us
as 1 -1 -1 1 -1 1 1 -—-1]|Us
Qe 1 1 -1 -1 -1 -1 1 1| |u7
az -1 1 -1 1 1 -1 1 —1!\ug
8
wEm) = ) N Ou

i=1

Ny =0.125(1-8)A-mA -0
N, = 01251+ &)1 —-m(A -
N3 =0.125(1+ A +mA -0
Ny =0125(1 -1 +mA =9
Ns =0.125(1 -8 —-nA + )
Ne=0.125(1+ &)1 —-nA+ )
N, =0125(1+ &)+ +)
Ng = 0.125(1-HA+m@A +9)

In a hexahedral element, the displacement vector U is a function of the coordinates x, y and z as

previously, it is interpolated using shape functions:

u
U= {v] = [N]{d}

w.

Where:

N, OON,OONOON 00 Ns 00 Ny OON, 0 O0RNgO 0
[N]={0 Ny O O NyO ON; O ON, 0O Ny 0 0O Ng OON, 0 O0NgO0
0 0ON OON, O 0N, 00N, 00 Ns 0 0 Ng OON, O 0N

— T
{d}=luy v1 Wy U V3 Wy Uz V3 W3 Uy Uy Wy Up Uy Wy Up Uy Wp Uz Uz W3 Uy Uy Wy
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3.2.2.2. Deformation field:
To condense the writing, let's express the previous system in the form: 4 fi

U = [N]{d} - - , e ,
The shape functions are defined in natural coordinates, & n et {, while differentiation is performed in the local coordinates x, y, z:
Where:
[N]=|Ny Nz N3 Ny N5 Ng Ny Ng]
[d] =|dy d; ds dy ds de d; dg|
a
With: e a0 0
ix 0 e 0
ol |0 & of
R 12 P |
V2 9z 0
N, 0 0 u; d3(i-1)+1 Yoy I 5
[N]=]|0 N; O ;and{di}=!vi]= d3-n+2¢;i=1,2,3,....,8 o
0 0 N Wi d3(i-1)+3 % o
d 0 0 d
dx !
9 d d;
0 — 0 1 d,
ay dz d4
0 9 0 d, e=|By B, B; By Bs Bs B; Byl ds
5} d
e=| 5 5 |INi Ny N5 Ny N5 Ng Ny Ngl{;* de
0 — — 5 d;
0z dy dg dg
d a d,;
0z dx dg
Jd d
dy O0Ox
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Where:

The shape functions are defined in natural coordinates, ¢ 1, &, while differentiation is performed

in the local coordinates x,y,z
6Nl- _ aNl ox " 6Nl (?y + aNL 0z
¢~ 0x 98 ' 9y 0¢ ' 9z 9%
aNi _ 6Nl 0x n aNl ay " 0Nl 0z
on ~ dxdn Ay dn 0z dn

. Lecturer: A. HAMITOUCHE

Or in matrix form:

Ny [9x 3y 0z aNy  (oN,
23 0§ 095 05| | ox ax
JdN; 0x 0y 0z||0dN; aN; . . .
o = an a7 |\ 3y =] 3y ; ] is the Jacobian matrix
0Nl- dx 6y 0z 6Nl 6Nl

0z

aNl' _ 0Nl ox
¢~ ox a¢

6Nl- 6y n aNl 0z
dy 0{ 0z 0

Since:

x=TL NEN D XE Yy =3 NiEn ) X, 2= T NEn ) X G

Or in expanded form

ON, N, dN; 0N, ONs
08 9 08 9 0%
aN, 9N, 9N; 0N, ONs
o oam an am oy
aN, 9N, 9N; 9N, ONs
¢ o 8¢ ¢ o

aNs ON, ONg
09§ 0¢  9f
dNs, 0N, ONg
o oam o
dNs 9N, ONg
o 8¢ a7
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We have

N oN; N Ny
3 ax ax 9
aN; aN; aN; . JoN;
—=J{=1" So, —=J

on dy dy on
aN; aN; aN; aN;
¢ 0z 0z a¢

This is used to calculate the strain matrix, B, by replacing all derivatives of the shape functions

with respect to x,y, z with those with respect to &, 1, ¢

3.2.2.3. Stresses field:

Oy 1-v v v 0 0 0 Ex
oy v 1-v v 0 0 0 &y
g, | _ Al v v 1-v 0 0 0 &,
7=11,(=lE=5 o 0 0o (1-2v)/2 0 0 Yyz
Txz 0 0 0 0 (1 - 21/)/2 0 Vxz
Txy 0 0 0 0 0 (1-2v)/2] Fay.

3.2.2.4. Stiffness matrix:

1 01 -1
— T — T
(k] —fv [B]"[C][B] dv—f_lf_lf_l[li’] [C][Bldet ] d§ dn d{

Since evaluating the integrations of the previous equation can be tedious, the integrals are

therefore performed using a numerical integration scheme.

The Gauss integration scheme is often used to perform the integral. For three-dimensional

integrations, the Gauss integration takes the following form:

m

!
= J-_llf_llf_llf(sz'n’o ¢ dn d(=ZZZwiwj wi f(€im5,8k)

n
i=1i=1i=1






