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3. 3. Formulation of the plate element for the study of plane elasticity problems:Types of plane elasticity problems
Plane stresses: the stresses are in a plane:

If the plane is x-y, the stresses are a function o𝑓 (𝑥,𝑦) :𝜎௭௭ = 𝜎௬௭ = 𝜎௫௭ = 0   𝑜𝑟 𝑖𝑛   𝑒𝑛𝑔𝑖𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠:  𝜎௭ = 𝜏௬௭ = 𝜏௫௭ = 0
Which gives in deformations:𝜀௬௭ = 𝜀௫௭ = 0, 𝜀௭௭ = − 𝜐𝐸 𝜎௫௫ + 𝜎௭௭    𝑜𝑟 𝑖𝑛   𝑒𝑛𝑔𝑖𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠:  𝜀௬௭ = 𝜀௫௭ = 0,

𝑎𝑛𝑑  𝜎௭ = − 𝜐𝐸 𝜎௫ + 𝜎௭
So, the displacement field is:   𝑢(𝑥,𝑦)𝑣(𝑥,𝑦)  ,𝑤 = 0

Plane deformations: the deformations are in a plane:

If the plane is x-y, the deformations are a function of (𝑥,𝑦) :𝜀௭௭ = 𝜀௬௭ = 𝜀௫௭ = 0,𝑜𝑟 𝑖𝑛   𝑒𝑛𝑔𝑖𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠:  𝜀௭ = 𝛾௬௭ = 𝛾௫௭ = 0
Which gives in stresses:𝜎௬௭ = 𝜀௫௭ = 0, 𝜀௭௭ = − 𝜐𝐸 𝜎௫௫ + 𝜎௭௭    𝑜𝑟 𝑖𝑛   𝑒𝑛𝑔𝑖𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠:  𝜀௬௭ = 𝜀௫௭ = 0,

𝑎𝑛𝑑  𝜎௭ = − 𝜐𝐸 𝜎௫ + 𝜎௭
So, the displacement field is:   𝑢(𝑥,𝑦)𝑣(𝑥,𝑦)  ,𝑤 = 0
The stresses are :𝜎௬௭ = 𝜎௫௭ = 0,𝜎௭௭ = 𝜆 𝜀௫௫ + 𝜀௭௭  𝑜𝑟 𝑖𝑛   𝑒𝑛𝑔𝑖𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠:  𝜏௬௭ = 𝜏௫௭ = 0,𝑒𝑡 𝜎௭ = 𝜆 𝜀௫ + 𝜀௭ is a function ofde (𝑥, 𝑦) where𝜆 = 𝜐𝐸(1 + 𝜐)(1 − 2𝜐)

3.3.1. Formulation of the triangular element

3.3.1.1. Basic equations: 

 Displacements field

𝑈 = 𝑁 𝑑 ;𝑈 = 𝑢𝑣 ; 𝑑 =  
𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺

=  
𝑢ଵ𝑣ଵ𝑢ଶ𝑣ଶ𝑢ଷ𝑣ଷ

; 𝑁 = 𝑁ଵ     0      𝑁ଶ      0      𝑁ଷ      00      𝑁ଵ      0      𝑁ଶ      0      𝑁ଷ

 deformations field:

𝜀 = 𝜀௫𝜀௬𝛾௫௬ =
𝜕𝜕𝑥       0 0   𝜕𝜕𝑦𝜕𝜕𝑦 𝜕𝜕𝑥

𝑢𝑣 =
𝜕𝑁ଵ𝜕𝑥        0    𝜕𝑁ଶ𝜕𝑥        0      𝜕𝑁ଷ𝜕𝑥        00     𝜕𝑁ଵ𝜕𝑦        0     𝜕𝑁ଶ𝜕𝑦      0   𝜕𝑁ଷ𝜕𝑦   𝜕𝑁ଵ𝜕𝑦       𝜕𝑁ଵ𝜕𝑥       𝜕𝑁ଶ𝜕𝑦       𝜕𝑁ଶ𝜕𝑥       𝜕𝑁ଷ𝜕𝑦     𝜕𝑁ଷ𝜕𝑥   

𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺
𝜀 = 𝐵 𝑑 → 𝜀௫𝜀௬𝛾௫௬ = 12∆ 𝑦ଶ − 𝑦ଷ 0 𝑦ଷ − 𝑦ଵ0 𝑥ଷ − 𝑥ଶ 0𝑥ଷ − 𝑥ଶ 𝑦ଶ − 𝑦ଷ 𝑥ଵ − 𝑥ଷ 0 𝑦ଵ − 𝑦ଶ 0𝑥ଵ − 𝑥ଷ 0 𝑥ଶ − 𝑥ଵ𝑦ଷ − 𝑦ଵ 𝑥ଶ − 𝑥ଵ 𝑦ଵ − 𝑦ଶ

𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺
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 Stresses field:

In the 3D case we have:

𝜎 = 𝐶 𝜀   𝑜𝑢   𝜀 = 𝐶 ିଵ 𝜎   𝑜ù ∶  𝜎 =
𝜎௫௫𝜎௬௬𝜎௭௭𝜎௬௭𝜎௫௭𝜎௫௬

=
𝜎௫𝜎௬𝜎௭𝜏௬௭𝜏௫௭𝜏௫௬

  𝑎𝑛𝑑 𝜀 =
𝜀௫௫𝜀௬௬𝜀௭௭2𝜀௬௭2𝜀௫௭2𝜀௫௬

=
𝜀௫𝜀௬𝜀௭𝛾௬௭𝛾௫௭𝛾௫௬

𝑪 = 𝑬(𝟏 − 𝟐𝝂)(𝟏 + 𝝂)
𝟏 − 𝝂 𝝂 𝝂𝝂 𝟏 − 𝝂 𝝂𝝂 𝝂 𝟏 − 𝝂 𝟎                     𝟎                   𝟎𝟎                     𝟎                   𝟎𝟎                     𝟎                   𝟎𝟎           𝟎        𝟎𝟎            𝟎         𝟎𝟎            𝟎         𝟎 𝟏 − 𝟐𝝂 𝟐⁄   𝟎 𝟎𝟎 𝟏 − 𝟐𝝂 𝟐⁄ 𝟎𝟎 𝟎 𝟏 − 𝟐𝝂 𝟐⁄

In the plane stresses case we have

𝜎௭௭ = 0 → 𝜆𝜐 𝜐 +𝜀௬௬ + 1 − 𝜐 𝜀௭௭ = 0 → 𝜀௭௭ = −𝜐1 − 𝜐 𝜀௫௫ + 𝜀௬௬
𝜎௫௫ = 𝜆𝜐 ( 1 − 𝜐 𝜀௫௫ + 𝜐𝜀௬௬ + 𝜐 −𝜐1 − 𝜐 𝜀௫௫ + 𝜀௬௬

𝜎௫௫ = ாଵିజమ 𝜀௫௫ + జாଵିజమ 𝜀௬௬;      𝜎௬௬ = జாଵିజమ 𝜀௫௫ + ாଵିజమ 𝜀௬௬; 𝜎௫௬ = ாଶ(ଵାజ) 2𝜀௫௬
𝜎 = 𝐶 𝜀 → 𝜎௫௫𝜎௬௬𝜎௫௬ = 𝐸1 − 𝜐ଶ 1 𝜐 0𝜐 1 00 0 1 − 𝜐2

𝜀௫௫𝜀௬௬2𝜀௫௬𝜎௫𝜎௬𝜏௫௬ = 𝐸1 − 𝜐ଶ 1 𝜐 0𝜐 1 00 0 1 − 𝜐2
𝜀௫𝜀௬𝛾௫௬

In the plane deformations case, we have:

𝜎 = 𝐶 𝜀 → 𝜎௫௫𝜎௬௬𝜎௫௬ = 𝐸(1 + 𝜐)(1 − 2𝜐) 1 − 𝜐 𝜐 0𝜐 1 − 𝜐 00 0 1 − 2𝜐2
𝜀௫௫𝜀௬௬2𝜀௫௬

𝜎௫𝜎௬𝜏௫௬ = 𝐸(1 + 𝜐)(1 − 2𝜐) 1 − 𝜐 𝜐 0𝜐 1 − 𝜐 00 0 1 − 2𝜐2
𝜀௫𝜀௬𝛾௫௬

3.3.1.2. Variational formulation:𝝅 = 𝑼 + 𝑷
𝑼 = න 𝟏𝟐𝑽 𝜺𝑻𝝈𝒅𝑽 = 𝟏𝟐න ( 𝑩𝑽 𝒅 )𝑻 𝑪 𝑩 𝒅 𝒅𝒗 = 𝟏𝟐 𝒅 𝑻 න 𝑩 𝑻 𝑪 𝑩 𝒅𝒗𝑽 𝒅 = 𝟏𝟐 𝒅 𝑻 𝒌 𝒅
𝑃 = − 𝒅 𝑻 𝒇𝒏 + න 𝑈் 𝑇୻ 𝑑s + න 𝑈் 𝑋୚ 𝑑𝑣 = − 𝒅 𝑻 𝒇𝒏 + න 𝑈் 𝑇୻ 𝑑s + න 𝑈் 𝑋୚ 𝑑𝑣

𝑷 = − 𝒅 𝑻 𝒇𝒏 + න 𝑁 𝑑 ் 𝑇୻ 𝑑s + න 𝑁 𝑑 ் 𝑋୚ 𝑑𝑣
𝑷 = − 𝒅 𝑻 𝒇𝒏 + න 𝑁 ் 𝑇୻ 𝑑s + න 𝑁 ் 𝑋୚ 𝑑𝑣 = − 𝒅 𝑻 𝒇

𝝅 = 𝟏𝟐 𝒅 𝑻 න 𝑩 𝑻 𝑪 𝑩 𝒅𝒗𝑽 𝒅 − 𝒅 𝑻 𝒇
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The minimization of the potential energy which is expressed by డగడௗ೔ = 0 gives :

න 𝑩 𝑻 𝑪 𝑩 𝒅𝒗𝑽 𝒅 − 𝒇 = 𝟎
𝒇 = 𝒌 𝒅       𝒂𝒗𝒆𝒄        𝒌 = න 𝑩 𝑻 𝑪 𝑩 𝒅𝒗𝑽

As 𝑩 and 𝑪 are constants :𝒌 = න 𝑩 𝑻 𝑪 𝑩 𝒅𝒗 =𝑽 𝑩 𝑻 𝑪 𝑩 න 𝒅𝒗𝑽
For a plate of constant thickness t ׬  : 𝒅𝒗𝑽 = ∆𝒕

𝒌 = 𝑩 𝑻 𝑪 𝑩 ∆𝒕

𝑡 = 4 × 10ିଷ 𝑚 ;  𝜈 = 0.3,𝐸 = 2 × 10଼ 𝑘𝑁/𝑚²

2 𝑚

10 𝑘𝑁

10 𝑘𝑁

4 𝑚

3.3.1.3. Example:

Element 1 :𝑬 = 𝟐 × 𝟏𝟎𝟖 𝒌𝑵/𝒎² ; 𝝂 = 𝟎.𝟑; 𝒙𝟏,𝒚𝟏 = 𝟎,𝟎 ;  𝒙𝟐,𝒚𝟐 = 𝟐,𝟎 ; 𝒙𝟑,𝒚𝟑 = 𝟎,𝟒 , 𝒕 = 𝟎.𝟎𝟎𝟒;  𝚫 = 𝟒
𝑩 𝟏 =  −0.50    0.00    0.50    0.00    0.00    0.000.00   − 0.25    0.00    0.00    0.00    0.25−0.25   − 0.50    0.00    0.50    0.25    0.00
𝑪 𝟏 = 219780219.78          65934065.93           0.0065934065.93         219780219.78           0.000.00                        0.00             76923076.92

𝒌 ଵ =
956043.96   285714.29  − 879120.88  − 153846.15   − 76923.08  − 131868.13285714.29   527472.53  − 131868.13  − 307692.31  − 153846.15  − 219780.22 −879120.88  − 131868.13   879120.88        0.0000000        0.0000000   131868.13−153846.15  − 307692.31         0.0000000   307692.31   153846.15         0.0000000 −76923.08  − 153846.15         0.0000000   153846.15    76923.08        0.0000000−131868.13  − 219780.22   131868.13        0.0000000        0.0000000   219780.22
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Element 2 :𝑬 = 𝟐 × 𝟏𝟎𝟖 𝒌𝑵𝒎𝟐 ; 𝝂 = 𝟎.𝟑 ; 𝒙𝟏,𝒚𝟏 = 𝟐,𝟎  ;  𝒙𝟐,𝒚𝟐 = 𝟐,𝟒  ; 𝒙𝟑,𝒚𝟑 = 𝟎,𝟒   ;   𝒕 = 𝟎.𝟎𝟎𝟒 ;  𝜟 = 𝟒
𝑩 𝟐 =  0.00    0.00    0.50    0.00   − 0.50    0.000.00   − 0.25    0.00    0.25    0.00    0.00−0.25    0.00    0.25    0.50    0.00   − 0.50
𝑪 𝟐 = 219780219.78          65934065.93           0.0065934065.93         219780219.78           0.000.00                        0.00             76923076.92

𝒌 ଶ =
76923.08        0.0000000  − 76923.08  − 153846.15        0.0000000   153846.150.0000000  219780.22  − 131868.13  − 219780.22   131868.13        0.0000000−76923.08  − 131868.13   956043.96   285714.29  − 879120.88  − 153846.15−153846.15  − 219780.22   285714.29   527472.53  − 131868.13  − 307692.31 0.0000000   131868.13  − 879120.88  − 131868.13   879120.88        0.0000000153846.15        0.0000000 − 153846.15  − 307692.31        0.0000000  307692.31

Boundary conditions: 𝐷ଵ = 𝐷ଶ = 𝐷ହ = 𝐷଺ = 0
𝒌 ∗ = 956043.96       0.0000000  − 76923.08  − 153846.15 0.0000000   527472.53  − 131868.13  − 219780.22 −76923.08   − 131868.13    956043.96    285714.29 −153846.15  − 219780.22   285714.29   527472.53

𝐹 ∗ = −100010

−100010 = 956043.96       0.0000000  − 76923.08  − 153846.15 0.0000000   527472.53  − 131868.13  − 219780.22 −76923.08   − 131868.13    956043.96    285714.29 −153846.15  − 219780.22   285714.29   527472.53
𝐷ଷ𝐷ସ𝐷଻𝐷଼

𝐷ଷ𝐷ସ𝐷଻𝐷଼ = −7.1438.315−6.57023.898 × 𝟏𝟎ି𝟔
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Stresses in the elements:

Element 1 : 𝑑 ଵ =
00−7.1438.31500 𝜎ଵ = 𝐶 ଵ 𝐵 ଵ 𝑑 ଵ

𝜎ଵ= 219780219.78          65934065.93           0.0065934065.93         219780219.78           0.000.00                        0.00             76923076.92  −0.50    0.00    0.50    0.00    0.00    0.000.00   − 0.25    0.00    0.00    0.00    0.25−0.25   − 0.50    0.00    0.50    0.25    0.00
00−7.1438.31500

10ି଺
𝜎௫𝜎௬𝜏௫௬

ଵ = −784.94−235.48319 81

Element 2 : 𝑑 ଵ =
−7.1438.315−6.57023.89800

× 10ି଺
𝜎ଶ = 𝐶 ଶ 𝐵 ଶ 𝑑 ଶ

𝜎ଶ= 219780219.78          65934065.93           0.0065934065.93         219780219.78           0.000.00                        0.00             76923076.92  0.00    0.00    0.50    0.00   − 0.50    0.000.00   − 0.25    0.00    0.25    0.00    0.00−0.25    0.00    0.25    0.50    0.00   − 0.50
−7.1438.315−6.57023.89800

10ି଺
𝜎௫𝜎௬𝜏௫௬

ଶ = −465.09639.63930.18

3.3.2 Formulation of the rectangular element

𝑈 = 𝑢𝑣 = 𝑁ଵ     0      𝑁ଶ      0      𝑁ଷ      0      𝑁ସ      00      𝑁ଶ      0      𝑁ଶ      0      𝑁ଷ      0      𝑁ସ
𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺𝑑଻𝑑଼

, 𝑎𝑣𝑒𝑐
𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺𝑑଻𝑑଼

=  
𝑢ଵ𝑣ଵ𝑢ଶ𝑣ଶ𝑢ଷ𝑣ଷ𝑢ସ𝑣ସ

𝜀 = 𝜀௫𝜀௬𝛾௫௬ =
𝜕𝜕𝑥       0 0      𝜕𝜕𝑦  𝜕𝜕𝑦     𝜕𝜕𝑥   

𝑢𝑣

𝜀௫𝜀௬𝛾௫௬ =
𝜕𝑁ଵ𝜕𝑥        0           𝜕𝑁ଶ𝜕𝑥        0      𝜕𝑁ଷ𝜕𝑥           0           𝜕𝑁ସ𝜕𝑥           0 0        𝜕𝑁ଵ𝜕𝑦             0          𝜕𝑁ଶ𝜕𝑦         0        𝜕𝑁ଷ𝜕𝑦           0           𝜕𝑁ସ𝜕𝑦      𝜕𝑁ଵ𝜕𝑦        𝜕𝑁ଵ𝜕𝑥        𝜕𝑁ଶ𝜕𝑦        𝜕𝑁ଶ𝜕𝑥       𝜕𝑁ଷ𝜕𝑦       𝜕𝑁ଷ𝜕𝑥       𝜕𝑁ସ𝜕𝑦      𝜕𝑁ସ𝜕𝑥   

𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺𝑑଻𝑑଼
𝜀௫𝜀௬𝛾௫௬ = 1𝑎𝑏 −𝑏 + 𝑦       0           𝑏 − 𝑦          0        𝑦          0          − 𝑦          0 0      − 𝑎 + 𝑥               0          − 𝑥        0             𝑥          0          𝑎 − 𝑥      −𝑎 + 𝑥        − 𝑏 + 𝑦      − 𝑥        𝑏 − 𝑦     𝑥      𝑦       𝑎 − 𝑥    − 𝑦  

𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ𝑑ହ𝑑଺𝑑଻𝑑଼
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𝜎 = 𝐶 𝜀
In plane stresses

𝜎௫௫𝜎௬௬𝜎௫௬ = ாଵିజమ 1 𝜐 0𝜐 1 00 0 ଵିజଶ
𝜀௫௫𝜀௬௬2𝜀௫௬  ;          𝜎௫𝜎௬𝜏௫௬ = ாଵିజమ 1 𝜐 0𝜐 1 00 0 ଵିజଶ

𝜀௫𝜀௬𝛾௫௬
In plane stresses:

𝜎௫௫𝜎௬௬𝜎௫௬ = ா(ଵାజ)(ଵିଶజ) 1 − 𝜐 𝜐 0𝜐 1 − 𝜐 00 0 ଵିଶజଶ
𝜀௫௫𝜀௬௬2𝜀௫௬  ;    𝜎௫𝜎௬𝜏௫௬ = ா(ଵାజ)(ଵିଶజ) 1 − 𝜐 𝜐 0𝜐 1 − 𝜐 00 0 ଵିଶజଶ

𝜀௫𝜀௬𝛾௫௬

For a plate with constant thickness t:

𝒌 = 𝒕න න 𝑩 𝑻 𝑪 𝑩 𝒅𝒙𝒅𝒚𝒃
𝟎

𝒂
𝟎
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