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2.2. Tension-compression bar element and truss system

2.2.1 Definition of the tension-compression bar element, notations 
and sign conventions

𝑳𝒇𝟏 ;𝒖𝟏 𝒇𝟐 ;𝒖𝟐 𝑥𝑬;   𝑨𝟏 𝟐

2.2.2 Basic equations of the tension-compression bar element:

The deformation field is reduced to: 𝜺𝒙 = 𝝏𝒖𝝏𝒙 = 𝒅𝒖𝒅𝒙
The stress field is reduced to:  𝝈𝒙 = 𝑬 𝜺𝒙The normal force acting in a section of the bar is: 𝒇 = න 𝝈𝒙𝑨 𝒅𝒔 = න 𝑬𝜺𝒙𝒅𝒔 =𝑨 A𝑬𝒅𝒖𝒅𝒙The local equilibrium is therefore described by a single equation:𝝏𝝈𝒙𝝏𝒙 + 𝒇𝒙 = 𝟎

The linear load 𝑞(𝑥) (lateral friction) is transformed into

volumetric load by division on the section A of the bar:𝑑𝜎௫𝑑𝑥 + 𝑞𝐴 = 0 →
𝑑𝑑𝑥 𝐸𝜀௫ + 𝑞𝐴 = 0   → 𝑑𝑑𝑥 𝐸𝑑𝑢𝑑𝑥 + 𝑞𝐴 = 0   

𝑬𝑨𝒅𝟐𝒖𝒅𝒙𝟐 + 𝒒 = 𝟎

2.2.3. Approximation of the displacement field. (Shape 
function): 𝑼 = 𝑵 𝒅

𝒖 = 𝟏 − 𝒙𝑳 𝒙𝑳 𝒅𝟏𝒅𝟐
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2.2.4. Define of 𝒕𝒉𝒆 𝒅𝒆𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝒇𝒊𝒆𝒍𝒅 𝜺 as a function of the 

degrees of freedom

The deformation field 𝜺 is a differentiation of the displacement field:  𝜺 = 𝒅𝒊𝒇𝒇 𝑼 = 𝒅𝒊𝒇𝒇 𝑵 𝒅 = 𝑩 𝒅
For the compression tension bar element:

𝜺𝒙 = 𝒅𝒖𝒅𝒙 = 𝒅𝒅𝒙 𝟏 − 𝒙𝑳 𝒙𝑳 𝒅 = −𝟏𝑳 𝟏𝑳 𝒅
→ 𝑩 = −𝟏𝑳 𝟏𝑳

2.2.5. Define of 𝒕𝒉𝒆 𝒔𝒕𝒓𝒆𝒔𝒔 𝒇𝒊𝒆𝒍𝒅 𝝈 as a function of the degrees of 

freedom:

The stress field 𝝈 is linked to the deformation field by the behavior 

law: 𝝈 = 𝑪 𝜺 = 𝑪 𝑩 𝒅
For the compression tension bar element:𝝈𝒙 = 𝑬 𝜺𝒙 = 𝑬 −𝟏𝑳 𝟏𝑳 𝒅

So, the matrix 𝑪 is reduced to the only Young modulus 𝑬

2.2.6. Formulation of the element:

Formulation by the direct method:

For the compression tension bar element: 𝒇 = A𝑬 𝒅𝒖𝒅𝒙
The normal of the sections at the ends of the bar are -1 et 1

𝒇𝟏 = −𝑬𝑨 −𝟏𝑳 𝟏𝑳 𝒅𝟏𝒅𝟐 ;     𝒇𝟐= 𝑬𝑨 −𝟏𝑳 𝟏𝑳 𝒅𝟏𝒅𝟐 → 𝒇𝟏𝒇𝟐 = 𝑬𝑨𝑳 𝟏 −𝟏−𝟏 𝟏 𝒅𝟏𝒅𝟐
𝒇 = 𝒌 𝒅  ;  𝒌 = 𝑬𝑨𝑳 𝟏 −𝟏−𝟏 𝟏

Formulation by the virtual work principle𝑾𝒆𝒙𝒕 = 𝑾𝒊𝒏𝒕
In the case where we only have nodal charges: 𝑾𝒆𝒙𝒕 = 𝒅∗ ் . 𝒇

𝑾𝒊𝒏𝒕 = න 𝜺∗𝑻𝑽 𝝈.𝒅𝒗 = න 𝑩 𝒅∗ 𝑻 𝑪 𝑩 𝒅 𝒅𝒗𝑽
𝑾𝒊𝒏𝒕 = න 𝒅∗ 𝑻 𝑩 𝑻 𝑪 𝑩 𝒅 𝒅𝒗 = 𝒅∗ 𝑻 න 𝑩 𝑻 𝑪 𝑩𝑽 𝒅𝒗 𝒅𝑽

𝒇 = 𝒌 𝒅     𝑎𝑣𝑒𝑐 𝒌 =  න 𝑩 𝑻 𝑪 𝑩𝑽 𝒅𝒗  
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For the compression tension bar element:

𝒌 = න −𝟏𝑳𝟏𝑳 .𝑬. −𝟏𝑳 𝟏𝑳 𝒅𝒗𝑽 =
For a bar of constant section A    𝑉 = 𝐴𝐿 from where

𝒌 = 𝑬𝑨𝑳 𝟏 −𝟏−𝟏 𝟏

2.2.7. Treatment of distributed loads (or between nodes):

In the case where, in addition to the nodal loads, there are loads distributed 

within the volume of the element or on its external surface, the work of the 

external forces can be written as the sum of the work of the nodal forces and 

that of the work of the distributed forces.

𝑾𝒆𝒙𝒕 = 𝑾𝒏 + 𝑾𝒓 = 𝒅∗ ் . 𝒇𝒏 + 𝑾𝒓

For the case of the tension compression bar, the bar can be subjected to a

volume load f directed along its longitudinal axis and/or to concentrated

friction 𝑷𝒊at points with coordinates 𝒙𝒊 or distributed over an interval 𝑎  𝑏  of

its length

𝑾𝒓 = ෍(𝒖𝒙𝒊∗ )𝑻𝑷𝒊 + න (𝒖∗(𝒙))𝑻𝒒(𝒙)𝒅𝒙𝒃
𝒂 + න (𝒖∗(𝒙))𝑻𝒇𝒅𝒗𝒗

Or: 𝒖∗ 𝒙 = 𝑵(𝒙) 𝒅∗ ;   →  (𝒖∗(𝒙))𝑻= 𝒅∗ 𝑻 𝑵(𝒙) 𝑻 ;   (𝒖𝒙𝒊∗ )𝑻= 𝒅∗ 𝑻 𝑵(𝒙 = 𝒙𝒊) 𝑻𝑾𝒓 = ∑ 𝑑∗ ் 𝑁(𝑥 = 𝑥𝑖) ்𝑷𝒊 + ׬ 𝑑∗ ் 𝑁(𝑥) ்𝒒(𝒙)𝒅𝒙𝒃𝒂 + ׬ 𝑑∗ ் 𝑁(𝑥) ்𝒇𝒅𝒗𝒗
𝑾𝒓 = 𝑑∗ ் ෍ 𝑁(𝑥 = 𝑥𝑖) ்𝑷𝒊 + න 𝑁(𝑥) ்𝒒(𝒙)𝒅𝒙𝒃

𝒂 + න 𝑁(𝑥) ்𝒇𝒅𝒗𝒗𝑾𝒓 = 𝑑∗ ் 𝑓௘௤
𝒇𝒆𝒒 = ෍ 𝑵(𝒙 = 𝒙𝒊) 𝑻𝑷𝒊 + න 𝑵(𝒙) 𝑻𝒒(𝒙)𝒅𝒙𝒃

𝒂 + න 𝑵(𝒙) 𝑻𝒇𝒅𝒗𝒗
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𝑾𝒆𝒙𝒕 = 𝒅∗ ் . 𝒇𝒏 + 𝑑∗ ் = 𝒅∗ ் 𝑓௡ + 𝑓௘௤ = 𝒅∗ ் 𝑓
𝑜ù 𝒇 = 𝒇𝒏 + 𝒇𝒆𝒒

Example: case of a compression tension bar loaded by friction varying linearly 
from 0 to k:     𝒒 = 𝒌 𝒙𝑳

𝑓௘௤ =න 1−𝑥𝐿𝑥𝐿 .௅
଴ 𝑘 𝑥𝐿 .𝑑𝑥 = 𝑘. 𝑥ଶ2𝐿− 𝑥ଷ3𝐿ଶ𝑥ଷ3𝐿ଶ ଴

௅ = 𝑘𝐿6𝑘𝐿3

2.2.8. Study of plan truss

𝑆𝑒𝑐𝑡𝑖𝑜𝑛 𝐴 = 0.0016𝑚²
Young Modulos 𝐸 = 2 × 10଼ 𝑚ସ
P=3 kN

The transformation matrix is   identical to that of the spring 

element, so the stiffness matrix of the compression tension bar 

element in the global frame is: 𝑲 = 𝑻 𝑻 𝒌 𝑻
𝑲 = 𝒍 𝟎𝒎 𝟎𝟎 𝒍𝟎 𝒎 𝑬𝑨𝑳 𝟏 −𝟏−𝟏 𝟏 𝒍 𝒎𝟎 𝟎 𝟎 𝟎𝒍 𝒎
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𝑲 = 𝑬𝑨𝑳 𝒍ଶ 𝒍𝒎𝒍𝒎 𝒎ଶ −𝒍ଶ −𝒍𝒎−𝒍𝒎 −𝒎ଶ−𝒍ଶ −𝒍𝒎−𝒍𝒎 −𝒎ଶ 𝒍ଶ 𝒍𝒎𝒍𝒎 𝒎ଶ
1

1

𝒙ᇱ

𝒙ᇱ𝒙
𝒚

1 2

2
2

For the truss above

Element 1 (bar1):𝐿 = 4 ; 𝑥’ 𝑥෢ = 0 ; 𝑥’ 𝑦෢ = 90 ;   𝑙 = 𝑐𝑜𝑠 0 = 1 ;  𝑚 =  𝑐𝑜𝑠 90 = 0
𝑘 ଵ = 𝐸𝐴. 0.25 −0.25−0.25 0.25      →
𝐾 ଵ = 𝐸𝐴 0.25 00 0 −0.25 00 0−0.25 00 0 0.25 00 0

Element 2 (bar 2)𝐿 = 3 ; (𝑥’ 𝑥෢ ) = 90 ; (𝑥’ 𝑦෢ ) = 0 ;   𝑙 = 𝑐𝑜𝑠(0) = 0 ;  𝑚 =  𝑐𝑜𝑠(90) = 1
𝑘 ଶ = 𝐸𝐴. 0.334 −0.334−0.334 0.334    →

𝐾 ଶ = 𝐸𝐴 0 00 0.334 0 00 −0.3340 00 −0.334 0 00 0.334
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Element 3 (bar 3)

L=5 ; 𝑙 = cos(𝑥’ 𝑥෢ ) = −ସହ = −0.8 ;  𝑚 = cos(𝑥’ 𝑦෢ ) = ଷହ = 0.6
𝑘 ଷ = 𝐸𝐴. 0.2 −0.2−0.2 0.2     →

𝐾 ଷ = 𝐸𝐴 0.128 −0.096−0.096 0.072 −0.128 0.0960.096 −0.072−0.128 0.0960.096 −0.072 0.128 −0.096−0.096 0.072
𝑫𝟏  ,𝑫𝟐 𝟐

𝟑

𝟏 𝑫𝟑  ,𝑫𝟒

𝑫𝟓  ,𝑫𝟔

For the truss in question, we have a total of 6 degrees of freedom, so we foresee a 6

x 6 matrix. The continuity of displacements is expressed by the following

relationships

𝐷 ଵ = 𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ
ଵ = 𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ ;            𝐷 ଶ = 𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ

ଶ = 𝐷ଵ𝐷ଶ𝐷ହ𝐷଺ ;
    

 𝐷 ଷ = 𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ
ଷ = 𝐷ଷ𝐷ସ𝐷ହ𝐷଺

These allow the creation of the table below:

00

0-0.250

0

0.25

0

-0.3330

000

0.333

0

0

0.096-0.128

0

-0.096

0.25

0.128

0-0.25𝐾 = 𝐸𝐴 ×
-0.0720.096

0

0.072

0

-0.096

00

0

-0.096

0

0.1280.096-0.128

00

0.333

0.072

0

-0.096-0.0720.096

-0.3330
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The global system will therefore be:

𝐹ଵ𝐹ଶ𝐹ଷ𝐹ସ𝐹ହ𝐹଺
== 𝐸𝐴 0.25 0 −0.250 0.333 0−0.25 0 0.378 0 0 00 0 −0.333−0.096 −0.128 0.0960 0 −0.0960 0 −0.1280 −0.333 0.096 0.072 0.096 −0.0720.096 0.128 −0.096−0.0072 −0.096 0.405

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺

Introduction of boundary conditions:

Node 1 : 𝐹ଵ = 𝑅௫ଵ ;   𝐹ଶ = −2𝑃 ; 𝐷ଵ = 0 ;   : 𝐷ଶ =?
Node 2 :: 𝐹ଷ = −𝑃 ;   𝐹ସ = 2𝑃 ; 𝐷ଷ =? ;   : 𝐷ସ =?
Node 3 : 𝐹ହ = 𝑅௫ଷ ;   𝐹଺ = 𝑅௬ଷ ;  𝐷ହ = 0 ;   : 𝐷଺ = 0
We take boundary conditions into account by eliminating the columns

corresponding to the blocked degrees of freedom and the rows corresponding to

the support reactions.

We then obtain the reduced system 𝐹 ∗ = 𝐾 ∗ 𝐷 ∗ suivant :

−2𝑃−𝑃2𝑃 = 𝐸𝐴 0.333 0 00 0.378 −0.0960 −0.096 0.072 𝑣ଵ𝑢ଶ𝑣ଶ
Which gives: 𝐷ଶ𝐷ଷ𝐷ସ = ௉ா஺ −6.00606.666736.6667 = −0.562500.62503.4375 × 10ିସ 𝑚

Determination of forces in the elements:

For each element: 𝑓 = 𝑘 𝑑 − 𝑓௘௤ ; Her  𝑓௘௤ =0
Element 1 :

𝐷 ଵ = 𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ = 0−0.562500.62503.4375 × 10ିସ 𝑚; 
 𝑑ଵ𝑑ଶ ଵ = 1 00 0 0 01 0 0−0.56250.62503.4375 × 10ିସ  = 00.6250 × 10ିସ 𝑚

𝑓ଵ𝑓ଶ ଵ = 𝐸𝐴 0.25 −0.25−0.25 0.25 × 10ିସ 00.6250 = −55 𝑘𝑁
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Element 2 :

𝐷 ଶ = 𝐷ଵ𝐷ଶ𝐷ହ𝐷଺ = 0−0.562500 × 10ିସ →
𝑑ଵ𝑑ଶ ଶ = 0 10 0 0 00 1 0−0.562500 × 10ିସ = −0.56250 × 10ିସ 𝑚
𝑓ଵ𝑓ଶ ଶ = 𝐸𝐴 0.333 −0.333−0.333 0.333 −0.56250 × 10ିସ = −66 𝑘𝑁

Element 3 :

𝐷 ଷ = 𝐷ଷ𝐷ସ𝐷ହ𝐷଺ = 0.6253.437500 × 10ିସ  →
 𝑑ଵ𝑑ଶ ଷ = −0.8 0.60 0 0 0−0.8 0.6 0.6253.437500 × 10ିସ = 1.56250 × 10ିସ 𝑚

𝑓ଵ𝑓ଶ ଷ = 𝐸𝐴. 0.2 −0.2−0.2 0.2 1.56250 × 10ିସ = 10−10 𝑘𝑁

2.2.9. Spatial trusses (3D trusses):

The bar is in space, the direction cosines of the local axis are noted:𝑙௫ = cos 𝑥ᇱ; 𝑥 ;  𝑙௬ = cos 𝑦ᇱ; 𝑦 ;    𝑙௭ = cos 𝑧ᇱ; 𝑧  , 
or simply:                            l, m, n

The transformation matrix will be:𝑇 = 𝑙 𝑚 𝑛 0 0 00 0 0 𝑙 𝑚 𝑛

The stiffness matrix in the global coordinate will be:

𝐾 = 𝐸𝐴𝐿
𝑙ଶ 𝑙𝑚 𝑙𝑛𝑙𝑚 𝑚ଶ 𝑚𝑛𝑙𝑛 𝑚𝑛 𝑛ଶ −𝑙ଶ −𝑙𝑚 −𝑙𝑛−𝑙𝑚 −𝑚ଶ −𝑚𝑛−𝑙𝑛 −𝑚𝑛 −𝑛ଶ−𝑙ଶ −𝑙𝑚 −𝑙𝑛−𝑙𝑚 −𝑚ଶ −𝑚𝑛−𝑙𝑛 −𝑚𝑛 −𝑛ଶ 𝑙ଶ 𝑙𝑚 𝑙𝑛𝑙𝑚 𝑚ଶ 𝑚𝑛𝑙𝑛 𝑚𝑛 𝑛ଶ

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.




