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2.1. Spring element and springs system:

2.1.1. Definition of the spring element, notations and sign 
conventions

𝒌𝒇𝟏 ;  𝒖𝟏 𝒇𝟐 ;  𝒖𝟐𝑳 𝒙𝟏 𝟐

2.1.2. Element Formulation :

The formulation of this element can be done in a simple 

way by the direct equilibrium method.

Let’s examine a spring subjected to a tension T at its 

ends.

k

L+∆L

T x
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T

By comparaison :  𝑓ଵ ൌ −𝑇 ;      𝑓ଶ ൌ 𝑇 
Which verifies the equilibrium.:    𝑓ଵ ൅ 𝑓ଶ ൌ −𝑇 ൅ 𝑇 ൌ 0 

𝒌𝒇𝟏 𝒇𝟐 𝒙𝟏 𝟐
k

T x
1 2

T

We have:     𝑇 = 𝑘∆𝐿 =  𝑘 𝑢ଶ − 𝑢ଵ∆𝐿 = 𝐿 + 𝑢ଶ − 𝑢ଵ − 𝐿 = 𝑢ଶ − 𝑢ଵ
Which gives:𝑓ଵ = −𝑘 𝑢ଶ − 𝑢ଵ = 𝑘 𝑢ଵ − 𝑢ଶ𝑓ଶ = 𝑘 𝑢ଶ − 𝑢ଵ = 𝑘 −𝑢ଵ + 𝑢ଶ
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Or in matrix form:𝑓ଵ𝑓ଶ = 𝑘 −𝑘−𝑘 𝑘 𝑢ଵ𝑢ଶ = 𝑘 1 −1−1 1 𝑑ଵ𝑑ଶ
The stiffness matrix of the spring element is:𝑘 = 𝑘 1 −1−1 1 2 kN

k1=1kN/mm 45°

2.1.3. Study of a spring system:

Let’s consider the spring system shown in the figure below.

3 kN

45°

1 2 x'

2.1.3.1. Determination of the equation systems of the 
elements:

x'

x'

1

The separate study of each of the springs 1, 2, and 3 

respectively gives:

𝑓 ଵ = 𝑘 ଵ 𝑢 ଵ = 𝑘ଵ 1 −1−1 1 𝑢ଵ𝑢ଶ ଵ → 𝑓ଵ𝑓ଶ ଵ = 10ଷ × 1 −1−1 1 𝑑ଵ𝑑ଶ ଵ
𝑓 ଶ = 𝑘 ଶ 𝑢 ଶ = 𝑘ଶ 1 −1−1 1 𝑢ଵ𝑢ଶ ଶ → 𝑓ଵ𝑓ଶ ଵ = 10ଷ × 2 −2−2 2 𝑑ଵ𝑑ଶ ଶ
𝑓 ଷ = 𝑘 ଷ 𝑢 ଷ = 𝑘ଷ 1 −1−1 1 𝑢ଵ𝑢ଶ ଶ → 𝑓ଵ𝑓ଶ ଷ = 10ଷ × 3 −3−3 3 𝑑ଵ𝑑ଶ ଷ
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2.1.3.2. Determination of the global system of the problem: 
Transformation of the different quantities from local coordinates to global 

coordinates:

If 𝑇 (called the transformation matrix) is the matrix that converts local 

coordinates to global coordinates such that:𝑑 = 𝑇 𝐷   𝑒𝑡 𝑓 = 𝑇 𝐹
Where : 𝑑  𝑎𝑛𝑑 𝑓 are the nodal displacements and nodal forces of the 

element in local coordinates, and 𝐷 𝑎𝑛𝑑 𝐹 are the nodal displacements and 

nodal forces of the element in global coordinates.

Tℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚:  𝒇 = 𝒌 𝒅 in local coordinates can be 

transformed as follows:𝑓 = 𝑘 𝑑 → 𝑇 𝐹 = 𝑘 𝑇 𝐷𝑇 ିଵ 𝑇 𝐹 = 𝑇 ିଵ 𝑘 𝑇 𝐷 →𝐹 = ( 𝑇 ିଵ 𝑘 𝑇 ) 𝐷𝐹 = 𝐾 𝐷  𝑤𝑖𝑡ℎ  𝐾 = 𝑇 ିଵ 𝑘 𝑇

We will check that 𝑇 is an orthogonal matrix:       →   𝑇 ିଵ= 𝑇 ்;

The stiffness matrix of the element in global

coordinates 𝐾 is then derived from the stiffness matrix

in local coordinates 𝑘 and the transformation matrix𝑇 by : 𝑲 = 𝑻 𝑻 𝒌 𝑻 𝒙

𝒚

𝜶𝜷
𝑫𝟏

𝑫𝟐

𝑫𝟑
𝑫𝟒

𝒙ᇱ

For a spring element having any direction in the plane of 

displacement:
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Noting:    𝑙௫ = cos(𝑥ᇱ , 𝑥)  𝑎𝑛𝑑  𝑙௬ = cos(𝑥ᇱ , 𝑦) 
We will have: 𝒅𝟏 = 𝒍𝒙𝑫𝟏 + 𝒍𝒚𝑫𝟐      𝑎𝑛𝑑  𝒅𝟐 = 𝒍𝒙𝑫𝟑 + 𝒍𝒚𝑫𝟒
In this case plan, to lighten the writing, we pose:𝑙௫ = 𝑙    𝑒𝑡  𝑙௬ = 𝑚 ;  which gives:

𝑻 = 𝒍 𝒎𝟎 𝟎 𝟎 𝟎𝒍 𝒎

The stiffness matrix of the spring element in global 

coordinates will be:

𝑲 = 𝒍 𝟎𝒎 𝟎𝟎 𝒍𝟎 𝒎 × 𝒌 𝟏 −𝟏−𝟏 𝟏 × 𝒍 𝒎𝟎 𝟎 𝟎 𝟎𝒍 𝒎
𝑲 = 𝒌 𝒍𝟐 𝒍𝒎𝒍𝒎 𝒎𝟐 −𝒍𝟐 −𝒍𝒎−𝒍𝒎 −𝒎𝟐−𝒍𝟐 −𝒍𝒎−𝒍𝒎 −𝒎𝟐 𝒍𝟐 𝒍𝒎𝒍𝒎 𝒎𝟐

Spring 1 : 𝒙’,𝒙 = 𝟎 → 𝒍 = 𝟏,𝒎 = 𝟎 → 𝑻 𝟏 = 𝟏 𝟎𝟎 𝟎 𝟎 𝟎𝟏 𝟎 ,

𝑲 𝟏 = 𝟏𝟎𝟑 × 𝟏 𝟎𝟎 𝟎 −𝟏 𝟎𝟎 𝟎−𝟏 𝟎𝟎 𝟎 𝟏 𝟎𝟎 𝟎

Spring 2 : 𝒙’,𝒙 = −𝟒𝟓° → 𝒍 = 𝟐𝟐 ,𝒎 = − 𝟐𝟐  → 
𝑻 𝟐 = 𝟐𝟐 𝟏 −𝟏𝟎 𝟎 𝟎 𝟎𝟏 −𝟏 , 

𝑲 𝟐 == 𝟏𝟎𝟑 × 𝟏 −𝟏−𝟏 𝟏 −𝟏 𝟏𝟏 −𝟏−𝟏 𝟏𝟏 −𝟏 𝟏 −𝟏−𝟏 𝟏
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Spring 3 : 𝒙’,𝒙 = 𝟒𝟓° → 𝒍 = 𝟐𝟐 ,𝒎 = 𝟐𝟐  → 
𝑻 𝟑 = 𝟐𝟐 𝟏 𝟏𝟎 𝟎 𝟎 𝟎𝟏 𝟏 , 

𝑲 𝟑 == 𝟏𝟎𝟑 𝟏.𝟓 𝟏.𝟓𝟏.𝟓 𝟏.𝟓 −𝟏.𝟓 −𝟏.𝟓−𝟏.𝟓 −𝟏.𝟓−𝟏.𝟓 −𝟏.𝟓−𝟏.𝟓 −𝟏.𝟓 𝟏.𝟓 𝟏.𝟓𝟏.𝟓 𝟏.𝟓
1

D1, D2
D3, D4

D5, D6

D7, D8

Assembly by the direct rigidity method:

2

3

4

Considering the continuity of displacements, we can write:

𝑫 𝟏 = 𝑫𝟏𝑫𝟐𝑫𝟑𝑫𝟒
𝟏 = 𝑫𝟏𝑫𝟐𝑫𝟑𝑫𝟒 ; 𝑫 𝟐 = 𝑫𝟏𝑫𝟐𝑫𝟑𝑫𝟒

𝟐 = 𝑫𝟑𝑫𝟒𝑫𝟓𝑫𝟔 ;  𝑫 𝟑 = 𝑫𝟏𝑫𝟐𝑫𝟑𝑫𝟒
𝟑 = 𝑫𝟑𝑫𝟒𝑫𝟕𝑫𝟖

For an element (k) of a structure composed of « m »

elements governed in the local reference frame by the system:𝑓 ௞ = 𝑘 ௞ 𝑑 ௞ and in the global reference frame by the

system 𝐹 ௞ = 𝐾 ௞ 𝐷 ௞;

Each 𝐹௜௞ is written as a function of all degrees of freedom of

the entire structure:
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𝐹ଵ௞ = 𝐾ଵଵ௞ 𝐷ଵ + 𝐾ଵଶ௞ 𝐷ଶ+. .  .𝐾ଵ௡௞ 𝐷௡𝐹ଶ௞ = 𝐾ଶଵ௞ 𝐷ଵ + 𝐾ଶଶ௞ 𝐷ଶ+. .  .𝐾ଶ௡௞ 𝐷௡..𝐹௡௞ = 𝐾௡ଵ௞ 𝐷ଵ + 𝐾௡ଶ௞ 𝐷ଶ+. .  .𝐾௡௡௞ 𝐷௡

If, for example, 𝑃௜ is the external force applied in the 

direction of the degree of freedom « i » then the equilibrium 

gives: 𝑃௜ = 𝐹௜ଵ + 𝐹௜ଶ+.  .   . +𝐹௜௠𝑃௜ = 𝐾ଵଵଵ +𝐾ଵଵଶ +. .  . +𝐾ଵଵ௠ 𝐷ଵ + 𝐾ଵଶଵ +𝐾ଵଶଶ +. .  . +𝐾ଵଶ௠ 𝐷ଶ+. .  . + 𝐾ଵ௡ଵ +𝐾ଵ௡ଶ +. .  . +𝐾ଵ௡௠ 𝐷௡ 𝑃௜ = 𝐾ଵଵ𝐷ଵ + 𝐾ଵଶ𝐷ଶ+. .  . +𝐾ଵ௡𝐷௡
With : 𝑲𝒊𝒋 = 𝑲𝒊𝒋𝟏 +𝑲𝒊𝒋𝟐 +. .  . +𝑲𝒊𝒋𝒎 = ∑ 𝑲𝒊𝒋𝒌𝒎𝒌ୀ𝟏

From this analysis we can derive the following algorithm for the

construction of the equations of the complete structure:

1. For each stiffness coefficient 𝑲𝒑,𝒒𝒌 of an element « k » we

determine its position (i , j) in the global matrix K, the first

index designates the force for which the equation is written

and the second designates the number of the degree of

freedom considered.

2. We provide a table having the form of a square matrix

whose order is equal to the total number of degrees of

freedom of the structure, each of the elements of the table

is identified by two indices i, j.

3. We place each stiffness coefficient of element 1 in the

case corresponding to row i and column j.
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4. Operations 1 and 3 above are repeated for each element

until all the elements are used up. If a coefficient is to be

positioned in a location already occupied, it is the sum of

the two values that will be placed, thus obtaining the

complete system of stiffness coefficients

0-101
0000

-1.5-1.5
1-1

0
-1
1.5

1
1
1.5

0-1

-1.5-1.5
-11

0
1
1.5

0
-1
1.5

00𝐊 = 𝟏𝟎𝟑 ×
-111-1
1-1-11

1.51.5-1.5-1.5

1.51.5-1.5-1.5

The global system is:

𝐹ଵ𝐹ଶ𝐹ଷ𝐹ସ𝐹ହ𝐹଺𝐹଻𝐹
= 10ଷ ×

10−100000

00000000

−103.50.5−11−1.5−1.5

000.52.51−1−1.5−1.5

00−111−100

001−1−1100

00−1.5−1.5001.51.5

00−1.5−1.5001.51.5

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺𝐷଻𝐷଼

2.1.3.3 Introduction of boundary conditions:

We have:   𝐹ଵ = 𝑅௫ଵ , 𝐹ଶ = 𝑅௬ଵ ,   𝐹ଷ= 2 𝑘𝑁,  𝐹ସ = 3 𝑘𝑁, 𝐹ହ = 𝑅௫ଷ ,  𝐹଺ = 𝑅௬ଷ ,   𝐹଻= 𝑅௫ସ ,   𝐹 = 𝑅௬ସ
𝐷ଵ =   𝐷ଶ = 0 ,𝐷ଷ =?   𝐷ସ =?   ,𝐷ହ = 𝐷଺ =  𝐷଻ = 𝐷଼ = 0
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Note that in this system , the columns corresponding to the

blocked degrees of freedom will be multiplied by 0 and that the

corresponding rows introduce unknown support reactions, not

principal in this calculation phase, we can therefore form the

reduced system, noted: 𝐹 ∗ = 𝐾 ∗ 𝐷 ∗ by eliminating these

columns and these rows. (Columns corresponding to the blocked

degrees of freedom and rows corresponding to the support

reactions)

2−3 = 10ଷ × 3.5 0.50.5 2.5  𝐷ଷ𝐷ସ
The resolution gives the displacements at nodes 2.𝐷ଷ𝐷ସ = 10ିସ × 7.647−13.529

2.1.3.4. Determination of the forces at the nodes of the 

elements

To calculate the forces at the nodes of an element "i" (here 

spring), we deduce 𝑫 𝒊 from the degrees of freedom of the 

structure 𝑫 using the continuity of the displacements, 

then we determine its degrees of freedom in local reference 

by the formula::  𝒅 𝒊 = 𝑻 𝒊 𝑫 𝒊

Finally, we use the systems of elements in local reference𝒇 𝒊 = 𝒌 𝒊 𝒅 𝒊 to determine the nodal forces of the

element, we will therefore have:
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Spring 1 : 𝑫 𝟏 = 𝑫𝟏𝑫𝟐𝑫𝟑𝑫𝟒 = 007.647−13.53 10ିସ    → 𝒅 𝟏 = 𝐓 𝟏 𝐷 𝟏

𝒅 𝟏 = 𝒅𝟏𝒅𝟐 𝟏 = 𝟏 𝟎𝟎 𝟎 𝟎 𝟎𝟏 𝟎 007.647−13.529 10ିସ = 00.000765 𝑚
𝒇 𝟏 = 𝒌 𝟏 𝒅 𝟏 → 𝒇𝟏𝒇𝟐 𝟏 = 𝟏𝟎𝟑 1 −1−1 1 00.000765 = −0.7650.765 𝑘𝑁

Spring 2 : 𝑫 𝟐 = 𝑫𝟑𝑫𝟒𝑫𝟓𝑫𝟔 = 7.65−13.5300 10ିସ → 𝒅 𝟐 = 𝐓 𝟐 𝐷 𝟐 =
𝒅 𝟐 = 𝒅𝟏𝒅𝟐 𝟐 = 𝟐𝟐 1 −10 0 0 01 −1 7.65−13.5300 10ିସ = 0.0014970 𝑚
𝒇 𝟐 = 𝒌 𝟐 𝒅 𝟐 → 𝒇𝟏𝒇𝟐 𝟐 = 2 −2−2 2 𝟏𝟎𝟑 0.0014970 = 3−3 𝑘𝑁

Spring 3 : 𝑫 𝟑 = 𝑫𝟑𝑫𝟒𝑫𝟕𝑫𝟖 = 7.647−13.5300 10ିସ → 𝒅 𝟑 = 𝐓 𝟑 𝐷 𝟑

𝒅 𝟑 = 𝒅𝟏𝒅𝟐 𝟑 = 𝟐𝟐 1 10 0 0 01 1 7.647−13.5300 10ିସ = −0.0004160 𝑚
𝒇 𝟑 = 𝒌 𝟑 𝒅 𝟑 → 𝒇𝟏𝒇𝟐 𝟑 = 3 −3−3 3 𝟏𝟎𝟑 −0.0004160 = −1.251.25 𝑘𝑁
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