University of M’sila. Faculty of Technology. Department of civil engineering.

Finite element method Lecturer: A. HAMITOUCHE.

Recapitulative
Récapitulatif

1. Approximation of displacement fields of some elements:
(Approximation des champs de déplacements de quelques ¢léments)

1.1. Two-nodes tension—compression bar element:
(Elément barre de traction-compression a deux nceuds)

U=u et {d} 2{22} = {Z:},
u=Nx =N Mid=|1-7 I|x@

1.2. Two-nodes torsion bar element:
(Elément barre de torsion a deux nceuds)

U=0, et{d = {Z;} ={z$},

=V x (@ =N M@= |17 F|x{@

1.3 Two-nodes bending bar element (Beam element in the x-y plane)
Elément barre de flexion a deux nceuds (Elément poutre dans le plan x-y)

1.3.1 Standard element: (Elément standard)

dy V1
_ (v _)dx( _ )6,
U= {0} et {d} = dy( = )v2 with 6 = 0, =—
d4_ 02
3x2 23 2x% X3 3x2 23 x2 %3
= V] X {d) = | 1 JELE L ke
=t Tt T L 12
dv 6x 6x2 4x 3x* 6x 612 2x 3x?
0= X d—[—_ - 4 = =_= _== _de
Ix = [N'] x {d} 7zt T3 1 Tt T AR {d}
1.3.2 Left hinged beam element : (Elément articulée a gauche)
3x x3 3x x° x x3
x {d} = = - _ = I x{d
= INIx {dj =11 2L ZL3 0 2L 2L3 Z 2t 2L% @
dv 3x2 3 3x2 1 3x?
0="2= VI x (@)= -2 0o > 3% % | < @
dx 2L 213 2L 212 2122
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1.3.3 Right hinged beam element: (Elément articulé a droite)

3x2 X3 3x2  x3 3x2 X3
v=NIx (@ =|1-25 2 2, -2 o]x@

212 213 X7 72L T212 212 213

dv 3x 342 3x 3x% 3x 3x2
0=—=|Nx{d}=|-— L2 4y 222 x {d
oW @=|-5 3 1 T 33 o)

1.3.4 Hinged beam element at its two nodes: (Elément articulé a ses deux noeuds)

X X
v=[1V]><{az}=[1—Z o o]x{d}
d
0==INIx (@=|-7 0 7 ox@

1.4 Two-nodes tension—compression and bending bar element (2D frame element in the x-y
plane): Elément barre de traction —compression et de flexion a deux nceuds (Elément portique 2D
dans le plan x-y)

(d1)

Uy
u dz (1711
d; 0,
U—{Z}et{d}—<d4>— u, (7 0=0,
ds V2
\d,) 02

1.4.1 Standard 2D Frame element:

X

u=[1—§ 0 0 > 0 0x{d}

w=lo 1 3x2+2x3 2x2+x3 0 3x% 2x3 x2+x3 « {d)
z 2 YL L 2 13 L1
__dw _ 6x 6x° 4x 3x? 6x 6x2 2x 3x? « {d)
ax I ptE Tt e Tt
1.4.2 Left hinged 2D Frame element:
u:[1—f 0 0 f 0 0|x{d}
3x a3 3x a3 x 3
v=Nx @=|o 1-24 2 ¢ o Z_ X X, 2 xa
ZL-I_ZL3 2L 2L3 Z-I_ZL2
dv 3 32 3 32 1 3x?
0 =—=[N]x {d} = _ 22 4+ ——|x{d
dx[]{}[o Ttam 00 22 Sarh|x@
1.4.3 Right hinged 2D Frame element:
X X
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3x2 X3 3x2 X3 3x2 X3
—NIx () =lo 1-25 4 X0 x 2L X XX | x @)
212 213 X7 2L T 212 212 213
dv 3x 3x2 3x 3x? 3x 3x2
o="2=IVIx (@=lo 32,55 (3,50 o 33 o|x @
dx L2 2L3 L 2L2 L2 2L3

1.4.4 Hinged 2D Frame element at its two nodes:
u=|1- 200 X
B L L

X X
v=[N]x{d}=[o 1-7 0 0 7 OJx{d}

dv

—=IVIx =[]0 -7 0 0 7 o|x@

1.5. Bending and Torsion Bar Element (crossed beam element)

(dq) wi
w dz le
d 1
= 0 = 3 = y
Y {Gx}, @ <d4> W2 [°
y d 0
5 x2
\d6J eyZ
Standard Crossed Beam element:
w=l1 3x2+2x3 0 +2x2 x3 3x% 2x3 0 x2 stx{d}
1z I3 YT 123 L IZ
X X
6,=[0 1-7 0 0 7 0|x{d}
dw 2 2 2
o,=- =[S 0 o g dx 3 ox o, Zx, 3
dx 12 3 L L2 L2 I3 L L2

1.6. Three nodes Plane Elasticity Triangular element (Elément triangulaire d'élasticité plane a
trois noeuds)

fd1\ rul\

d, (2]

u d u
={v},{d}=<dz>= {vo
d5 Us

\d6j \UBJ
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{u}z[Nl 0O N, 0 N; 0]<d3
v 0O N O N, 0 N

ds
\d/

1

N, = ﬂ[(xzys —Y2x3) + x(¥2 —y3) + y(x3 — x2)]
1

N, = ﬂ[(yle —x1Y3) +x(¥y3 —y1) + y(x1 — x3)]

1
N3 = ﬂ[( X1Y2 — Y1X2) + x(y1 — y2) + ¥(xz — x1)]

A is the area of the triangular element and {x;, y;} are the coordinates of its nodes

1 % »n
20= 11 x, vy,

1 x3 y;

1.7 Tetrahedral element (Volumic four nodes element):

u
U={v},{d}=ld1 dy d3 dy ds de d; dg dy dyg dig dip]"
w

{d}=|u1 v1 Wi Uy V3 Wy Uz V3 Wz Uy Uy Wy|T
u N, 0O 0 N, O 0 N, 0 O N, 0 0

U= {v},: O NN O 0 N, 0 O N, 0 0 N, Ol{ad}
w o 0 N 0O 0 N, 0 0 N; 0 0 N,

1
Ni = Li =W(ai +b,-x+ciy+diz)

Where:

V' is the volume of the tetrahedral element

1 1 1 1
_ X1 Xz X3 X
6V = det Yi Y2 Y3 Ya

Z1 2y Z3z Zy
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x2 X3 X4 x1 X3 X4 x1 xz X4,
ci1p=det|Y2 Y3 Ya|; cip=det|Y1 Y3 Yal|; ciz=det|Y1 V2 Ya
Zy Z3 Zy Z1 Z3 Zy Z1 Zp Za

X1 X2 X3

C14, = det 3’1 3’2 y3

21 Zp Z3

2 Stiffness matrices of some elements: (Matrices de rigidités de quelques ¢léments)
Let [T], [k], and [K] denote respectively the transformation matrix, the stiffness matrix in the local
frame, and the stiffness matrix in the global frame. ((Notons respectivement par [T] , [k] et [K] la matrice de

transformation, la matrice de rigidité dans le repére local et la matrice de rigidité dans le repere global)

2.1 Spring element : Elément ressort :

Il m 0 0 1 -1 ? Im - -lm
T = [ ] [k] = k[ ] _ Im m* -—-lm -m?
0 0 I m -1 1 [K]=k 2 —tm P Im
-lm -m? Im m?
2.2 Two-node tension—compression bar element:
(Elément barre de traction compression a deux nceuds)
[t m 0 O _Ear1 -1 ? tm -1* -lm
T= [0 0 I m] [k] = L [—1 1] K] _EAl tm m? —tm -m?
L|-I* -Ilm > Im
-lm -m? Im m?

2.3. Bending bar element (Beam element) (Elément barre de flexion (Elément poutre))
in the x-y plane: 1 =1,,0 =80,
2.3.1 Standard Beam element:
ol o ar e 21
[k] = [K] =

~13|-12 —-6L 12 -6L
6L 2L —6L 4L>

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method. Lecturer: A. HAMITOUCHE.



2.3.2 Left hinged Beam element:

3 3 1
sz_zez
10 -1 L
k]:3E1z 00 0 0
Z|-1 0 1 -L

L 0 —L I

2.3.3 Right hinged Beam element:

3 [-1 -L 1 0

0 0 0 O
2.3.4 Beam element hinged at its two nodes:
—V1 V2
91 = T + T 92

1 0 -1 0

(K] 3Elbfo 0 o0 o0

3 (-1 0 1 O

0O 0 0 O

2.4 Bending and tension compression barre element (2D frame element) (Elément barre se flexion
et traction compression (Elément portique 2D))

In the x-y local coordinates: 1 =1,,0 =0,

Il m 0 00 0
-m L 0 0 0 0
r-|0 01 000
000 [ moO
000 -m L O
Looo o o0 1
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2.4.1 Standard 2D Frame element:

A 0 0 —-A 0 0
121 61 —121 61
L2 L L2 L
0o ¥ 4 o o 4
M=7|_, & L
LI—-A 0 0 A 0 0
—121 -6I 121 -6I
L2 L L2 L
o & o o0 ¥ 4
| L L i
(A s 12 1 (4 121 6ml o, 121 , p (a4 121 6mH
H(ar+pm?) wm(a-T7) - - (ar+pmt) om(a-Tr) -0
I (A 12[) +(A 2_l_lzllz) 6ll i (A 121) (A 2_|_12112) 6ll
m 12 TR L m 12 Mz L
6ml 6ll Al 6ml 6ll 21
[K]=E L L L L
L (Al2+ 2) ! (A 121) 6ml +(Al2+121 2) H (A 121) 6ml
z M m 12 L z™ m 12 L
1 (4 121 Amz s 1212 6l 1 (4 121 Amz s 1212 6!
‘“‘( ‘?) ‘(“‘*?) 1T +“‘( ‘?) +(“‘+?) T
6ml 6ll 21 6ml 6ll Al
L L L L
2.4.2 Left hinged 2D Frame element
r A 0 0 -4 0 0
31 31 31
0 Iz 0 0 Zz I
0O 0 O 0 0 O
[k]==[-4 0 0 A 0 0
0 —-31 0 31 -3I
L? L2 L
0 31 —-31 3]
L L
) ) L l 31 3ml
+(Al +—2m) +lm(A——2) 0 —(A +Fm —im A—F - L
31 , 31, I , 31\ 3l
+lm<A—F) +(Am +Fl> 0 —lm(A—ﬁ) —(Am +§l) T
0 0 0 0 0 0
K] = - 31 31 31 31y 3ml
L —(Alz+§m2) —lm(A——Z) 0 +(Al2+§m2) +lm(A—§) T
31 , 31, 31 , 31\ 3l
—lm(A—§> —(Am +§l> 0 +lm<A—§) +(Am +§l) T
3ml 311 3ml 311 31
L L L L
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2.4.3 Right hinged 2D Frame element

L]

=~
(=]
| <

[+ (Al2 +§m2) +Im (A—%) —%
+im(A-3) +(Am?+312) T
K] =3 - " 31
—(Al2 +§m2) —Ilm (A—%) 3ml
—lm (A - 3) - (Am2 +§l2) -=
0 0 0

2.4.5 2D Frame element hinged at its two nodes

r A 0
31
O Iz
_El o o
-3
0 Iz
0 0

r 31 31
+ (Al2 + ﬁmz) +Im (A - —)

LZ
31 31
+Im (A_§> +(Am2 +§l2
K] _E 0 0
L 2 31 2 31
—<Al +§m) —lm(A—ﬁ)
31 2 31 2
—lm<A—§) —(Am +Fl
0 0

)
)

- (Al2 +§m2) —Im (A -

—Im (A - ﬂ) - (Am2 +§l2

3ml 3l

+ (Al2 +§m2) +Im (A -

(=]

(==

(=]

0 0
-4 0 O
=31
0 Iz
0 0
A 0 O
31
0 Iz 0
0 0 O -

31
12

31
12

)

+ (Am2 + % lz)

oo © © © o

(=T

(=]

c J
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2.5. Bending and Torsion Bar Element (crossed beam element): (Elément barre de torsion et de

flexion (Elément poutre croisée)

Standard Crossed Beam element

1 0 0
0 l m
0 —m I
TI=1"% "0 o
0 0 O
-0 0 O
‘121, —6l,
L? L
Ji
0 2(1+v) 0
—6l,
E L 41}’
k| =—
L| —121 61
L? L
-]
0 2(1+v) 0
—61
- 0 21,
121 6ml —6ll
2 L L
6ml 2 J
L (2(1 ot 4m2'> fm (2(1 +v) 41)
—6ll Ji m?J
g L ™ (2(1 Tv) 1) (m* ‘””)
(K] = L|—121 —6ml 6ll
L2 L L
6ml -1 ]
L (2(1+v)+2m21> _lm(2(1+u)+2')
—6lI J -m?J 5
L “"’(m”’) (2(1+v)+21 ’)

0 0 07
0 0 O
0 0 O
1 0 0
0 [ m
0O —m [
—121 —61,
y y
L2 0
0 —J
2(1+v)
61
y
T 2y
121y 6Iy
L2 L
J
0 2(1+v) 0
61,
- 0o 4l
—121 6ml —6lI
L2 L L
—6ml —13 )
L (2(1+v) +2m 1) _lm(2(1+v)+21>
61l J -m?] )
121 —6mlI 611
2 L L
6ml 2y 5 J
L (2(1+v)+4m ') lm<2(1+v)_4')
611 J m?] 5
m ’"‘(m‘ ) <2(1 o T ’)

1.6. Three nodes Plane Elasticity Triangular element (Elément triangulaire d'élasticité plane a trois

neeuds)
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Where: A is the area of the triangular element and t is its thickness

1 [Y2— Y3 0 Y3~ Y1 0 Y1~ Y2 0
[B]ZZ_A 0 X3 — X2 0 X1 — X3 0 Xy — Xq
X3 =Xz Y27Y3 X1—X3 Y3—Y1 X2—X1 Y1—)2
1 v 0
E
[C] = > v 1 121) in the plane stresses case
“%lo o
2
1-v v 0
E v 1-v 0
[C] = 1 — 2p|in the plane deformations case
1+v)(1-2v) 0 0

2

1.7 Tetrahedral element (Volumic four nodes element): (Elément tétraédrique a 4 nceuds)

1 —v v v 0 0 0
v 1-v v 0 0 0
(] = E v v 1-v 0 0 0
(1-2v)(1+v)| 0 0 0 (1-2v)/2 0 0
' 0 0 0 0 (1-2v)/2 0
| 0 0 0 0 0 (1-2v)/2]

10
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