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3.4 Bending and tensile- compression bar element 
(2D Frame element))

𝑥
𝑧

𝑤ଶ,  𝑇௭ଶ
𝜃௬ଶ,  𝑀௬ଶ𝜃௬ଵ,  𝑀௬ଵ

𝑤ଵ     𝑇௭ଵ
𝜃௭ଶ  𝑀௭ଶ

𝑣ଶ   𝑇௬ଶ
𝜃௭ଵ  𝑀௭ଵ

𝑣ଵ   𝑇௬ଵ
𝑥 𝑢ଵ, 𝑓ଵ   𝑢ଶ, 𝑓ଶ   

𝑦
𝑢ଶ, 𝑓ଶ   

𝑧
𝑤ଶ     𝑇௭ଶ

𝜃௬ଶ ,  𝑀௬ଶ𝜃௬ଵ,  𝑀௬ଵ
𝑤ଵ ,  𝑇௭ଵ𝑢ଵ, 𝑓ଵ   𝑢ଶ, 𝑓ଶ   

𝑢ଵ, 𝑓ଵ   𝑢ଶ, 𝑓ଶ   
𝑧

𝑤ଶ     𝑇௭ଶ
𝜃௬ଶ ,  𝑀௬ଶ𝜃௬ଵ,  𝑀௬ଵ

𝑤ଵ ,  𝑇௭ଵ
𝑥

Case of the bending in the x _ z plane

𝑓ଵ𝑓ଶ = 𝑬𝑨𝑳 𝟏 −𝟏−𝟏 𝟏 𝑢ଵ𝑢ଶ +   𝑇௭ଵ  𝑀௬ଵ   𝑇௭ଶ  𝑀௬ଶ = 𝑬𝑰𝒚𝑳𝟑 𝟏𝟐 −𝟔𝑳−𝟔𝑳 𝟒𝑳𝟐 −𝟏𝟐 −𝟔𝑳𝟔𝑳 𝟐𝑳𝟐−𝟏𝟐 𝟔𝑳−𝟔𝑳 𝟐𝑳𝟐 𝟏𝟐 𝟔𝑳𝟔𝑳 𝟒𝑳𝟐
𝑤ଵ𝜃௬ଵ𝑤ଶ𝜃௬ଶ

𝒇 = 𝒌 𝒅

3-4-1. Standard 2D frame element

𝑓ଵ   𝑇௭ଵ  𝑀௬ଵ𝑓ଶ   𝑇௭ଶ  𝑀௬ଶ
= 𝑬𝑳

𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝒚𝑳𝟐 −𝟔𝑰𝒚𝑳𝟎 −𝟔𝑰𝒚𝑳 𝟒𝑰
−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝒚𝑳𝟐 −𝟔𝑰𝒚𝑳𝟎 𝟔𝑰𝒚𝑳 𝟐𝑰−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝒚𝑳𝟐 𝟔𝑰𝒚𝑳𝟎 −𝟔𝑰𝒚𝑳 𝟐𝑰
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝒚𝑳𝟐 𝟔𝑰𝒚𝑳𝟎 𝟔𝑰𝒚𝑳 𝟒𝑰

𝑢ଵ𝑤ଵ𝜃௬ଵ𝑢ଶ𝑤ଶ𝜃௬ଶ
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x

z

Dଵ
Dଶ

Dସ
Dହ

dଷ, Dଷ

d଺, D଺

α
γ

𝒅𝟏𝒅𝟐𝒅𝟑𝒅𝟒𝒅𝟓𝒅𝟔
=

𝑢ଵ𝑤ଵ𝜃௬ଵ𝑢ଶ𝑤ଶ𝜃௬ଶ
 

𝑻 =
𝒍 𝒏 𝟎−𝒏 𝒍 𝟎𝟎 𝟎 𝟏 𝟎 𝟎 𝟎𝟎 𝟎 𝟎𝟎 𝟎 𝟎𝟎 𝟎 𝟎𝟎 𝟎 𝟎𝟎 𝟎 𝟎 𝒍 𝒏 𝟎−𝒏 𝒍 𝟎𝟎 𝟎 𝟏

ሾ𝐊ሿ = 𝐄𝐋
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡+ ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐧𝟐൰ +𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ +𝟔𝐧𝐈𝐋+𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ + ൬𝐀𝐧𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ −𝟔𝒍𝐈𝐋+𝟔𝐧𝐈𝐋 −𝟔𝒍𝐈𝐋 𝟒𝐈

− ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐧𝟐൰ −𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ +𝟔𝐧𝐈𝐋−𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ −൬𝐀𝐧𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ −𝟔𝒍𝐈𝐋−𝟔𝐧𝐈𝐋 𝟔𝒍𝐈𝐋 𝟐𝐈− ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐧𝟐൰ −𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ −𝟔𝐧𝐈𝐋−𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ − ൬𝐀𝐧𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ 𝟔𝒍𝐈𝐋+𝟔𝐧𝐈𝐋 −𝟔𝒍𝐈𝐋 𝟐𝐈
+ ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐧𝟐൰ +𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ −𝟔𝐧𝐈𝐋+𝒍𝐧 ൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ + ൬𝐀𝐧𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ +𝟔𝒍𝐈𝐋−𝟔𝐧𝐈𝐋 +𝟔𝒍𝐈𝐋 𝟒𝐈 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤
   

𝑰 = 𝑰𝒚 ,𝜽 = 𝜽𝒚 Case of the bending in the x _ y plane

𝒌 = 𝑬𝑳
𝑨 0 00 12𝑰𝒛𝑳ଶ 6𝑰𝒛𝑳0 6𝑰𝒛𝑳 4𝑰𝒛

−𝑨 0 00 −12𝑰𝒛𝑳ଶ 6𝑰𝒛𝑳0 −6𝑰𝒛𝑳 2𝑰𝒛−𝑨 0 00 −12𝑰𝒛𝑳ଶ −6𝑰𝒛𝑳0 6𝑰𝒛𝑳 2𝑰𝒛
𝑨 0 00 12𝑰𝒛𝑳ଶ −6𝑰𝒛𝑳0 −6𝑰𝒛𝑳 4𝑰𝒛

    ,  𝑻 =
𝒍 𝒎 0−𝒎 𝒍 00 0 1 0 0 00 0 00 0 00 0 00 0 00 0 0 𝒍 𝒎 0−𝒎 𝒍 00 0 1
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ሾ𝐊ሿ = 𝐄𝐋
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡+ ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐦𝟐൰ +𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ −𝟔𝐦𝐈𝐋+𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ + ൬𝐀𝐦𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ 𝟔𝒍𝐈𝐋−𝟔𝐦𝐈𝐋 𝟔𝒍𝐈𝐋 𝟒𝐈

− ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐦𝟐൰ −𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ −𝟔𝐦𝐈𝐋−𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ − ൬𝐀𝐦𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ 𝟔𝒍𝐈𝐋𝟔𝐦𝐈𝐋 −𝟔𝒍𝐈𝐋 𝟐𝐈− ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐦𝟐൰ −𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ 𝟔𝐦𝐈𝐋−𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ − ൬𝐀𝐦𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ −𝟔𝒍𝐈𝐋−𝟔𝐦𝐈𝐋 𝟔𝒍𝐈𝐋 𝟐𝐈
+ ൬𝐀𝒍𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝐦𝟐൰ +𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ 𝟔𝐦𝐈𝐋+𝒍𝐦൬𝐀 − 𝟏𝟐𝐈𝐋𝟐 ൰ + ൬𝐀𝐦𝟐 + 𝟏𝟐𝐈𝐋𝟐 𝒍𝟐൰ −𝟔𝒍𝐈𝐋𝟔𝐦𝐈𝐋 −𝟔𝒍𝐈𝐋 𝟒𝐈 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤
 

𝑰 = 𝑰௭ ,𝜽 = 𝜽௭ 𝐸 = 10.8 × 10଺ 𝑀𝑃𝑎,𝐴 = 0.12 𝑚ଶ, I=0.0016 𝑚ସ𝑃 = 30 𝑘𝑁,   𝑀 = 25 𝑘𝑁.𝑚

Determine the displacements and forces at the nodes of the column and  beam

Example:

Element 1    L=5m, l=0, n=1 
 

                                                 ሾ𝑇ሿ1 = ⎣⎢⎢
⎢⎢⎡ 0 1 0−1 0 00 0 1 0 0 00 0 00 0 00 0  00 0 00 0 0 0 1 0−1 0 00 0 1⎦⎥⎥

⎥⎥⎤, 

                                ሾ𝑘ሿ1 = 𝐸𝐿
⎣⎢⎢
⎢⎢⎢
⎢⎡ 𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 −𝟔𝑰𝑳𝟎 −𝟔𝑰𝑳 𝟒𝑰

−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝑳𝟐 −𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟐𝑰−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 −𝟔𝑰𝑳 𝟐𝑰
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟒𝑰 ⎦⎥⎥

⎥⎥⎥
⎥⎤
 

𝐾ଵ = 𝐸𝐿
12𝑰𝑳ଶ 0 6𝑰𝑳0 𝑨 06𝑰𝑳 0 4𝑰

−12𝑰𝑳ଶ 0 6𝑰𝑳0 −𝑨 0− 6𝑰𝑳 0 2𝑰−12𝑰𝑳ଶ 0 6𝑰𝑳0 −𝑨 06𝑰𝑳 0 2𝑰
12𝑰𝑳ଶ 0 − 6𝑰𝑳0 𝑨 0−6𝑰𝑳 0 4𝑰
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Element 2    L=5m, l=0.8, m=0.6 
 

                                                    ሾ𝑇ሿ2 = ⎣⎢⎢
⎢⎢⎡ 0.8 0.6 0−0.6 0.8 00 0 1 0 0 00 0 00 0 00 0  00 0 00 0 0 0.8 0.6 0−0.6 0.8 00 0 1⎦⎥⎥

⎥⎥⎤ 

ሾ𝑘ሿ2 = ሾ𝑘ሿ1 = 𝐸𝐿
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ 𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 −𝟔𝑰𝑳𝟎 −𝟔𝑰𝑳 𝟒𝑰

−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝑳𝟐 −𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟐𝑰−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 −𝟔𝑰𝑳 𝟐𝑰
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟒𝑰 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤
 

𝑲 ଶ

= 𝑬𝑳

0.64𝑨 + 0.36 12𝑰𝑳ଶ 0.48 𝑨 − 12𝑰𝑳ଶ 0.6 6𝑰𝑳0.48 𝑨 − 12𝑰𝑳ଶ 0.36𝑨 + .64 12𝑰𝑳ଶ −0.8 6𝑰𝑳0.6 6𝑰𝑳 −0.8 6𝑰𝑳 4𝑰
− 0.64𝑨 + 0.36 12𝑰𝑳ଶ −0.48 𝑨 − 12𝑰𝑳ଶ 0.6 6𝑰𝑳−0.48 𝑨 − 12𝑰𝑳ଶ − 0.36𝑨 + 0.64 12𝑰𝑳ଶ −0.8 6𝑰𝑳−0.6 6𝑰𝑳 0.8 6𝑰𝑳 2𝑰− 0.64𝑨 + 0.36 12𝑰𝑳ଶ −0.48 𝑨 − 12𝑰𝑳ଶ −0.6 6𝑰𝑳−0.48 𝑨 − 12𝑰𝑳ଶ − 0.36𝑨 + 0.64 12𝑰𝑳ଶ 0.8 6𝑰𝑳0.6 6𝑰𝑳 −0.8 6𝑰𝑳 2𝑰

0.64𝑨 + 0.36 12𝑰𝑳ଶ 0.48 𝑨 − 12𝑰𝑳ଶ −0.6 6𝑰𝑳0.48 𝑨 − 12𝑰𝑳ଶ 0.36𝑨 + .64 12𝑰𝑳ଶ 0.8 6𝒍𝑰𝑳−0.6 6𝑰𝑳 0.8 6𝒍𝑰𝑳 4𝑰

Assembly:

𝐷 ଵ =
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺

ଵ
=

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺
;     𝐷 ଶ =

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺
ଶ

=
𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼𝐷ଽ

;     𝐷 =
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼𝐷ଽ

𝟔𝑰𝑳𝟎−𝟏𝟐𝑰𝑳𝟐𝟔𝑰𝑳𝟎𝟏𝟐𝑰𝑳𝟐 𝟎−𝑨𝟎𝟎𝑨𝟎 𝟐𝑰𝟎−𝟔𝑰𝑳𝟒𝑰𝟎𝟔𝑰𝑳
𝟎.𝟔𝟔𝑰𝑳−𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐−(𝟎.𝟔𝟒𝑨 + 𝟎.𝟑𝟔𝟏𝟐𝑰𝑳𝟐 )−𝟔𝑰𝑳𝟎.𝟔𝟔𝑰𝑳

𝟏𝟐𝑰𝑳𝟐𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐
𝟎𝟎.𝟔𝟒𝑨 + 𝟎.𝟑𝟔𝟏𝟐𝑰𝑳𝟐𝟔𝑰𝑳𝟎−𝟏𝟐𝑰𝑳𝟐

−𝟎.𝟖𝟔𝑰𝑳−(𝟎.𝟑𝟔𝑨+.𝟔𝟒𝟏𝟐𝑰𝑳𝟐 )−𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐𝟎
−𝟎.𝟖𝟔𝑰𝑳

𝟎
𝟎.𝟑𝟔𝑨+.𝟔𝟒 𝟏𝟐𝑰𝑳𝟐

𝑨𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐𝟎−𝑨𝟎𝑲 = 𝑬𝑳

𝟐𝑰𝟎.𝟖𝟔𝑰𝑳−𝟎.𝟔𝟔𝑰𝑳𝟒𝑰𝟒𝑰𝟔𝑰𝑳−𝟎.𝟖 𝟔𝑰𝑳
𝟎𝟎.𝟔𝟔𝑰𝑳𝟐𝑰−𝟔𝑰𝑳𝟎

−𝟎.𝟔𝟔𝑰𝑳𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐𝟎.𝟔𝟒𝑨 + 𝟎.𝟑𝟔𝟏𝟐𝑰𝑳𝟐−𝟎.𝟔𝟔𝑰𝑳−𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐−(𝟎.𝟔𝟒𝑨 + 𝟎.𝟑𝟔𝟏𝟐𝑰𝑳𝟐 )

𝟎.𝟖𝟔𝑰𝑳𝟎.𝟑𝟔𝑨+.𝟔𝟒𝟏𝟐𝑰𝑳𝟐𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐𝟎.𝟖𝟔𝑰𝑳−(𝟎.𝟑𝟔𝑨+.𝟔𝟒𝟏𝟐𝑰𝑳𝟐 )−𝟎.𝟒𝟖 𝑨 − 𝟏𝟐𝑰𝑳𝟐 𝟒𝑰𝟎.𝟖𝟔𝑰𝑳−𝟎.𝟔𝟔𝑰𝑳𝟐𝑰−𝟎.𝟖 𝟔𝑰𝑳𝟎.𝟔𝟔𝑰𝑳
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Boundary conditions:

𝑫𝟏 = 𝑫𝟐 = 𝑫𝟑 = 𝟎;  𝑫𝟓 = 𝟎;  𝑫𝟕 = 𝑫𝟖 = 𝑫𝟗 = 𝟎
𝑲 = 𝑬𝑳 𝟎.𝟔𝟒𝑨 + 𝟏.𝟑𝟔 𝟏𝟐𝑰𝑳𝟐 −𝟎.𝟒 𝟔𝑰𝑳−𝟎.𝟒 𝟔𝑰𝑳 𝟖𝑰
𝑲 = 𝟏𝟎𝟓 𝟏.𝟔𝟖𝟏𝟒 −𝟎.𝟎𝟏𝟔𝟔−𝟎.𝟎𝟏𝟔𝟔 𝟎.𝟐𝟕𝟔𝟓

Equivalent Load in Local Coordinates to the Concentrated Load on Element 2:

𝑓௘௤ = 𝑓௘௤ଵ + 𝑓௘௤ଶ
𝑓௘௤ଵ = 1 − 𝑥𝐿 𝑥𝐿 ௫ୀ௅ଶ

× −0.6𝑃 = −0.3𝑃−0.3𝑃 = −9−9

𝑓௘௤ଶ =
𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑−𝒙 + 𝟐𝒙𝟐𝑳 − 𝒙𝟑𝑳𝟐𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑𝒙𝟐𝑳 − 𝒙𝟑𝑳𝟐 ௫ୀ௅ଶ

× (−0.8𝑃 = −0.4𝑃0.5𝑃−0.4𝑃−0.5𝑃 = −1215−12−15

𝑓௘௤ = −9−1215−9−12−15

𝐹௘௤ ଶ = 𝑇 ் 𝑓௘௤ ଶ
, which gives:

𝐹௘௤ ଶ =
0.8 −0.6 00.6 0.8 00 0 1 0 0 00 0 00 0 00 0  00 0 00 0 0 0.8 −0.6 00.6 0.8 00 0 1

−9−1215−9−12−15
=

0−15150−15−15
𝐹௘௤ =

0000 + 00 + (−15)0 + 150−15−15
=

0000−15150−15−15
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For the entire structure

𝐹 =
𝑅௫ଵ𝑅௭ଵ𝑀௬ଵ0𝑅௭ଶ25𝑅௫ଷ𝑅௭ଷଵ𝑀௬ଷ

+
0000−15150−15−15

=
𝑹𝒙ଵ𝑹𝒛ଵ𝑴𝒚ଵ0𝑹𝒛ଶ − 1540𝑹𝒙ଷ𝑹𝒛ଷଵିଵହ𝑴𝒚ଷ − 15

The Reduced Force Vector (by eliminating the rows corresponding to support reactions):

𝐹∗ = 040

The reduced system is thus:040 = 𝟏𝟎𝟓 𝟏.𝟔𝟖𝟏𝟒 −𝟎.𝟎𝟏𝟔𝟔−𝟎.𝟎𝟏𝟔𝟔 𝟎.𝟐𝟕𝟔𝟓 𝑢ଶ𝜃ଶ
Which gives:            

𝑢ଶ𝜃ଶ = 10ିହ 1.428145

Forces in the Elements:

Element 1:𝐷 ଵ = 10ିହ 0 0 0 1.428 0 145 ்

𝑑 ଵ = 𝑇 ଵ 𝐷 ଵ   =
0 1 0−1 0 00 0 1 0 0 00 0 00 0 00 0  00 0 00 0 0 0 1 0−1 0 00 0 1

× 10ିହ
0001.4280145

= 10ିହ
0000−1.428145𝑓௡ଵ = 𝑓ଵ − 𝑓௘௤ଵ

      𝑓௡ଵ  = ா௅
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 ି𝟔𝑰𝑳𝟎 ି𝟔𝑰𝑳 𝟒𝑰

−𝑨 𝟎 𝟎𝟎 ି𝟏𝟐𝑰𝑳𝟐 ି𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟐𝑰−𝑨 𝟎 𝟎𝟎 ି𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 ି𝟔𝑰𝑳 𝟐𝑰
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟒𝑰

× 10ିହ
0000−1.428145

−
000000

𝑓௡ଵ = 10ିହ 𝐸𝐿
0−12𝑰𝑳ଶ × −1.428 + −6𝑰𝑳 × 1456𝑰𝑳 × −1.428 + 2𝐼 × 145012𝑰𝑳ଶ × −1.428 + 6𝑰𝑳 × 1456𝑰𝑳 × −1.428 + 4𝐼 × 145

=
0−5.989.9505.9819.95
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Element 2:𝐷 ଶ = 10ିହ 1.428 0 145 0 0 0 ்

𝑑 ଶ = 𝑇 ଶ 𝐷 ଶ   =  =
0.8 0.6 0−0.6 0.8 00 0 1 0 0 00 0 00 0 00 0  00 0 00 0 0 0.8 0.6 0−0.6 0.8 00 0 1

× 10ିହ
1.4280145000

= 10ିହ
1.143−0.857145000  𝑓௡ ଶ = 𝑓 ଶ − 𝑓௘௤ ଶ

   𝑓௡ଶ = 𝐸𝐿
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 −𝟔𝑰𝑳𝟎 −𝟔𝑰𝑳 𝟒𝑰

−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝑳𝟐 −𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟐𝑰−𝑨 𝟎 𝟎𝟎 −𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 −𝟔𝑰𝑳 𝟐𝑰
𝑨 𝟎 𝟎𝟎 𝟏𝟐𝑰𝑳𝟐 𝟔𝑰𝑳𝟎 𝟔𝑰𝑳 𝟒𝑰

× 10ିହ
1.143−0.857145000

−
−9−1215−9−12−15

=
11.965.985.066.0418.0225.04

3.4.2 Hinged 2D Frame element:

3.4.2.1 Left hinged 2D Frame element:𝒖 = 𝟏 − 𝒙𝑳 𝟎 𝟎 𝒙𝑳 𝟎 𝟎 × 𝒅
𝒗 = 𝑵 × 𝒅 = 0 𝟏 − 𝟑𝒙𝟐𝑳 + 𝒙𝟑𝟐𝑳𝟑 0 0 𝟑𝒙𝟐𝑳 − 𝒙𝟑𝟐𝑳𝟑 −𝒙𝟐 + 𝒙𝟑𝟐𝑳𝟐 × 𝒅

𝜽 = 𝒅𝒗𝒅𝒙 = 𝑵′ ×  𝒅 = 𝟎 − 𝟑𝟐𝑳 + 𝟑𝒙𝟐𝟐𝑳𝟑 𝟎 𝟎 𝟑𝟐𝑳 − 𝟑𝒙𝟐𝟐𝑳𝟑 −𝟏𝟐 + 𝟑𝒙𝟐𝟐𝑳𝟐 × 𝒅

𝒌 = 𝑬𝑳
𝑨 0 00 3𝑰𝑳ଶ 00 0 0

−𝑨 0 00 3𝑰𝑳ଶ 3𝑰𝑳0 0 0−𝑨 0 00 −3𝑰𝑳ଶ 00 3𝑰𝑳 0
𝑨 0 00 3𝑰𝑳ଶ −3𝑰𝑳0 −3𝑰𝑳 3𝑰 𝐊 = 𝐄𝐋

+ 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ +𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 0
+𝒍𝐦 𝐀 − 3𝐈𝐋ଶ + 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 00 0 0

− 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ −𝒍𝐦 𝐀 − 3𝐈𝐋ଶ − 3𝐦𝐈𝐋−𝒍𝐦 𝐀− 3𝐈𝐋ଶ − 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 3𝒍𝐈𝐋0 0 0− 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ −𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 0
−𝒍𝐦 𝐀 − 3𝐈𝐋ଶ − 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 0−3𝐦𝐈𝐋 3𝒍𝐈𝐋 0

+ 𝐀𝒍ଶ + 3𝐈𝐋ଶ𝐦ଶ +𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 3𝐦𝐈𝐋+𝒍𝐦 𝐀 − 3𝐈𝐋ଶ + 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ −3𝒍𝐈𝐋3𝐦𝐈𝐋 −3𝒍𝐈𝐋 3𝐈
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3.4.2.2 Right hinged 2D Frame element:

𝒖 = 𝟏 − 𝒙𝑳 𝟎 𝟎 𝒙𝑳 𝟎 𝟎 × 𝒅
𝒗 = 𝑵 ×  𝒅 = 0 𝟏 − 𝟑𝒙𝟐𝟐𝑳𝟐 + 𝒙𝟑𝟐𝑳𝟑 𝒙 − 𝟑𝒙𝟐𝟐𝑳 + 𝒙𝟑𝟐𝑳𝟐 0 𝟑𝒙𝟐𝟐𝑳𝟐 − 𝒙𝟑𝟐𝑳𝟑 0 × 𝒅

𝜽 = 𝒅𝒗𝒅𝒙 = 𝑵′ × 𝒅= 𝟎 −𝟑𝒙𝑳𝟐 + 𝟑𝒙𝟐𝟐𝑳𝟑 𝟏 − 𝟑𝒙𝑳 + 𝟑𝒙𝟐𝟐𝑳𝟐 𝟎 𝟑𝒙𝑳𝟐 − 𝟑𝒙𝟐𝟐𝑳𝟑 𝟎 × 𝒅
𝒌 = 𝑬𝑳

𝑨 0 00 3𝑰𝑳ଶ 3𝑰𝑳0 3𝑰𝑳 3𝑰
−𝑨 0 00 −3𝑰𝑳ଶ 00 −3𝑰𝑳 0−𝑨 0 00 −3𝑰𝑳ଶ −3𝑰𝑳0 0 0
𝑨 0 00 3𝑰𝑳ଶ 00 0 0

𝐊 = 𝐄𝐋
+ 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ +𝒍𝐦 𝐀 − 3𝐈𝐋ଶ −3𝐦𝐈𝐋+𝒍𝐦 𝐀 − 3𝐈𝐋ଶ + 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 3𝒍𝐈𝐋−3𝐦𝐈𝐋 3𝒍𝐈𝐋 3𝐈

− 𝐀𝒍ଶ + 3𝐈𝐋ଶ𝐦ଶ −𝒍𝐦 𝐀− 3𝐈𝐋ଶ 0
−𝒍𝐦 𝐀 − 3𝐈𝐋ଶ − 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 03𝐦𝐈𝐋 −3𝒍𝐈𝐋 0− 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ −𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 3𝐦𝐈𝐋−𝒍𝐦 𝐀 − 3𝐈𝐋ଶ − 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ −3𝒍𝐈𝐋0 0 0

+ 𝐀𝒍ଶ + 3𝐈𝐋ଶ𝐦ଶ +𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 0
+𝒍𝐦 𝐀 − 3𝐈𝐋ଶ + 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 00 0 0

3.4.2.3 Hinged 2D Frame element at its two nodes:𝒖 = 𝟏 − 𝒙𝑳 𝟎 𝟎 𝒙𝑳 𝟎 𝟎 × 𝒅
𝒗 = 𝑵 ×  𝒅 = 0 𝟏 − 𝒙𝑳 0 0 𝒙𝑳 0 × 𝒅

𝜽 = 𝒅𝒗𝒅𝒙 = 𝑵′ ×  𝒅 = 𝟎 −𝟏𝑳 𝟎 𝟎 𝟏𝑳 𝟎 × 𝒅
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𝒌 = 𝑬𝑳
𝑨 0 00 3𝑰𝑳ଶ 00 0 0

−𝑨 0 00 −3𝑰𝑳ଶ 00 0 0−𝑨 0 00 −3𝑰𝑳ଶ 00 0 0
𝑨 0 00 3𝑰𝑳ଶ 00 0 0

𝐊 = 𝐄𝐋
+ 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ +𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 0

+𝒍𝐦 𝐀 − 3𝐈𝐋ଶ + 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 00 0 0
− 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ −𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 0
−𝒍𝐦 𝐀 − 3𝐈𝐋ଶ − 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 00 0 0− 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ −𝒍𝐦 𝐀− 3𝐈𝐋ଶ 0

−𝒍𝐦 𝐀− 3𝐈𝐋ଶ − 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 00 0 0
+ 𝐀𝒍ଶ + 3𝐈𝐋ଶ 𝐦ଶ +𝒍𝐦 𝐀 − 3𝐈𝐋ଶ 0

+𝒍𝐦 𝐀 − 3𝐈𝐋ଶ + 𝐀𝐦ଶ + 3𝐈𝐋ଶ 𝒍ଶ 00 0 0
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