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3.3. Formulation of the plate element for the study of plane elasticity problems:
Types of plane elasticity problems

Plane stresses: the stresses are in a plane:
If the plane is x-y, the stresses are a function of (x,y) :

0z7 = Oy = 0x; = 0 orin engineering notations: o, = Ty, =Ty, =0
Which gives in deformations:

v
Eyz = Exz = 0,&,, = —E(D'XX +0,,) orin engineering notations: Eyz = Exz = 0,

v
and o, = —E(UX +0,)

e B

So, the displacement field is: {
v(x,y)

Plane deformations: the deformations are in a plane:
If the plane is x-y, the deformations are a function of (x,y) :

&2 = €y = &z = 0,07 in engineering notations: &; =¥y, = ¥x; =0
Which gives in stresses:

v
Oyz = &7 = 0,65, = —E(axx +0,,) orin engineering notations: €, = &, =0,
v
and g, = —E(ax +a,)

HeR) g

So, the displacement field is: {
0 isplacement field i v(x,y)

The stresses are :
Oy, = Ox; = 0,0,; = AMexx + &5;) OT in engineering notations: t,, = Ty, = 0,

et 0, = A&, + €,) is a function ofde (x,y) where .
v

I=aTha-

3.3.1. Formulation of the triangular element

3.3.1.1. Basic equations:

v’ Displacements field

d, u,
d, vy
_ W e Jds| _ Jus| g [N O N, O N3 0
U=NliayU ={}:{a)= (= M™M=l 0N o N
ds Us
de Vs

v deformations field:

0 0 0N, 0 ON, ON3 d,

e 0x ox Ox ox d,
£= gx —lo i {u}_ 0 % 0 % 0 % ds
yxyy ay | ay ay ay |)d,

a0 0 ON; ON; ON, 0N, ON; ON; ||ds

dy 0x dy 0x dy 0x dy  0x de

Y2—)Y3 0 V3 —W1 0 V1= Y2 0
0 X3 — Xo 0 X1 — X3 0 Xy — Xq
X3 —X2 Y2—JYV3 X1 —X3 Y3—Y1 Xz2—X1 YV1—D)2

Ex 1
= BI) > | & = o
) {Vx};} 24

dy

ds
dy
ds
ds
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v’ Stresses field:

In the 3D case we have:

In the plane stresses case we have

A -v
0,,=0 > 1_,(”(+EJ’J’) +(1- v)ezz) =0-¢, = 1—_y(£xx + syy)

1 —v
Oxx = " (1 —v)exy +veyy + vm(exx + syy)

_E VE ) _ UE E . _E
Oxx _1__UZEXX +1—_Uz£yy' Uyy —1_—U2€xx+m£yy, ny —ngxy
Oxx E 1 ;) 8 Exx
{o} = [Cl{e} - [ayy} == 1|1
Oxy 00 — 2eyy
1 v 0
o E lv1 o [[&
0. = — E.
Y(=1,2 1-v). 7
1-v
Txy 00 Yxy

Oxx Oy Exx Ex
Oyy 9y Eyy &y
_ . o, o, €22 £
(@) = [C)e} ou (e} = [C) Mo ou: {o} =4 g7 ={ 17 b and (£} ={ 24, b =17
Oxz Txz 28y, Vxz
Oxy Txy 2eyy Yxy
1-v v v 0 0
v 1-v v 0 0
[c] = E v v 1-v 0 0
T@A-2v(1+w)| 0 0 0o (1-2v)/2 0 0
0 0 0 (1-2v)/2 0
0 (] 0 0 1-2v)/2
In the plane deformations case, we have:
0
O—XX gxx
E 1-v 0
{o} =[Cl{e} > {9y =———= _ Eyy
o) A+V)A-2v) 1-2v 265,
oy 1-v 0 &y
ol _ E v 1-v 0 e
(T @ +u)(1-2v) 1-2v])”
Txy 0 Vxy

3.3.1.2. Variational formulation:

n=U+P

1 1 1 1
U= | =&lodV == B] {d)T[C][Bl{d}dv = = {d}T B]T[C][Bldv | {d} = = {d}T[k]{d
[ 3eroav=3] w@prcmya = S ([ Brcme )@ - 5@
P=—<{d}TU,,}+ f UT{T}ds + f UT{X}dv>:—<{d}TUH}+ f UT{T}ds + f UT{X}dv>
T v T v
P=—<{d}’{fn}+ [ amyrenyas+ [ ([N]{d})T{X}dv)
r v
P=—{d) <{fn} [ wrmas+ [ wreg dv) = (@) (f)
T v

1
w={a) <f [B1"(c] [B]dv> {d} — {d}7{f}
14
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The minimization of the potential energy which is expressed by % = 0 gives:
( | e [B]dv) @-{3=0
4

{f} = [kl{d} avec [k]=fv [BI"[C][Bldv

As [B] and [C] are constants :

[k] = fv [BI"[c][B]dv = [B]"[C][B] fv dv

For a plate of constant thickness t : fv dv = At

(k] = [BI"[C][B]At

3.3.1.3. Example:

Element 1 :
E=2x108 kN/m?; v =0.3; (x1,y1) = (0,0); (x2,y2) = (2,0); (x3,y3) = (0,4),t = 0.004; A = 4

—-0.50 0.00 0.50 0.00 0.00 0.00
[B]'= [ 000 —0.25 0.00 0.00 0.00 025
—-0.25 —0.50 0.00 0.50 0.25 0.00

219780219.78 65934065.93 0.00
[C]' = [65934065.93 219780219.78 0.00
0.00 0.00 76923076.92

10 kN
L4
/7
Fl
-
3 t=4x10"3m; v=03E =2 x 108 kN/m?
; 10 kN
A 2m
r OCNA2 O4 200714 20 070120 QO 102044 10 707922 NOQ 12100 12 4
Z7O00UTO0. 70 40907 17.47 O77140.00 19000, 10 70740.U0 1TO01000.10
27QE714 29 LC27A7D £ 121969 12 2076972 21 1C2QA6 15 21097890 27
285714.29 527472.53 131868.13 307692.31 153846.15 219780.22
[k]' = —879120.88 — 131868.13 879120.88 0.0000000 0.0000000 131868.13
—153846.15 —307692.31 0.0000000 307692.31 153846.15 0.0000000
76022 NQ 15%Q46 15 00000000 152846 15 76922 N8 00000000
76023.08 153846.15 0.0000000 153846.15 76923.08 0.0000000
12100 12 210790 272 12100 12 FaWaYa¥aYa¥aTaTal nnnnnnnn 210790 272
10100010 L1770V 4 101000 10 A\VEAVAVAVAVAVAV AV, AVRLVAVAVAVAVAV LV L1 JYyOovU.z4
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Element 2 :
o 1 76923.08  0.0000000 — 76923.08 — 153846.15  0.0000000 153846.15 |
E=2x10%05v=0.3;(x,y1) = (2,0); (¥2,72) = (2,4); (x3,y3) = (0,4) ; £=0.004; 4 =4 0.0000000 219780.22 —131868.13 —219780.22 131868.13  0.0000000
k|2 =| —76923.08 —131868.13 956043.96 285714.29 —879120.88 — 15384615
—153846.15 — 219780.22 285714.29 527472.53 — 131868.13 — 307692.31
, | 000 000 050 0.00 —0.50 0.00 0.0000000 131868.13 —879120.88 — 13186813 879120.88  0.0000000
[B]* = 0(-)0205 —0%55 0‘;-200‘;35 0%80 0(-)0500 1153846.15—0:0000000—153846.15——307692:31—0:0000000-307692:31
219780219.78  65934065.93 0.00
[C]? = | 6593406593  219780219.78 0.00
0.00 0.00 76923076.92
Boundary conditions:
Dy =D;=Ds=Dg=0 —-10 956043.96  0.0000000 — 76923.08 — 153846.157 (D3
0 (_[0.0000000 527472.53 —131868.13 —219780.22 | )Da
0 —76923.08 —131868.13 956043.96 28571429 |)D,
956043.96  0.0000000 — 76923.08 — 153846.15 10 —153846.15 —219780.22 28571429 527472.53 | \Dg
. _ | 0.0000000 527472.53 —131868.13 —219780.22
k] =1 Z76923.08 — 13186813 95604396 285714.29
—153846.15 —219780.22 285714.29 527472.53 Ds —7143
Dy( _ ) 8315 ~6
~10 D, (= )-6570( %10
(F}y = g Dg 23.898
10
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Stresses in the elements:
0
0
—7.143
8.315
0
0

Element 1 : {d}* =

ol = [C]'[B]"{d}'

—7.143
8.315

—6.570
23.898

0
0

Element 2 : {d}* = x 1076

o? = [CPIBI{dy

0
219780219.78 65934065.93 0.00 —0.50 0.00 0.50 0.00 0.00 0.00 70143
o'=[65934065.93 219780219.78 0.00 0.00 —0.25 0.00 0.00 0.00 0.25 85’,15 10°
0.00 0.00 76923076.92 —0.25 —0.50 0.00 0.50 0.25 0.00 '0
s 0
Ox —784.94
Oy =1{-23548
T 21991
3.3.2 Formulation of the rectangular element
dy dy Uy
d; d; vy
d3 ds Uy
u NN O Np O N3 O N, 07])d d v
U= { }: [ 1 2 3 4 4 avec 1@\ _ V2
v 0 N, 0 N, 0O N3y 0 Ng)dsg ds us
dg dg %]
dy dy Ua
dg dg) "

—7.143
219780219.78 6593406593  0.00] [ 0.00 0.00 0.50 0.00 — 050 0.00 86351750
0?=|65934065.93 21978021978 0.00| [ 0.00 —025 0.00 025 0.00 0.00 ({59070 +107
0.00 0.00 7692307692 1 =025 0.00 025 050 000 —o050l |7y

, 0
Ox —465.09
Oy =1 639.63
Txy 930.18
9 0
EX a a
u
k- v
i a o
dy ox
dy
aN, N, N5 aN, d;
. N P FR N | P2
5 N, aN, N, N, |)d,
IR K A AL ot
ay ox dy ax dy ax dy  ox d;
dg
dy
d;
d3
& 1 -b+y 0 b-y 0 vy 0 -y 0 d
{Ey}=—b 0 —a+x 0 —-x 0 x 0 a—x d4
Yay) @ —a+x -b+y —-x b-y x y a-x -y d5
6
dy
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{o} = [Cle}

For a plate with constant thickness t:
Oxx 1 v 0 Exx [ 1 v 0]/& P
In plane stressesf”yyl = 1_Ev2 v o1 1(—)1; &y ¢ ggy} = 1_% v 1 1(—)1; {sy ]
Oxy 0 0 — ngy 0 0 Y

a b
k] =t fo fo [BI"[C][B]dxdy

In plane stresses:

Ox 1-v v 0 Exx Oy 1-v v 0 £y
E E

Jyylzi v 1-v _O Eyy \ - [Uylzi v 1-v _0 [gy}

{ny (1+v)(1-2v) 0 0 1 22u ngy Tay (1+v)(1-2v) 0 0 1-2v






