
1

3.4. Two-dimensional element for the study of axisymmetric problems:

The symmetry is considered around the z-axis: 

Due to this symmetry, every vertical section in the cylinder undergoes the same stresses 

and deformations, independently of θ; therefore, the problem is reduced to a plane problem in 

the r - z plane

Let’s use the cylindrical coordinates r, θ, z related to the coordinates x, y and z by :𝑥 = 𝑟 cos𝜃,  𝑦 = 𝑟 sin 𝜃  ,     𝑧 = 𝑧 
And denote the displacements in this reference system as:  𝑢 ,𝑣 𝑒𝑡  𝑤

𝑧

𝑤𝑣 𝑢

For the triangular element e will have:
3.4.1. Displacement field: 𝑣 =  0

𝑢(𝑟, 𝑧)𝑤(𝑟, 𝑧) = 𝑁ଵ     0      𝑁ଶ      0      𝑁ଷ      00      𝑁ଶ      0      𝑁ଶ      0      𝑁ଷ
𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺

𝑤ℎ𝑒𝑟𝑒 
𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺

=
𝑢ଵ𝑤ଵ𝑢ଶ𝑤ଶ𝑢ଷ𝑤ଷ

With the same shape functions𝑁ଵ = 12∆ 𝑟ଶ𝑧ଷ − 𝑧ଶ𝑟ଷ + 𝑟 𝑧ଶ − 𝑧ଷ + 𝑧(𝑟ଷ − 𝑟ଶ )𝑁ଶ = 12∆ 𝑧ଵ𝑟ଷ − 𝑟ଵ𝑧ଷ + 𝑟 𝑧ଷ − 𝑧ଵ + 𝑧(𝑟ଵ − 𝑟ଷ )
𝑁ଷ = 12∆  𝑟ଵ𝑧ଶ − 𝑧ଵ𝑟ଶ + 𝑟 𝑧ଵ − 𝑧ଶ + 𝑧(𝑟ଶ − 𝑟ଵ )
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3.4.2. Deformation field:
The deformations are:𝜀௥ = 𝜕𝑢𝜕𝑟 ;  𝜀ఏ = 𝑢𝑟 ;   𝜀௭ = 𝜕𝑤𝜕𝑧 ;  𝛾௥ఏ = 𝛾ఏ௭ = 0; 𝛾௥௭ =;𝜕𝑢𝜕𝑧 + 𝜕𝑤𝜕𝑟  

𝜀 = 𝜀௥𝜀௭𝜀ఏ𝛾௥௭ =
𝜕𝜕𝑟      00     𝜕𝜕𝑧1𝑟         0  𝜕𝜕𝑧       𝜕𝜕𝑟

𝑢𝑤 = 𝐵 𝑑

𝜀 = 𝜀௥𝜀௭𝜀ఏ𝛾௥௭ = 12∆
𝑧ଶ − 𝑧ଷ        0              𝑧ଷ − 𝑧ଵ               0             𝑧ଵ − 𝑧ଶ         0   0          𝑟ଷ − 𝑟ଶ             0             𝑟ଵ − 𝑟ଷ             0          𝑟ଶ − 𝑟ଵ 𝑁ଵ𝑟             0             𝑁ଶ𝑟                0                  𝑁ଷ𝑟                 0  𝑟ଷ − 𝑟ଶ     𝑧ଶ − 𝑧ଷ    𝑟ଵ − 𝑟        𝑧ଷ − 𝑧ଵଷ    𝑟ଶ − 𝑟ଵ      𝑧ଵ − 𝑧ଶ       

𝑢ଵ𝑤ଵ𝑢ଶ𝑤ଶ𝑢ଷ𝑤ଷ

3.4.3 Stresses feild: 𝝈 = 𝑪 𝜺
𝑪 = 𝑬(𝟏 + 𝝊)(𝟏 − 𝟐𝝊)

𝟏 − 𝝂 𝝂 𝝂𝝂 𝟏 − 𝝂 𝝂𝝂 𝝂 𝟏 − 𝝂 𝟎𝟎𝟎𝟎        𝟎       𝟎 𝟏 − 𝟐𝝊𝟐
3.4.4 Stiffness matrix :

𝑘 = න 𝑩 𝑻 𝑪௏ 𝑩 .𝒅𝒗 = න 𝒅𝜽ඵ 𝑩 𝑻 𝑪 𝑩 .𝒅𝒓.𝒅𝒛𝒓𝒛
𝟐𝝅
𝟎

𝑘 = 2𝜋ඵ 𝑩 𝑻 𝑪 𝑩 . 𝒓.𝒅𝒓.𝒅𝒛𝒓𝒛

There are two possibilities for evaluating this matrix:

The first is the explicit evaluation of the product 𝑩 𝑻 𝑪 𝑩 and then the term-by-term 

integration;

The second is numerical integration. The simplest numerical integration procedure consists of 

evaluating all quantities for a centroid

𝑟 = 𝑟௜ + 𝑟௝ + 𝑟௠3       ;       𝑧̅ = 𝑧௜ + 𝑧௝ + 𝑧௠3
In this case::

𝒌 = 𝟐𝝅 𝑩ഥ 𝑻 𝑪 𝑩ഥ 𝑟∆
Where : 𝑩ഥ is the evaluation of 𝑩 at the element centroid point..
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