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Recapitulative 
Récapitulatif 

1. Approximation of displacement fields of some elements:
(Approximation des champs de déplacements de quelques éléments)

1.1.  Two-nodes tension–compression bar element:  
(Elément barre de traction-compression à deux nœuds) 

𝑼𝑼 = 𝒖𝒖      𝒆𝒆𝒆𝒆  {𝒅𝒅}   = �𝒅𝒅𝟏𝟏𝒅𝒅𝟐𝟐
�  = �

𝒖𝒖𝟏𝟏
𝒖𝒖𝟐𝟐� ,

  𝒖𝒖 = [𝑵𝑵] ×  {𝒅𝒅} = ⌊𝑵𝑵𝟏𝟏       𝑵𝑵𝟐𝟐⌋{𝒅𝒅} =  �𝟏𝟏 −
𝒙𝒙
𝑳𝑳

𝒙𝒙
𝑳𝑳
� × {𝒅𝒅}   

1.2. Two-nodes torsion bar element: 
(Elément barre de torsion à deux nœuds) 

𝑼𝑼 = 𝜽𝜽𝒙𝒙      𝒆𝒆𝒆𝒆  {𝒅𝒅}   = �𝒅𝒅𝟏𝟏𝒅𝒅𝟐𝟐
�  = �𝜽𝜽𝒙𝒙𝒙𝒙𝜽𝜽𝒙𝒙𝒙𝒙

� ,

𝜽𝜽𝒙𝒙 = [𝑵𝑵] × {𝒅𝒅} = ⌊𝑵𝑵𝟏𝟏       𝑵𝑵𝟐𝟐⌋{𝒅𝒅} =  �𝟏𝟏 −
𝒙𝒙
𝑳𝑳

𝒙𝒙
𝑳𝑳
� × {𝒅𝒅} 

1.3 Two-nodes bending bar element (Beam element in the x‑y plane) 
Elément barre de flexion à deux nœuds (Elément poutre dans le plan x-y) 

1.3.1 Standard element: (Elément standard) 

 𝑼𝑼 = �𝒗𝒗𝜽𝜽�          𝒆𝒆𝒆𝒆  {𝒅𝒅} = �

𝒅𝒅𝟏𝟏
𝒅𝒅𝟐𝟐
𝒅𝒅𝟑𝟑
𝒅𝒅𝟒𝟒

�  =   �

𝒗𝒗𝟏𝟏
𝜽𝜽𝟏𝟏
𝒗𝒗𝟐𝟐
𝜽𝜽𝟐𝟐

�  𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝜽𝜽 = 𝜽𝜽𝒛𝒛 = 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

 

𝑽𝑽 = [𝑵𝑵] × {𝒅𝒅} = � 𝟏𝟏 −
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
+
𝟐𝟐𝟐𝟐𝟑𝟑

𝑳𝑳𝟑𝟑
    𝒙𝒙 −

𝟐𝟐𝟐𝟐𝟐𝟐

𝑳𝑳
+
𝒙𝒙𝟑𝟑

𝑳𝑳𝟐𝟐
     𝟑𝟑𝟑𝟑

𝟐𝟐

𝑳𝑳𝟐𝟐
−
𝟐𝟐𝟐𝟐𝟑𝟑

𝑳𝑳𝟑𝟑
   −   

𝒙𝒙𝟐𝟐

𝑳𝑳
+
𝒙𝒙𝟑𝟑

𝑳𝑳𝟐𝟐
 � × {𝒅𝒅} 

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] × {𝒅𝒅} = �−𝟔𝟔𝟔𝟔
𝑳𝑳𝟐𝟐

+
𝟔𝟔𝟔𝟔𝟐𝟐

𝑳𝑳𝟑𝟑
𝟏𝟏 −

𝟒𝟒𝟒𝟒
𝑳𝑳

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
𝟔𝟔𝟔𝟔
𝑳𝑳𝟐𝟐

−
𝟔𝟔𝟔𝟔𝟐𝟐

𝑳𝑳𝟑𝟑
−
𝟐𝟐𝟐𝟐
𝑳𝑳

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
� × {𝒅𝒅} 

1.3.2 Left hinged beam element : (Elément articulée à gauche) 

𝒗𝒗 = [𝑵𝑵] ×  {𝒅𝒅} = � 𝟏𝟏 −
𝟑𝟑𝒙𝒙
𝟐𝟐𝑳𝑳

+
𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟑𝟑
− 𝟎𝟎      𝟑𝟑𝒙𝒙

𝟐𝟐𝑳𝑳
−

𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟑𝟑
   −

𝒙𝒙
𝟐𝟐

+
𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟐𝟐
 � × {𝒅𝒅}

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] × {𝒅𝒅} = �− 𝟑𝟑
𝟐𝟐𝟐𝟐

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝑳𝑳𝟑𝟑
𝟎𝟎

𝟑𝟑
𝟐𝟐𝟐𝟐

−
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑
−
𝟏𝟏
𝟐𝟐

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟐𝟐
� × {𝒅𝒅} U
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1.3.3 Right hinged beam element: (Elément articulé à droite) 

𝒗𝒗 = [𝑵𝑵] × {𝒅𝒅} = � 𝟏𝟏 −
𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝑳𝑳𝟐𝟐
+

𝒙𝒙𝟑𝟑

𝟐𝟐𝟐𝟐𝟑𝟑
    𝒙𝒙 −

𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐
+

𝒙𝒙𝟑𝟑

𝟐𝟐𝟐𝟐𝟐𝟐
     𝟑𝟑𝒙𝒙

𝟐𝟐

𝟐𝟐𝑳𝑳𝟐𝟐
−

𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟑𝟑
  0 � × {𝒅𝒅} 

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] × {𝒅𝒅} = �−
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

 +
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑
𝟏𝟏 −

𝟑𝟑𝟑𝟑
𝑳𝑳

+
𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐𝟐𝟐
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

−
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑
𝟎𝟎� × {𝒅𝒅} 

1.3.4 Hinged beam element at its two nodes: (Elément articulé à ses deux nœuds) 

𝒗𝒗 = [𝑵𝑵] ×  {𝒅𝒅} = � 𝟏𝟏 −
𝒙𝒙
𝑳𝑳

    𝟎𝟎      
𝒙𝒙
𝑳𝑳

  0 � × {𝒅𝒅} 

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] × {𝒅𝒅} = � −
𝟏𝟏
𝑳𝑳

𝟎𝟎
𝟏𝟏
𝑳𝑳

𝟎𝟎� × {𝒅𝒅} 

 

1.4 Two-nodes tension–compression and bending bar element (2D frame element in the x‑y 
plane): Elément barre de traction –compression et de flexion à deux nœuds (Elément portique 2D 
dans le plan x-y)   

𝑼𝑼 = �
𝒖𝒖
𝒗𝒗
𝜽𝜽
�  𝒆𝒆𝒆𝒆 {𝒅𝒅} =

⎩
⎪
⎨

⎪
⎧
𝒅𝒅𝟏𝟏
𝒅𝒅𝟐𝟐
𝒅𝒅𝟑𝟑
𝒅𝒅𝟒𝟒
𝒅𝒅𝟓𝟓
𝒅𝒅𝟔𝟔⎭
⎪
⎬

⎪
⎫

=

⎩
⎪
⎨

⎪
⎧
𝒖𝒖𝟏𝟏
𝒗𝒗𝟏𝟏
𝜽𝜽𝟏𝟏
𝒖𝒖𝟐𝟐
𝒗𝒗𝟐𝟐
𝜽𝜽𝟐𝟐⎭
⎪
⎬

⎪
⎫

,    𝜽𝜽 = 𝜽𝜽𝒛𝒛 

1.4.1 Standard 2D Frame element: 
       𝒖𝒖 = �𝟏𝟏 − 𝒙𝒙

𝑳𝑳
𝟎𝟎 𝟎𝟎 𝒙𝒙

𝑳𝑳
𝟎𝟎 𝟎𝟎� × {𝒅𝒅} 

𝒘𝒘 = �𝟎𝟎 𝟏𝟏 −
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
+
𝟐𝟐𝟐𝟐𝟑𝟑

𝑳𝑳𝟑𝟑
𝒙𝒙 −

𝟐𝟐𝟐𝟐𝟐𝟐

𝑳𝑳
+
𝒙𝒙𝟑𝟑

𝑳𝑳𝟐𝟐
𝟎𝟎

𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
−
𝟐𝟐𝟐𝟐𝟑𝟑

𝑳𝑳𝟑𝟑
−
𝒙𝒙𝟐𝟐

𝑳𝑳
+
𝒙𝒙𝟑𝟑

𝑳𝑳𝟐𝟐
� × {𝒅𝒅} 

𝜽𝜽 = −
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= �𝟎𝟎 −
𝟔𝟔𝟔𝟔
𝑳𝑳𝟐𝟐

+
𝟔𝟔𝟔𝟔𝟐𝟐

𝑳𝑳𝟑𝟑
𝟏𝟏 −

𝟒𝟒𝟒𝟒
𝑳𝑳

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
𝟎𝟎

𝟔𝟔𝟔𝟔
𝑳𝑳𝟐𝟐

−
𝟔𝟔𝟔𝟔𝟐𝟐

𝑳𝑳𝟑𝟑
−
𝟐𝟐𝟐𝟐
𝑳𝑳

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
� × {𝒅𝒅} 

1.4.2 Left hinged 2D Frame element: 
       𝒖𝒖 = �𝟏𝟏 − 𝒙𝒙

𝑳𝑳
𝟎𝟎 𝟎𝟎 𝒙𝒙

𝑳𝑳
𝟎𝟎 𝟎𝟎� × {𝒅𝒅} 

𝒗𝒗 = [𝑵𝑵] × {𝒅𝒅} = �0 𝟏𝟏 −
𝟑𝟑𝒙𝒙
𝟐𝟐𝑳𝑳

+
𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟑𝟑
0 0

𝟑𝟑𝒙𝒙
𝟐𝟐𝑳𝑳

−
𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟑𝟑
−
𝒙𝒙
𝟐𝟐

+
𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟐𝟐
� × {𝒅𝒅} 

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] ×  {𝒅𝒅} = �𝟎𝟎 −
𝟑𝟑
𝟐𝟐𝟐𝟐

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑 𝟎𝟎 𝟎𝟎
𝟑𝟑
𝟐𝟐𝟐𝟐

−
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑
−
𝟏𝟏
𝟐𝟐

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟐𝟐
� × {𝒅𝒅} 

1.4.3 Right hinged 2D Frame element: 

       𝒖𝒖 = �𝟏𝟏 −
𝒙𝒙
𝑳𝑳

𝟎𝟎 𝟎𝟎 𝒙𝒙
𝑳𝑳

𝟎𝟎 𝟎𝟎� × {𝒅𝒅} 
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𝒗𝒗 = [𝑵𝑵] ×  {𝒅𝒅} = �0 𝟏𝟏 −
𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝑳𝑳𝟐𝟐
+

𝒙𝒙𝟑𝟑

𝟐𝟐𝟐𝟐𝟑𝟑
𝒙𝒙 −

𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐
+

𝒙𝒙𝟑𝟑

𝟐𝟐𝟐𝟐𝟐𝟐
0

𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝑳𝑳𝟐𝟐
−

𝒙𝒙𝟑𝟑

𝟐𝟐𝑳𝑳𝟑𝟑
0� × {𝒅𝒅} 

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] ×  {𝒅𝒅} = �𝟎𝟎 −
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑
𝟏𝟏 −

𝟑𝟑𝟑𝟑
𝑳𝑳

+
𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐𝟐𝟐
𝟎𝟎

𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

−
𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐𝟐𝟐𝟑𝟑
𝟎𝟎� × {𝒅𝒅} 

1.4.4 Hinged 2D Frame element at its two nodes: 

𝒖𝒖 = �𝟏𝟏 −
𝒙𝒙
𝑳𝑳

𝟎𝟎 𝟎𝟎
𝒙𝒙
𝑳𝑳

𝟎𝟎 𝟎𝟎� × {𝒅𝒅} 

𝒗𝒗 = [𝑵𝑵] × {𝒅𝒅} = �0 𝟏𝟏 −
𝒙𝒙
𝑳𝑳 0 0

𝒙𝒙
𝑳𝑳

0� × {𝒅𝒅} 
 

𝜽𝜽 =
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= [𝑵𝑵′] × {𝒅𝒅} = �𝟎𝟎 −
𝟏𝟏
𝑳𝑳

𝟎𝟎 𝟎𝟎
𝟏𝟏
𝑳𝑳

𝟎𝟎� × {𝒅𝒅} 

1.5. Bending and Torsion Bar Element (crossed beam element) 

𝑼𝑼 = �
𝒘𝒘
𝜽𝜽𝒙𝒙
𝜽𝜽𝒚𝒚
�  , {𝒅𝒅} =

⎩
⎪
⎨

⎪
⎧
𝒅𝒅𝟏𝟏
𝒅𝒅𝟐𝟐
𝒅𝒅𝟑𝟑
𝒅𝒅𝟒𝟒
𝒅𝒅𝟓𝟓
𝒅𝒅𝟔𝟔⎭
⎪
⎬

⎪
⎫

=

⎩
⎪
⎨

⎪
⎧
𝒘𝒘𝟏𝟏
𝜽𝜽𝒙𝒙𝒙𝒙
𝜽𝜽𝒚𝒚𝒚𝒚
𝒘𝒘𝟐𝟐
𝜽𝜽𝒙𝒙𝒙𝒙
𝜽𝜽𝒚𝒚𝒚𝒚⎭

⎪
⎬

⎪
⎫

,     

 Standard Crossed Beam element: 

𝒘𝒘 = �𝟏𝟏 −
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
+
𝟐𝟐𝟐𝟐𝟑𝟑

𝑳𝑳𝟑𝟑
𝟎𝟎 −𝒙𝒙 +

𝟐𝟐𝟐𝟐𝟐𝟐

𝑳𝑳
−
𝒙𝒙𝟑𝟑

𝑳𝑳𝟐𝟐
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
−
𝟐𝟐𝟐𝟐𝟑𝟑

𝑳𝑳𝟑𝟑
𝟎𝟎

𝒙𝒙𝟐𝟐

𝑳𝑳
−
𝒙𝒙𝟑𝟑

𝑳𝑳𝟐𝟐
� × {𝒅𝒅} 

      𝜽𝜽𝒙𝒙 = �𝟎𝟎 𝟏𝟏 − 𝒙𝒙
𝑳𝑳

𝟎𝟎 𝟎𝟎 𝒙𝒙
𝑳𝑳

𝟎𝟎� × {𝒅𝒅} 
 

𝜽𝜽𝒚𝒚 = −
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= �𝟔𝟔𝟔𝟔
𝑳𝑳𝟐𝟐

−
𝟔𝟔𝟔𝟔𝟐𝟐

𝑳𝑳𝟑𝟑
𝟎𝟎 𝟏𝟏 −

𝟒𝟒𝟒𝟒
𝑳𝑳

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
𝟔𝟔𝟔𝟔
𝑳𝑳𝟐𝟐

−
𝟔𝟔𝟔𝟔𝟐𝟐

𝑳𝑳𝟑𝟑
𝟎𝟎 −

𝟐𝟐𝟐𝟐
𝑳𝑳

+
𝟑𝟑𝟑𝟑𝟐𝟐

𝑳𝑳𝟐𝟐
� × {𝒅𝒅} 

 

1.6. Three nodes Plane Elasticity Triangular element (Élément triangulaire d'élasticité plane à 
trois nœuds) 

𝑈𝑈 = �𝑢𝑢𝑣𝑣� , {𝑑𝑑} =

⎩
⎪
⎨

⎪
⎧
𝑑𝑑1
𝑑𝑑2
𝑑𝑑3
𝑑𝑑4
𝑑𝑑5
𝑑𝑑6⎭
⎪
⎬

⎪
⎫

=  

⎩
⎪
⎨

⎪
⎧
𝑢𝑢1
𝑣𝑣1
𝑢𝑢2
𝑣𝑣2
𝑢𝑢3
𝑣𝑣3⎭
⎪
⎬

⎪
⎫
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�𝑢𝑢𝑣𝑣� = �𝑁𝑁1     0      𝑁𝑁2      0      𝑁𝑁3      0
0      𝑁𝑁1      0      𝑁𝑁2      0      𝑁𝑁3

�

⎩
⎪
⎨

⎪
⎧
𝑑𝑑1
𝑑𝑑2
𝑑𝑑3
𝑑𝑑4
𝑑𝑑5
𝑑𝑑6⎭
⎪
⎬

⎪
⎫

 

𝑵𝑵𝟏𝟏 =
𝟏𝟏
𝟐𝟐∆

[(𝒙𝒙𝟐𝟐𝒚𝒚𝟑𝟑 − 𝒚𝒚𝟐𝟐𝒙𝒙𝟑𝟑) + 𝒙𝒙(𝒚𝒚𝟐𝟐 − 𝒚𝒚𝟑𝟑) + 𝒚𝒚(𝒙𝒙𝟑𝟑 − 𝒙𝒙𝟐𝟐 )] 

  
𝑵𝑵𝟐𝟐 =

𝟏𝟏
𝟐𝟐∆

[(𝒚𝒚𝟏𝟏𝒙𝒙𝟑𝟑 − 𝒙𝒙𝟏𝟏𝒚𝒚𝟑𝟑) + 𝒙𝒙(𝒚𝒚𝟑𝟑 − 𝒚𝒚𝟏𝟏) + 𝒚𝒚(𝒙𝒙𝟏𝟏 − 𝒙𝒙𝟑𝟑 )] 
  

𝑵𝑵𝟑𝟑 =
𝟏𝟏
𝟐𝟐∆

[( 𝒙𝒙𝟏𝟏𝒚𝒚𝟐𝟐 − 𝒚𝒚𝟏𝟏𝒙𝒙𝟐𝟐) + 𝒙𝒙(𝒚𝒚𝟏𝟏 − 𝒚𝒚𝟐𝟐) + 𝒚𝒚(𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟏𝟏 )] 

∆ is the area of the triangular element and {𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖} are the coordinates of its nodes 
 

2∆= �
1 𝑥𝑥1 𝑦𝑦1
1 𝑥𝑥2 𝑦𝑦2
1 𝑥𝑥3 𝑦𝑦3

� 

 
1.7 Tetrahedral element (Volumic four nodes element): 
 

𝑈𝑈 = �
𝑢𝑢
𝑣𝑣
𝑤𝑤
�  , {𝑑𝑑} = ⌊ 𝑑𝑑1 𝑑𝑑2 𝑑𝑑3 𝑑𝑑4 𝑑𝑑5 𝑑𝑑6 𝑑𝑑7 𝑑𝑑8 𝑑𝑑9 𝑑𝑑10 𝑑𝑑11 𝑑𝑑12⌋𝑇𝑇 

{𝑑𝑑} = ⌊ 𝑢𝑢1 𝑣𝑣1 𝑤𝑤1 𝑢𝑢2 𝑣𝑣2 𝑤𝑤2 𝑢𝑢3 𝑣𝑣3 𝑤𝑤3 𝑢𝑢4 𝑣𝑣4 𝑤𝑤4⌋𝑇𝑇 

𝑈𝑈 = �
𝑢𝑢
𝑣𝑣
𝑤𝑤
� , = �

𝑁𝑁1     0       0       𝑁𝑁2       0       0       𝑁𝑁3       0       0       𝑁𝑁4       0       0
0       𝑁𝑁1       0       0       𝑁𝑁2       0       0       𝑁𝑁3       0       0       𝑁𝑁4       0
0       0       𝑁𝑁1       0       0       𝑁𝑁2       0       0       𝑁𝑁3       0       0       𝑁𝑁4

� {𝑑𝑑} 

 

𝑵𝑵𝒊𝒊 = 𝑳𝑳𝒊𝒊 =
𝟏𝟏
𝟔𝟔𝟔𝟔

(𝒂𝒂𝒊𝒊 + 𝒃𝒃𝒊𝒊𝒙𝒙 + 𝒄𝒄𝒊𝒊𝒚𝒚 + 𝒅𝒅𝒊𝒊𝒛𝒛) 

Where: 

V is the volume of the tetrahedral element  

6𝑉𝑉 = 𝑑𝑑𝑑𝑑𝑑𝑑 �
1  1  1  1
𝑥𝑥1 𝑥𝑥2 𝑥𝑥3 𝑥𝑥4
𝑦𝑦1 𝑦𝑦2 𝑦𝑦3 𝑦𝑦4
𝑧𝑧1 𝑧𝑧2 𝑧𝑧3 𝑧𝑧4

� 
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𝑎𝑎𝑖𝑖 = 𝑐𝑐1𝑖𝑖𝑇𝑇   ;   𝑏𝑏𝑖𝑖 = 𝑐𝑐2𝑖𝑖𝑇𝑇     ;    𝑐𝑐𝑖𝑖 = 𝑐𝑐3𝑖𝑖𝑇𝑇   ;   𝑑𝑑𝑖𝑖 = 𝑐𝑐4𝑖𝑖𝑇𝑇 

𝑐𝑐11 = 𝑑𝑑𝑑𝑑𝑑𝑑 �
𝑥𝑥2 𝑥𝑥3 𝑥𝑥4
𝑦𝑦2 𝑦𝑦3 𝑦𝑦4
𝑧𝑧2 𝑧𝑧3 𝑧𝑧4

� ;   𝑐𝑐12 = 𝑑𝑑𝑑𝑑𝑑𝑑 �
𝑥𝑥1 𝑥𝑥3 𝑥𝑥4
𝑦𝑦1 𝑦𝑦3 𝑦𝑦4
𝑧𝑧1 𝑧𝑧3 𝑧𝑧4

� ;  𝑐𝑐13 = 𝑑𝑑𝑑𝑑𝑑𝑑 �
𝑥𝑥1 𝑥𝑥2 𝑥𝑥4
𝑦𝑦1 𝑦𝑦2 𝑦𝑦4
𝑧𝑧1 𝑧𝑧2 𝑧𝑧4

� 

𝑐𝑐14 = 𝑑𝑑𝑑𝑑𝑑𝑑 �
𝑥𝑥1 𝑥𝑥2 𝑥𝑥3
𝑦𝑦1 𝑦𝑦2 𝑦𝑦3
𝑧𝑧1 𝑧𝑧2 𝑧𝑧3

� 

 

 
 

2 Stiffness matrices of some elements: (Matrices de rigidités de quelques éléments) 
 
Let [T], [k], and [K] denote respectively the transformation matrix, the stiffness matrix in the local 
frame, and the stiffness matrix in the global frame. ((Notons respectivement par [𝑇𝑇] , [𝑘𝑘] et [𝐾𝐾] la matrice de 
transformation, la matrice de rigidité dans le repère local et la matrice de rigidité dans le repère global) 
 
2.1 Spring element : Elément ressort :  

      

𝑻𝑻 = � 𝒍𝒍 𝒎𝒎
𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎
𝒍𝒍 𝒎𝒎� 

 

  

[𝒌𝒌] = 𝒌𝒌 � 𝟏𝟏 −𝟏𝟏
−𝟏𝟏 𝟏𝟏 � 

  

[𝑲𝑲] = 𝒌𝒌 �
𝒍𝒍𝟐𝟐 𝒍𝒍𝒍𝒍
𝒍𝒍𝒍𝒍 𝒎𝒎𝟐𝟐

−𝒍𝒍𝟐𝟐 −𝒍𝒍𝒍𝒍
−𝒍𝒍𝒍𝒍 −𝒎𝒎𝟐𝟐

−𝒍𝒍𝟐𝟐 −𝒍𝒍𝒍𝒍
−𝒍𝒍𝒍𝒍 −𝒎𝒎𝟐𝟐

𝒍𝒍𝟐𝟐 𝒍𝒍𝒍𝒍
𝒍𝒍𝒍𝒍 𝒎𝒎𝟐𝟐

�

 
2.2 Two-node tension–compression bar element: 
(Elément barre de traction compression à deux nœuds) 

 

𝑻𝑻 = � 𝒍𝒍 𝒎𝒎
𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎
𝒍𝒍 𝒎𝒎� 

 

[𝒌𝒌]  = 𝑬𝑬𝑬𝑬
𝑳𝑳
� 𝟏𝟏 −𝟏𝟏
−𝟏𝟏 𝟏𝟏 � 

𝐊𝐊]  =
𝑬𝑬𝑬𝑬
𝑳𝑳
�

𝒍𝒍𝟐𝟐 𝒍𝒍𝒍𝒍
𝒍𝒍𝒍𝒍 𝒎𝒎𝟐𝟐

−𝒍𝒍𝟐𝟐 −𝒍𝒍𝒍𝒍
−𝒍𝒍𝒍𝒍 −𝒎𝒎𝟐𝟐

−𝒍𝒍𝟐𝟐 −𝒍𝒍𝒍𝒍
−𝒍𝒍𝒍𝒍 −𝒎𝒎𝟐𝟐

𝒍𝒍𝟐𝟐 𝒍𝒍𝒍𝒍
𝒍𝒍𝒍𝒍 𝒎𝒎𝟐𝟐

� 

2.3. Bending bar element (Beam element) (Elément barre de flexion (Elément poutre))

in the  x-y plane: 𝑰𝑰 = 𝑰𝑰𝒛𝒛 ,𝜽𝜽 = 𝜽𝜽𝒛𝒛 

2.3.1 Standard Beam element: 

[𝒌𝒌] = [𝑲𝑲] =
𝑬𝑬𝑬𝑬
𝑳𝑳𝟑𝟑 �

𝟏𝟏𝟏𝟏 𝟔𝟔𝟔𝟔
𝟔𝟔𝟔𝟔 𝟒𝟒𝑳𝑳𝟐𝟐

−𝟏𝟏𝟏𝟏 𝟔𝟔𝟔𝟔
−𝟔𝟔𝟔𝟔 𝟐𝟐𝑳𝑳𝟐𝟐

−𝟏𝟏𝟏𝟏 −𝟔𝟔𝟔𝟔
𝟔𝟔𝟔𝟔 𝟐𝟐𝑳𝑳𝟐𝟐

𝟏𝟏𝟏𝟏 −𝟔𝟔𝟔𝟔
−𝟔𝟔𝟔𝟔 𝟒𝟒𝑳𝑳𝟐𝟐

� 
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2.3.2 Left hinged Beam element: 

𝜃𝜃1 = −
3

2𝐿𝐿 𝑣𝑣1 +
3

2𝐿𝐿 𝑣𝑣2 −
1
2𝜃𝜃2 

[𝑘𝑘] =
3𝐸𝐸𝐼𝐼𝑧𝑧
𝐿𝐿3 �

1 0
0 0

−1  𝐿𝐿
0 0

−1 0
𝐿𝐿 0

1 −𝐿𝐿
−𝐿𝐿  𝐿𝐿2

� 

 

2.3.3 Right hinged Beam element: 

𝜃𝜃2 = −
3

2𝐿𝐿 𝑣𝑣1 +
3

2𝐿𝐿 𝑣𝑣2 −
1
2𝜃𝜃1 

[𝑘𝑘] =
3𝐸𝐸𝐼𝐼𝑧𝑧
𝐿𝐿3 �

1 𝐿𝐿
𝐿𝐿 𝐿𝐿2

−1  0
−𝐿𝐿 0

−1 −𝐿𝐿
0 0

1 0
0  0

� 

 
2.3.4 Beam element hinged at its two nodes: 

𝜃𝜃1 =
−𝑣𝑣1
𝐿𝐿 +

𝑣𝑣2
𝐿𝐿 =  𝜃𝜃2 

 

[𝑘𝑘] =
3𝐸𝐸𝐼𝐼𝑧𝑧
𝐿𝐿3 �

1 0
0 0

−1  0
0 0

−1 0
0 0

1 0
0  0

� 

 

2.4  Bending and tension compression barre element (2D frame element) (Elément barre se flexion 
et traction compression (Elément portique 2D)) 

In the x-y local coordinates:  𝑰𝑰 = 𝑰𝑰𝒛𝒛 ,𝜽𝜽 = 𝜽𝜽𝒛𝒛 

 

𝑻𝑻 =

⎣
⎢
⎢
⎢
⎢
⎡
𝒍𝒍 𝒎𝒎 𝟎𝟎

−𝒎𝒎 𝒍𝒍 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟏𝟏

𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎

𝒍𝒍 𝒎𝒎 𝟎𝟎
−𝒎𝒎 𝒍𝒍 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟏𝟏⎦

⎥
⎥
⎥
⎥
⎤
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2.4.1 Standard 2D Frame element:

[𝒌𝒌] =
𝑬𝑬
𝑳𝑳

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟏𝟏𝟏𝟏𝟏𝟏
𝑳𝑳𝟐𝟐

𝟔𝟔𝟔𝟔
𝑳𝑳

𝟎𝟎
𝟔𝟔𝟔𝟔
𝑳𝑳

𝟒𝟒𝟒𝟒

−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟏𝟏𝟏𝟏𝟏𝟏
𝑳𝑳𝟐𝟐

𝟔𝟔𝟔𝟔
𝑳𝑳

𝟎𝟎
−𝟔𝟔𝟔𝟔
𝑳𝑳

𝟐𝟐𝟐𝟐
−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟏𝟏𝟏𝟏𝟏𝟏
𝑳𝑳𝟐𝟐

−𝟔𝟔𝟔𝟔
𝑳𝑳

𝟎𝟎
𝟔𝟔𝟔𝟔
𝑳𝑳

𝟐𝟐𝟐𝟐

𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟏𝟏𝟏𝟏𝟏𝟏
𝑳𝑳𝟐𝟐

−𝟔𝟔𝟔𝟔
𝑳𝑳

𝟎𝟎
−𝟔𝟔𝟔𝟔
𝑳𝑳

𝟒𝟒𝟒𝟒 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

[𝐊𝐊] =
𝐄𝐄
𝐋𝐋

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡+ �𝐀𝐀𝒍𝒍𝟐𝟐 +

𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

� −
𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

+𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

� + �𝐀𝐀𝐦𝐦𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝒍𝒍𝟐𝟐�
𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

−
𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

𝟒𝟒𝟒𝟒

− �𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

� −
𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

−𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

� −�𝐀𝐀𝐦𝐦𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝒍𝒍𝟐𝟐�
𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

−
𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

𝟐𝟐𝟐𝟐

− �𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

�
𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

−𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

� −�𝐀𝐀𝐦𝐦𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝒍𝒍𝟐𝟐� −
𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

−
𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

𝟐𝟐𝟐𝟐

+ �𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

�
𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

+𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

� + �𝐀𝐀𝐦𝐦𝟐𝟐 +
𝟏𝟏𝟏𝟏𝟏𝟏
𝐋𝐋𝟐𝟐

𝒍𝒍𝟐𝟐� −
𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

𝟔𝟔𝟔𝟔𝟔𝟔
𝐋𝐋

−
𝟔𝟔𝒍𝒍𝐈𝐈
𝐋𝐋

𝟒𝟒𝟒𝟒 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

   

 

2.4.2 Left hinged 2D Frame element 

[𝒌𝒌] =
𝑬𝑬
𝑳𝑳

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎

−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟑𝟑𝟑𝟑
𝑳𝑳

𝟎𝟎 𝟎𝟎 𝟎𝟎
−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳

𝟎𝟎

𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

−𝟑𝟑𝟑𝟑
𝑳𝑳

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳

𝟑𝟑𝟑𝟑 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

[𝐊𝐊] =
𝐄𝐄
𝐋𝐋

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡+ �𝐀𝐀𝒍𝒍𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� 𝟎𝟎

+𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� + �𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎

−�𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� −

𝟑𝟑𝟑𝟑𝟑𝟑
𝐋𝐋

−𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� −�𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐�

𝟑𝟑𝒍𝒍𝐈𝐈
𝐋𝐋

𝟎𝟎 𝟎𝟎 𝟎𝟎

−�𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� 𝟎𝟎

−𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� −�𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

−
𝟑𝟑𝟑𝟑𝟑𝟑
𝐋𝐋

𝟑𝟑𝒍𝒍𝐈𝐈
𝐋𝐋

𝟎𝟎

+ �𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
�

𝟑𝟑𝟑𝟑𝟑𝟑
𝐋𝐋

+𝒍𝒍𝐦𝐦�𝐀𝐀−
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� + �𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� −

𝟑𝟑𝒍𝒍𝐈𝐈
𝐋𝐋

𝟑𝟑𝟑𝟑𝟑𝟑
𝐋𝐋

−
𝟑𝟑𝒍𝒍𝐈𝐈
𝐋𝐋

𝟑𝟑𝟑𝟑 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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2.4.3 Right hinged 2D Frame element 

[𝒌𝒌] =
𝑬𝑬
𝑳𝑳

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟑𝟑𝟑𝟑
𝑳𝑳

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳

𝟑𝟑𝟑𝟑

−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳

𝟎𝟎

−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

−𝟑𝟑𝟑𝟑
𝑳𝑳

𝟎𝟎 𝟎𝟎 𝟎𝟎

𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

 [𝐊𝐊] = 𝐄𝐄
𝐋𝐋

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡+ �𝐀𝐀𝒍𝒍𝟐𝟐 + 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
� − 𝟑𝟑𝟑𝟑𝟑𝟑

𝐋𝐋

+𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� + �𝐀𝐀𝐦𝐦𝟐𝟐 + 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟑𝟑𝒍𝒍𝐈𝐈

𝐋𝐋

− 𝟑𝟑𝟑𝟑𝟑𝟑
𝐋𝐋

𝟑𝟑𝒍𝒍𝐈𝐈
𝐋𝐋

𝟑𝟑𝟑𝟑

−�𝐀𝐀𝒍𝒍𝟐𝟐 + 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
� 𝟎𝟎

−𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� − �𝐀𝐀𝐦𝐦𝟐𝟐 + 𝟑𝟑𝐈𝐈

𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟑𝟑𝟑𝟑𝟑𝟑
𝐋𝐋

− 𝟑𝟑𝒍𝒍𝐈𝐈
𝐋𝐋

𝟎𝟎

− �𝐀𝐀𝒍𝒍𝟐𝟐 + 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
� 𝟑𝟑𝟑𝟑𝟑𝟑

𝐋𝐋

−𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� − �𝐀𝐀𝐦𝐦𝟐𝟐 + 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� − 𝟑𝟑𝒍𝒍𝐈𝐈

𝐋𝐋
𝟎𝟎 𝟎𝟎 𝟎𝟎

+ �𝐀𝐀𝒍𝒍𝟐𝟐 + 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
� 𝟎𝟎

+𝒍𝒍𝐦𝐦�𝐀𝐀 − 𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� + �𝐀𝐀𝐦𝐦𝟐𝟐 + 𝟑𝟑𝟑𝟑

𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

2.4.5 2D Frame element hinged at its two nodes

[𝒌𝒌] =
𝑬𝑬
𝑳𝑳

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎

−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎

−𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
−𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎

𝑨𝑨 𝟎𝟎 𝟎𝟎

𝟎𝟎
𝟑𝟑𝟑𝟑
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟎𝟎 𝟎𝟎 𝟎𝟎 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

[𝐊𝐊] =
𝐄𝐄
𝐋𝐋

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡+ �𝐀𝐀𝒍𝒍𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� 𝟎𝟎

+𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� + �𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎

−�𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� 𝟎𝟎

−𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� −�𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎

−�𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� −𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� 𝟎𝟎

−𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� −�𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎

+ �𝐀𝐀𝒍𝒍𝟐𝟐 +
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝐦𝐦𝟐𝟐� +𝒍𝒍𝐦𝐦�𝐀𝐀 −

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� 𝟎𝟎

+𝒍𝒍𝐦𝐦�𝐀𝐀 −
𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
� + �𝐀𝐀𝐦𝐦𝟐𝟐 +

𝟑𝟑𝟑𝟑
𝐋𝐋𝟐𝟐
𝒍𝒍𝟐𝟐� 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
 
  U

ni
ve

rs
it

y 
of

 M
’si

la
. F

ac
ul

ty
 o

f T
ec

hn
ol

og
y.

 D
ep

ar
tm

en
t o

f c
iv

il 
en

gi
ne

er
in

g.
 c

ou
rs

e:
 F

in
it

e 
el

em
en

t m
et

ho
d.

  L
ec

tu
re

r:
 A

. H
A

M
IT

O
U

C
H

E
.



9 
 
 

2.5. Bending and Torsion Bar Element (crossed beam element): (Elément barre de torsion et de 
flexion (Elément poutre croisée) 

Standard Crossed Beam element 
 
 

[𝑇𝑇] =

⎣
⎢
⎢
⎢
⎢
⎡
1 0 0
0 𝑙𝑙 𝑚𝑚
0 −𝑚𝑚 𝑙𝑙

0   0  0
0  0 0
0  0 0

0    0 0
0    0 0
0    0 0

1 0 0
0 𝑙𝑙 𝑚𝑚
0 −𝑚𝑚 𝑙𝑙 ⎦

⎥
⎥
⎥
⎥
⎤

 

 

[𝒌𝒌] =
𝑬𝑬
𝑳𝑳

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝟏𝟏𝟏𝟏𝑰𝑰𝒚𝒚
𝑳𝑳𝟐𝟐

𝟎𝟎
−𝟔𝟔𝑰𝑰𝒚𝒚
𝑳𝑳

𝟎𝟎
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) 𝟎𝟎

−𝟔𝟔𝑰𝑰𝒚𝒚
𝑳𝑳

𝟎𝟎 𝟒𝟒𝑰𝑰𝒚𝒚

−𝟏𝟏𝟏𝟏𝑰𝑰𝒚𝒚
𝑳𝑳𝟐𝟐

𝟎𝟎
−𝟔𝟔𝑰𝑰𝒚𝒚
𝑳𝑳

𝟎𝟎
−𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) 𝟎𝟎

𝟔𝟔𝑰𝑰𝒚𝒚
𝑳𝑳

𝟎𝟎 𝟐𝟐𝑰𝑰𝒚𝒚
−𝟏𝟏𝟏𝟏𝑰𝑰
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟔𝟔𝑰𝑰
𝑳𝑳

𝟎𝟎
−𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) 𝟎𝟎

−𝟔𝟔𝑰𝑰
𝑳𝑳

𝟎𝟎 𝟐𝟐𝑰𝑰𝒚𝒚

𝟏𝟏𝟏𝟏𝑰𝑰𝒚𝒚
𝑳𝑳𝟐𝟐

𝟎𝟎
𝟔𝟔𝑰𝑰𝒚𝒚
𝑳𝑳

𝟎𝟎
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) 𝟎𝟎

𝟔𝟔𝑰𝑰𝒚𝒚
𝑳𝑳

𝟎𝟎 𝟒𝟒𝑰𝑰𝒚𝒚 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
 

[𝑲𝑲] =
𝑬𝑬
𝑳𝑳

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝟏𝟏𝟏𝟏𝑰𝑰
𝑳𝑳𝟐𝟐

𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

−𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

�
𝒍𝒍𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟒𝟒𝒎𝒎𝟐𝟐𝑰𝑰� 𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) − 𝟒𝟒𝑰𝑰�

−𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) − 𝟒𝟒𝑰𝑰� �
𝒎𝒎𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟒𝟒𝒍𝒍𝟐𝟐𝑰𝑰�

−𝟏𝟏𝟏𝟏𝑰𝑰
𝑳𝑳𝟐𝟐

𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

−𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

−𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

�
−𝒍𝒍𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝒎𝒎𝟐𝟐𝑰𝑰� −𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝑰𝑰�

𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

−𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝑰𝑰� �
−𝒎𝒎𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝒍𝒍𝟐𝟐𝑰𝑰�

−𝟏𝟏𝟏𝟏𝑰𝑰
𝑳𝑳𝟐𝟐

−𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

�
−𝒍𝒍𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝒎𝒎𝟐𝟐𝑰𝑰� −𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝑰𝑰�

−𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

−𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝑰𝑰� �
−𝒎𝒎𝟐𝟐𝑱𝑱
𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟐𝟐𝒍𝒍𝟐𝟐𝑰𝑰�

−

𝟏𝟏𝟏𝟏𝑰𝑰
𝑳𝑳𝟐𝟐

−𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

𝟔𝟔𝒎𝒎𝒎𝒎
𝑳𝑳

�
𝒍𝒍𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟒𝟒𝒎𝒎𝟐𝟐𝑰𝑰� 𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) − 𝟒𝟒𝑰𝑰�

𝟔𝟔𝒍𝒍𝒍𝒍
𝑳𝑳

𝒍𝒍𝒍𝒍�
𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) − 𝟒𝟒𝑰𝑰� �
𝒎𝒎𝟐𝟐𝑱𝑱

𝟐𝟐(𝟏𝟏 + 𝝊𝝊) + 𝟒𝟒𝒍𝒍𝟐𝟐𝑰𝑰�
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
 

1.6. Three nodes Plane Elasticity Triangular element (Élément triangulaire d'élasticité plane à trois 
nœuds) 
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Where: ∆ is the area of the triangular element and t is its thickness 

[𝑩𝑩] =
𝟏𝟏
𝟐𝟐∆ �

𝒚𝒚𝟐𝟐 − 𝒚𝒚𝟑𝟑 𝟎𝟎 𝒚𝒚𝟑𝟑 − 𝒚𝒚𝟏𝟏
𝟎𝟎 𝒙𝒙𝟑𝟑 − 𝒙𝒙𝟐𝟐 𝟎𝟎

𝒙𝒙𝟑𝟑 − 𝒙𝒙𝟐𝟐 𝒚𝒚𝟐𝟐 − 𝒚𝒚𝟑𝟑 𝒙𝒙𝟏𝟏 − 𝒙𝒙𝟑𝟑

𝟎𝟎 𝒚𝒚𝟏𝟏 − 𝒚𝒚𝟐𝟐 𝟎𝟎
𝒙𝒙𝟏𝟏 − 𝒙𝒙𝟑𝟑 𝟎𝟎 𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟏𝟏
𝒚𝒚𝟑𝟑 − 𝒚𝒚𝟏𝟏 𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟏𝟏 𝒚𝒚𝟏𝟏 − 𝒚𝒚𝟐𝟐

� 

 

 

[𝑪𝑪] =
𝑬𝑬

𝟏𝟏 − 𝝊𝝊𝟐𝟐
�

𝟏𝟏 𝝊𝝊 𝟎𝟎
𝝊𝝊 𝟏𝟏 𝟎𝟎

𝟎𝟎 𝟎𝟎
𝟏𝟏 − 𝝊𝝊
𝟐𝟐

�  𝒊𝒊𝒊𝒊 𝒕𝒕𝒕𝒕𝒕𝒕 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 

 

[𝑪𝑪] =
𝑬𝑬

(𝟏𝟏 + 𝝊𝝊)(𝟏𝟏 − 𝟐𝟐𝟐𝟐)
�

𝟏𝟏 − 𝝊𝝊 𝝊𝝊 𝟎𝟎
𝝊𝝊 𝟏𝟏 − 𝝊𝝊 𝟎𝟎

𝟎𝟎 𝟎𝟎
𝟏𝟏 − 𝟐𝟐𝝊𝝊
𝟐𝟐

� 𝒊𝒊𝒊𝒊 𝒕𝒕𝒕𝒕𝒕𝒕 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 

 
 

1.7 Tetrahedral element (Volumic four nodes element): (Elément tétraédrique à 4 nœuds) 
 

[𝒌𝒌] = 𝑽𝑽[𝑩𝑩]𝑻𝑻[𝑪𝑪][𝑩𝑩] 

 

[𝐵𝐵] =

⎣
⎢
⎢
⎢
⎢
⎡

𝑏𝑏1        0        0       𝑏𝑏2        0        0       𝑏𝑏3        0        0        𝑏𝑏4        0        0 
0        𝑐𝑐1       0        0        𝑐𝑐2        0        0        𝑐𝑐3        0        0         𝑐𝑐4        0
0       0       𝑑𝑑1        0        0        𝑑𝑑2        0        0        𝑑𝑑3        0        0        𝑑𝑑4

0        𝑑𝑑1        𝑐𝑐1        0        𝑑𝑑2        𝑐𝑐2        0        𝑑𝑑3        𝑐𝑐3        0        𝑑𝑑4        𝑐𝑐4
𝑑𝑑1      0         𝑏𝑏1        𝑑𝑑2        0        𝑏𝑏2        𝑑𝑑3      0          𝑏𝑏3        𝑑𝑑4       0         𝑏𝑏4
𝑐𝑐1        𝑏𝑏1      0        𝑐𝑐2        𝑏𝑏2         0       𝑐𝑐3         𝑏𝑏3      0         𝑐𝑐4        𝑏𝑏4       0 ⎦

⎥
⎥
⎥
⎥
⎤
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