
3.2 Finite elements in three dimensions

Three-dimensional finite elements (solid elements) are used to solve 

problems described by partial differential equations with three variables. In 

solid mechanics problems, there are a total of six possible stress components: 

three normal stresses and three shear stresses, which must be considered. 

Generally, a 3D solid element can be tetrahedral or hexahedral in shape, 

with flat or curved surfaces. Each node of the element will have three 

translational degrees of freedom (3DOF). Thus, the element can deform in 

all three spatial directions

3.2.1 Tetrahedral element (4 Nodes; 4 faces):

3.2.1.1. Displacements field:

𝒅 =  𝒖𝟏 𝒗𝟏 𝒘𝟏 𝒖𝟐 𝒗𝟐 𝒘𝟐 𝒖𝟑 𝒗𝟑 𝒘𝟑 𝒖𝟒 𝒗𝟒 𝒘𝟒 𝑻𝑢 = 𝑁ଵ𝑈ଵ + 𝑁ଶ𝑈ଶ + 𝑁ଷ𝑈ଷ + 𝑁ସ𝑈ସ  ;      𝑙𝑖𝑘𝑒𝑤𝑖𝑠𝑒  𝑣 𝑎𝑛𝑑 𝑤
𝑢𝑣𝑤 = 𝑁ଵ     0       0       𝑁ଶ       0       0       𝑁ଷ       0       0       𝑁ସ       0       00       𝑁ଵ       0       0       𝑁ଶ       0       0       𝑁ଷ       0       0       𝑁ସ       00       0       𝑁ଵ       0       0       𝑁ଶ       0       0       𝑁ଷ       0       0       𝑁ସ 𝑑

The shape functions 𝑁௜ can be determined by approximating each component with a 

4-term polynomial:𝑢 = 𝑎଴ + 𝑎ଵ𝑥 + 𝑎ଶ𝑦 + 𝑎ଷ𝑧 = 1 𝑥 𝑦 𝑧 𝑎
and using the boundary conditions that lead to the system:

𝑢ଵ𝑢ଶ𝑢ଷ𝑢ସ = 1 𝑥ଵ1 𝑥ଶ 𝑦ଵ 𝑧ଵ𝑦ଶ 𝑧ଶ1 𝑥ଷ1 𝑥ସ 𝑦ଷ 𝑧ଷ𝑦ସ 𝑧ସ 𝑎
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Solving this system using Cramer's method gives the ai in terms of the ui , and by substituting 

into the expression for u; we can determine the Ni. 

However, we prefer to use the volume coordinates L:𝐿ଵ = ௏೛మయర௏ ,  𝐿ଶ = ௏೛భయర௏ ,   𝐿ଷ= ௏೛భమర௏ ,   𝐿ସ= ௏೛భమయ௏

Where V is the volume of the element and 𝑉௣௜௝௞ is the volume of the tetrahedron whose 

vertices are an interior point p and the vertices 𝑖, 𝑗,𝑘 of the element.

We deduce that: 𝐿ଵ + 𝐿ଶ + 𝐿ଷ + 𝐿ସ = 1 ;   𝑉௣ଶଷସ + 𝑉௣ଵଷସ + 𝑉௣ଵଶସ + 𝑉௣ଵଶଷ = 𝑉
If 𝑝 becomes one of the vertices 𝑖 of the tetrahedron we will have 𝐿௜ = 1 which allows one to 

write: 𝑥 = 𝐿ଵ𝑥ଵ + 𝐿ଶ𝑥ଶ + 𝐿ଷ𝑥ଷ + 𝐿ସ𝑥ସ𝑦 = 𝐿ଵ𝑦ଵ + 𝐿ଶ𝑦ଶ + 𝐿ଷ𝑦ଷ + 𝐿ସ𝑦ସ𝑧 = 𝐿ଵ𝑧ଵ + 𝐿ଶ𝑧ଶ + 𝐿ଷ𝑧ଷ + 𝐿ସ𝑧ସ
From which we can form the following system:

1𝑥𝑦𝑧 = 1  1  1  1𝑥ଵ 𝑥ଶ 𝑥ଷ 𝑥ସ𝑦ଵ 𝑦ଶ 𝑦ଷ 𝑦ସ𝑧ଵ 𝑧ଶ 𝑧ଷ 𝑧ସ
𝐿ଵ𝐿ଶ𝐿ଷ𝐿ସ

Let's use the cofactor method to determine the inverse matrix:

For a matrix   𝐴 :  𝐴 ିଵ = ଵௗ௘௧ [஺] 𝑐𝑜𝑚[𝐴] ்

The terms of : 𝑐𝑜𝑚 1  1  1  1𝑥ଵ 𝑥ଶ 𝑥ଷ 𝑥ସ𝑦ଵ 𝑦ଶ 𝑦ଷ 𝑦ସ𝑧ଵ 𝑧ଶ 𝑧ଷ 𝑧ସ are:

𝑐ଵଵ = 𝑑𝑒𝑡 𝑥ଶ 𝑥ଷ 𝑥ସ𝑦ଶ 𝑦ଷ 𝑦ସ𝑧ଶ 𝑧ଷ 𝑧ସ ;   𝑐ଵଶ = 𝑑𝑒𝑡 𝑥ଵ 𝑥ଷ 𝑥ସ𝑦ଵ 𝑦ଷ 𝑦ସ𝑧ଵ 𝑧ଷ 𝑧ସ ;  𝑐ଵଷ = 𝑑𝑒𝑡 𝑥ଵ 𝑥ଶ 𝑥ସ𝑦ଵ 𝑦ଶ 𝑦ସ𝑧ଵ 𝑧ଶ 𝑧ସ
𝑐ଵସ = 𝑑𝑒𝑡 𝑥ଵ 𝑥ଶ 𝑥ଷ𝑦ଵ 𝑦ଶ 𝑦ଷ𝑧ଵ 𝑧ଶ 𝑧ଷ

𝑐ଶଵ = 𝑑𝑒𝑡 1 1 1𝑦ଶ 𝑦ଷ 𝑦ସ𝑧ଶ 𝑧ଷ 𝑧ସ ;   𝑐ଶଶ = 𝑑𝑒𝑡 1 1 1𝑦ଵ 𝑦ଷ 𝑦ସ𝑧ଵ 𝑧ଷ 𝑧ସ ;  𝑐ଶଷ = 𝑑𝑒𝑡 1 1 1𝑦ଵ 𝑦ଶ 𝑦ସ𝑧ଵ 𝑧ଶ 𝑧ସ
𝑐ଶସ = 𝑑𝑒𝑡 1 1 1𝑦ଵ 𝑦ଶ 𝑦ଷ𝑧ଵ 𝑧ଶ 𝑧ଷ

𝑐ଷଵ = 𝑑𝑒𝑡 1 1 1𝑥ଶ 𝑥ଷ 𝑥ସ𝑧ଶ 𝑧ଷ 𝑧ସ ;   𝑐ଷଶ = 𝑑𝑒𝑡 1 1 1𝑥ଵ 𝑥ଷ 𝑥ସ𝑧ଵ 𝑧ଷ 𝑧ସ ;  𝑐ଷଷ = 𝑑𝑒𝑡 1 1 1𝑥ଵ 𝑥ଶ 𝑥ସ𝑧ଵ 𝑧ଶ 𝑧ସ
𝑐ଷସ = 𝑑𝑒𝑡 1 1 1𝑥ଵ 𝑥ଶ 𝑥ଷ𝑧ଵ 𝑧ଶ 𝑧ଷ

𝑐ସଵ = 𝑑𝑒𝑡 1 1 1𝑥ଶ 𝑥ଷ 𝑥ସ𝑦ଶ 𝑦ଷ 𝑦ସ ;   𝑐ସଶ = 𝑑𝑒𝑡 1 1 1𝑥ଵ 𝑥ଷ 𝑥ସ𝑦ଵ 𝑦ଷ 𝑦ସ ;  𝑐ସଷ = 𝑑𝑒𝑡 1 1 1𝑥ଵ 𝑥ଶ 𝑥ସ𝑦ଵ 𝑦ଶ 𝑦ସ𝑐ସସ = 𝑑𝑒𝑡 1 1 1𝑥ଵ 𝑥ଶ 𝑥ଷ𝑦ଵ 𝑦ଶ 𝑦ଷ
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Noting that: 

𝑑𝑒𝑡 1  1  1  1𝑥ଵ 𝑥ଶ 𝑥ଷ 𝑥ସ𝑦ଵ 𝑦ଶ 𝑦ଷ 𝑦ସ𝑧ଵ 𝑧ଶ 𝑧ଷ 𝑧ସ = 6𝑉
Then:

𝐿ଵ𝐿ଶ𝐿ଷ𝐿ସ = 𝑎ଵ 𝑏ଵ𝑎ଶ 𝑏ଶ 𝑐ଵ 𝑑ଵ𝑐ଶ 𝑑ଶ𝑎ଷ 𝑏ଷ𝑎ସ 𝑏ସ 𝑐ଷ 𝑑ଷ𝑐ସ 𝑑ସ
1𝑥𝑦𝑧

with: 𝑎௜ = 𝑐ଵ௜்    ;   𝑏௜ = 𝑐ଶ௜்      ;    𝑐௜ = 𝑐ଷ௜்   ;   𝑑௜ = 𝑐ସ௜்𝑁௜ = 𝐿௜ = 16𝑉 𝑎௜ + 𝑏௜𝑥 + 𝑐௜𝑦 + 𝑑௜𝑧

3.2.1.2. Deformations field:

𝜀 =
𝜀௫𝜀௬𝜀௭𝛾௬௭𝛾௫௭𝛾௫௬

=

𝜕𝜕𝑥 0 00 𝜕𝜕𝑦 00 0 𝜕𝜕𝑧0 𝜕𝜕𝑧 𝜕𝜕𝑦𝜕𝜕𝑧 0 𝜕𝜕𝑥𝜕𝜕𝑦 𝜕𝜕𝑥 0

𝑢𝑣𝑤

𝜀 = 𝐵 𝑑 =
𝑏ଵ        0        0       𝑏ଶ        0        0       𝑏ଷ        0        0        𝑏ସ        0        0 0        𝑐ଵ       0        0        𝑐ଶ        0        0        𝑐ଷ        0        0         𝑐ସ        00       0       𝑑ଵ        0        0        𝑑ଶ        0        0        𝑑ଷ        0        0        𝑑ସ0        𝑑ଵ        𝑐ଵ        0        𝑑ଶ        𝑐ଶ        0        𝑑ଷ        𝑐ଷ        0        𝑑ସ        𝑐ସ𝑑ଵ      0         𝑏ଵ        𝑑ଶ        0        𝑏ଶ        𝑑ଷ      0          𝑏ଷ        𝑑ସ       0         𝑏ସ𝑐ଵ        𝑏ଵ      0        𝑐ଶ        𝑏ଶ         0       𝑐ଷ         𝑏ଷ      0         𝑐ସ        𝑏ସ       0 

𝑑
3.2.1.3. Stresses field: 𝜎 = 𝐶 𝜀

𝜎 == 𝑬(𝟏 − 𝟐𝝂)(𝟏 + 𝝂)
𝟏 − 𝝂 𝝂 𝝂𝝂 𝟏 − 𝝂 𝝂𝝂 𝝂 𝟏 − 𝝂 𝟎                     𝟎                   𝟎𝟎                     𝟎                   𝟎𝟎                     𝟎                   𝟎𝟎           𝟎        𝟎𝟎            𝟎         𝟎𝟎            𝟎         𝟎 𝟏 − 𝟐𝝂 𝟐⁄   𝟎 𝟎𝟎 𝟏 − 𝟐𝝂 𝟐⁄ 𝟎𝟎 𝟎 𝟏 − 𝟐𝝂 𝟐⁄

𝜀௫𝜀௬𝜀௭𝛾௬௭𝛾௫௭𝛾௫௬
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3.1.2.4. Stiffness matrix of the element:

𝒌 = න 𝑩 𝑻 𝑪 𝑩 𝒅𝒗𝑽
As 𝑩 and 𝑪 are constants, then:𝒌 = 𝑽 𝑩 𝑻 𝑪 𝑩
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