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2_6 : Bar element of tension-compression and bending in two 

orthogonal planes and torsion (3D Frame element)

2.6.1 : Definition, Notations and Sign Conventions

This element is the combination of a tension-compression bar element, a torsion bar element 
and a bending bar element in two mutually orthogonal planes

The displacement field is: 𝑢𝑣𝑤𝜃௫𝜃௬𝜃௭

𝑧𝑤ଵ ,𝜃௭ଵ 𝑇𝑧ଵ ,𝑀௭ଵ
𝑣ଵ ,𝜃௬ଵ 𝑇𝑦ଵ ,𝑀௬ଵ

𝑢ଵ ,𝜃௫ଵ 𝑓ଵ ,𝑀௫ଵ 𝑢ଶ ,𝜃௫ଶ 𝑓ଶ ,𝑀௫ଶ
𝑣 ,𝜃௬ଶ 𝑇௬ଶ ,𝑀௬ଶ

𝑤ଶ ,𝜃௭ଶ 𝑇௭ଶ ,𝑀௭ଶ

𝜃௫ଵ,𝑀௫ଵ   𝜃௫ଶ,𝑀௫ଶ   𝑢ଵ ,  𝑓ଵ𝑥 𝑢ଶ ,  𝑓ଶ
𝑧

𝑤ଶ     𝑇௭ଶ
𝜃௬ଶ ,  𝑀௬ଶ𝜃௬ଵ,  𝑀௬ଵ

𝑤ଵ ,  𝑇௭ଵ𝑥𝑣ଵ ,  𝑇௬ଵ
𝜃௭ଵ,  𝑀௭ଵ

𝑣ଶ ,  𝑇௬ଶ
𝜃௭ଶ,  𝑀௭ଶ

𝑧
𝑥

𝑘 =

𝐴        0         0        0       0         0     − 𝐴         0       0       0         0     00     12𝐼௭𝐿ଶ      0        0          0     6𝐼௭𝐿      0     −12𝐼௭𝐿ଶ      0     0       0     6𝐼௭𝐿0        0  12𝐼௬𝐿ଶ      0     −6𝐼௬𝐿      0         0        0   −12𝐼௬𝐿ଶ       0  −6𝐼௬𝐿       00        0     0  𝐽2 1 + 𝜐     0        0         0        0      0    −𝐽2 1 + 𝜐      0        00        0  −6𝐼௬𝐿      0     4𝐼௬     0     0        0     6𝐼௬𝐿        0        2𝐼௬         00     6𝐼௭𝐿      0       0       0      4𝐼௭       0     −6𝐼௭𝐿       0       0        0       2𝐼௭−𝐴     0         0        0       0         0     𝐴       0       0        0     0     00 −12𝐼௭𝐿ଶ      0        0          0   −6𝐼௭𝐿      0     12𝐼௭𝐿ଶ      0     0       0     −6𝐼௭𝐿0        0   −12𝐼௬𝐿ଶ      0     6𝐼௬𝐿      0    0    0  12𝐼௬𝐿ଶ       0  6𝐼௬𝐿        00        0     0  −𝐽2 1 + 𝜐      0    0        0        0        0    𝐽2 1 + 𝜐      0        00        0   −6𝐼௬𝐿      0       2𝐼௬     0        0     0  6𝐼௬𝐿        0          4𝐼௬        00     6𝐼௭𝐿      0        0      0      2𝐼௭       0    −6𝐼௭𝐿       0      0         0      4𝐼௭

The stiffness matrix of this element is therefore:

x

z DଶDହDଷD଺

α୶α୷dଷ, d଺ α୶, β୶, γ୶ angles that x makes with x , 𝑦 𝑎𝑛𝑑 𝑧cos 𝑎୶ = l୶ , cos β୶ = m୶ , cos γ୶ = n୶
The same goes for the axes.: 𝑦ᇱ  𝑎𝑛𝑑 𝑧ᇱ

yᇱ

Dଵ, Dସ

D଻, Dଵ଴

Dଽ, Dଵଶ D଼, Dଵଵ

α୸

y

The transformation matrix is   obtained as follows:
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The projection of the first three degrees of freedom (the translations at node 1) onto the𝑥ᇱ,𝑦ᇱ and 𝑧ᇱ axes gives:

𝑑ଵ = l୶Dଵ +m୶ Dଶ + n୶Dଷ𝑑ଶ = l୷Dଵ + m୷Dଶ +n୷ Dଷ𝑑ଷ = l୸Dଵ +m୸ Dଶ +n୸ Dଷ
𝑑ଵ𝑑ଶ𝑑ଷ = 𝑇1 DଵDଶDଷ        𝑤ℎ𝑒𝑟𝑒 𝑻𝟏 = 𝒍𝒙 𝒎𝒙 𝒏𝒙𝒍𝒚 𝒎𝒚 𝒏𝒚𝒍𝒛 𝒎𝒛 𝒏𝒛

A similar work for rotations at node 1 as well as for translations and rotations at node 2 gives:

𝑑ସ𝑑ହ𝑑଺ = 𝑇1 DସDହD଺ ;    𝑑଻𝑑଼𝑑ଽ = 𝑇1 D଻D଼Dଽ  ;   𝑑ଵ଴𝑑ଵଵ𝑑ଵଶ = 𝑇1 Dଵ଴DଵଵDଵଶ    
𝑇 = 𝑇1 𝑍3𝑍3 𝑇1 𝑍3 𝑍3𝑍3 𝑍3𝑍3 𝑍3𝑍3 𝑍3 𝑇1 𝑍3𝑍3 𝑇1   𝑎𝑣𝑒𝑐 𝑍3 = 0 0 00 0 00 0 0

𝑐𝑜𝑙:  𝐸
,𝐻,𝐴

𝐵𝑒𝑎𝑚𝑥:  𝐸, 𝐿,𝐴 𝑥

𝑦
𝑧

0.400.40

0.40

12 𝑘𝑁/𝑚20 𝑘𝑁
𝐿 = 𝐻 = 4 𝑚;   𝐸 = 32 × 10଺ 𝑘𝑁/𝑚ଶ

Example:

1 

2

4

1 

32

DଵDଶDଷDସDହD଺

D଻D଼DଽDଵ଴DଵଵDଵଶ

𝐷ଵଷ𝐷ଵସ𝐷ଵହ𝐷ଵ଺𝐷ଵ଻𝐷ଵ଼

DଵଽDଶ଴DଶଵDଶଶDଶଷDଶସ
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𝐷 ଵ =
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼𝐷ଽ𝐷ଵ଴𝐷ଵଵ𝐷ଵଶ

ଵ

=
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼𝐷ଽ𝐷ଵ଴𝐷ଵଵ𝐷ଵଶ

; 𝐷 ଶ =
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼𝐷ଽ𝐷ଵ଴𝐷ଵଵ𝐷ଵଶ

ଶ

=
𝐷଻𝐷଼𝐷ଽ𝐷ଵ଴𝐷ଵଵ𝐷ଵଶ𝐷ଵଷ𝐷ଵସ𝐷ଵହ𝐷ଵ଺𝐷ଵ଻𝐷ଵ଼

;  𝐷 ଷ =
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼𝐷ଽ𝐷ଵ଴𝐷ଵଵ𝐷ଵଶ

ଷ

=
𝐷଻𝐷଼𝐷ଽ𝐷ଵ଴𝐷ଵଵ𝐷ଵଶ𝐷ଵଽ𝐷ଶ଴𝐷ଶଵ𝐷ଶଶ𝐷ଶଷ𝐷ଶସ

Continuity of displacements:
Boundary conditions:Dଵ = Dଶ = Dଷ= Dସ= Dହ = D଺=0Dଵଷ = Dଵସ = Dଵହ= Dଵ଺= Dଵ଻ = Dଵ଼= 0Dଵଽ = Dଶ଴ = Dଶଵ= Dଶଶ= Dଶଷ = Dଶସ=0
To simplify the calculations, let's introduce the boundary conditions at the element level

Element 1:        𝐿 = 4,𝐴 = 0.12, 𝐼௬ᇲ = 0.0009, 𝐼௭ᇲ = 0.0016,  𝐽 = 0.001994𝛼௫ = 90,𝛽௫ = 90°, 𝛾௫ = 0° → 𝑙௫ = 0,𝑚௫ = 0, 𝑛௫ = 1𝛼௬ = 0,𝛽௬ = 90, 𝛾௬ = 90 → 𝑙௬ = 1,𝑚௬ = 0; 𝑛௬ = 0𝛼௭ = 90,𝛽௭ = 0, 𝛾௭ = 90 → 𝑙௭ = 0,𝑚௭ = 1, 𝑛௭ = 0
𝑇1 ଵ = 0 0 11 0 00 1 0 ;

  𝑇ℎ𝑒 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑇  𝑖𝑠 𝑡ℎ𝑒𝑛 ∶  𝑇 ∗ଵ =
0 0 11 0 00 1 0 0 0 00 0 00 0 00 0 00 0 00 0 0 0 0 11 0 00 1 0

; 

  9600     0     0     0     0     0 -9600     0     0     0     0     0 
     0    96     0     0     0   192     0   -96     0     0     0   192 
     0     0    54     0  -108     0     0     0   -54     0  -108     0 
     0     0     0    64.8   0     0     0     0     0   -64.8   0     0 
     0   192     0     0     0   512     0  -192     0     0     0   256 
     0     0  -108     0   288     0     0     0   108     0   144     0 
 -9600     0     0     0     0     0  9600     0     0     0     0     0 
     0   -96     0     0     0  -192     0    96     0     0     0  -192 
     0     0   -54     0   108     0     0     0    54     0   108     0 
     0     0     0   -64.8   0     0     0     0     0    64.8   0     0 
     0     0  -108     0   144     0     0     0   108     0   288     0 
     0   192     0     0     0   256     0  -192     0     0     0   512 
 

ሾ𝑘ሿ1 = 102  
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𝑇ℎ𝑒 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 k ଵ is then k ∗ଵ

 
  96     0     0     0  -192     0 
   0    54     0   108     0     0 
   0     0  9600     0     0     0 
   0   108     0   288     0     0 
-192     0     0     0   512     0 
   0     0     0     0     0    64.8 

 

ሾ𝐾ሿ∗1 = 102  

Element 2: 𝐿 = 4,𝐴 = 0.12, 𝐼௬ᇲ = 0.0016, 𝐼௭ᇲ = 0.0009,  𝐽 = 0.001994𝛼௫ = 0,𝛽௫ = 90°, 𝛾௫ = 90° → 𝑙௫ = 1,𝑚௫ = 0,𝑛௫ = 0𝛼௬ = 90,𝛽௬ = 0, 𝛾௬ = 90 → 𝑙௬ = 0,𝑚௬ = 1;𝑛௬ = 0𝛼௭ = 90,𝛽௭ = 90, 𝛾௭ = 0 → 𝑙௭ = 0,𝑚௭ = 0,𝑛௭ = 1
𝑇 ଶ = 1 0 00 1 00 0 1 ;  𝑇 ଶ =

1 0 00 1 00 0 1 0 0 00 0 00 0 00 0 00 0 00 0 0 1 0 00 1 00 0 1

     0    54     0     0     0   108     0   -54     0     0     0   108 
     0     0    96     0  -192     0     0     0   -96     0  -192     0 
     0     0     0    65     0     0     0     0     0   -65     0     0 
     0     0  -192     0   512     0     0     0   192     0   256     0 
     0   108     0     0     0   288     0  -108     0     0     0   144 
 -9600     0     0     0     0     0  9600     0     0     0     0     0 
     0   -54     0     0     0  -108     0    54     0     0     0  -108 
     0     0   -96     0   192     0     0     0    96     0   192     0 
     0     0     0   -65     0     0     0     0     0    65     0     0 
     0     0  -192     0   256     0     0     0   192     0   512     0 
     0   108     0     0     0   144     0  -108     0     0     0   288 
 

ሾ𝑘ሿ2 = 102  
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  9600     0     0     0     0     0 
     0    54     0     0     0   108 
     0     0    96     0  -192     0 
     0     0     0    64.8   0     0 
     0     0  -192     0   512     0 
     0   108     0     0     0   288 

ሾ𝑘ሿ∗2 = 102  

  9600     0     0     0     0     0 
     0    54     0     0     0   108 
     0     0    96     0  -192     0 
     0     0     0    64.8   0     0 
     0     0  -192     0   512     0 
     0   108     0     0     0   288 

ሾ𝐾ሿ∗2 = 102  

element 3: 𝐿 = 4,𝐴 = 0.12, 𝐼௬ᇲ = 0.0016, 𝐼௭ᇲ = 0.0009,  𝐽 = 0.001994
 

  9600     0     0     0     0     0 -9600     0     0     0     0     0 
     0    54     0     0     0   108     0   -54     0     0     0   108 
     0     0    96     0  -192     0     0     0   -96     0  -192     0 
     0     0     0    65     0     0     0     0     0   -65     0     0 
     0     0  -192     0   512     0     0     0   192     0   256     0 
     0   108     0     0     0   288     0  -108     0     0     0   144 
 -9600     0     0     0     0     0  9600     0     0     0     0     0 
     0   -54     0     0     0  -108     0    54     0     0     0  -108 
     0     0   -96     0   192     0     0     0    96     0   192     0 
     0     0     0   -65     0     0     0     0     0    65     0     0 
     0     0  -192     0   256     0     0     0   192     0   512     0 
     0   108     0     0     0   144     0  -108     0     0     0   288 

 

ሾ𝑘ሿ3 = 102  
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  9600     0     0     0     0     0 
     0    54     0     0     0   108 
     0     0    96     0  -192     0 
     0     0     0    64.8   0     0 
     0     0  -192     0   512     0 
     0   108     0     0     0   288 

 

ሾ𝑘ሿ∗3 = 102  
 

  54     0     0     0     0  -108    
   0  9600     0     0     0     0     
   0     0    96   192     0     0     
   0     0   192   512     0     0      
   0     0     0     0    64.8   0     
-108     0     0     0     0   288    
 

ሾ𝐾ሿ∗3 = 102  

Assembly: 

Since the reduced stiffness matrices of the three elements involve the same degrees of freedom, then: ሾ𝐾ሿ∗ = ሾ𝑘ሿ∗1 + ሾ𝑘ሿ∗2 + ሾ𝑘ሿ∗3 

 

 

9750     0     0     0  -192  -108 
   0  9708     0   108     0   108 
   0     0  9792   192  -192     0 
   0   108   192   864.8     0   0 
-192     0  -192     0  1088.8   0 
-108   108     0     0     0   640.8 

 

ሾ𝐾ሿ∗ = 102 

Formation of the Reduced Force Vector

Reduced Nodal Forces:

𝑓𝑛 ∗ =
20100000
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Equivalent Nodal Loads for Element 2 (Flexion in the x-z 

Plane):

Equivalent Nodal Loads for Element 3 (Flexion in the y-z Plane)

ሼ𝐹ሽ∗ = ሼ𝑓𝑛ሽ∗+ሼ𝐹𝑒𝑞ሽ2 + ሼ𝐹𝑒𝑞ሽ3 = ⎩⎪⎨
⎪⎧20100000 ⎭⎪⎬

⎪⎫ + ⎩⎪⎨
⎪⎧ 02400016⎭⎪⎬

⎪⎫ + ⎩⎪⎨
⎪⎧ 00−48−3200 ⎭⎪⎬

⎪⎫ = ⎩⎪⎨
⎪⎧ 2034−48−32016 ⎭⎪⎬

⎪⎫
 

Determination of displacements at node 2;
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Forces at the Nodes of the Elements:
Forces at the Nodes of the Element 1: column:

Forces at the Nodes of the Element 2: Beam//x :

Forces at the Nodes of the Element 3: Beam//y:
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