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Chapter 3 : Finite element in two dimensions

Two-dimensional finite elements are used to solve problems described by
partial differential equations with two variables. Many practical engineering
problems can be conceptually defined in two dimensions and can be described by
two-dimensional partial differential equations, especially when the primary
unknowns vary mainly in two directions while remaining constant in the third

direction.

Plane elasticity, axisymmetric problems, and two-dimensional fluid flow are

examples of problems that can be studied using two-dimensional finite elements."

1. 3.1. Commonly used elements and shape functions:

Triangular element with 3, 6, or 9 nodes

Linear element
with 3 nodes

Quadratic element Cubic element
with 6 nodes with 9 nodes

Quadrilateral elements with 4, 8, or 12 nodes (especially the rectangular element)

Linear element Quadratic element Cubic element
with 4 nodes with 8 nodes with 12 nodes
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3.2. Shape functions:

3.2.1. Triangular element:

3(x3,¥3)

1(x1, 1)
2(x2,y2)

Each component will be approximated separately:

Qo
ulx,y)=as+ax+ay=1[1 x y| {%}
az

Boundary conditions are:
Nodel : (x,y) = (x1,¥1) » u(x,y) =u; = ag + a3 x; + ax);
Node2 : (x,y) = (x2,¥2) > u(x,y) = up = ag + a1x; + az¥,

Node 3 : (x,y) = (x3,¥2) » u(x,y) =uz = ag + a;x3 + a,ys

Uy |1 x; yif|(ao ~
Uz |1 xp y|3G1g,In condensed form {d} = [Pl{a}
us)|1 x3 y3|l@

To determine {a} we invert [P], but we prefer to solve the system using Cramer's method.

It should be noted that the determinant of [P] is not zero since it is equal to twice the area of

triangle 1 2 3. Let's denote its value by 2A, Thus, the solution will be

Uz X2 Y2
I X y: _ 1
Q= "H xf y13 = ﬁ((xz}% = Y2x3)uy — %1 (Uzy3 — YZu3) + y1(uax3 — x2u3))
1 x2 y2
1 x3 y3

[ul X1 N

1
ag = ﬁ((xz)% = ¥2x3)uy + (V1%3 — X1Y3)up + (X1Y2 — y1x2)u3)
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o~ o1 ﬂ((huz —uz) —w(y3 — }’2) +y1(uz —u2))
Y1
X2 }’2]

X3 Y3

a, =
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a = ﬁ(((}’z —y3)us + (3 — ¥z + (1 — ¥2)us

X1 U
X2 U

X3 Uz
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Y1
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1
= 2 ((rus — uzx3) — xq (uz — Up) + wy (X3 — X))
X3 }’3]
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1
ap = ﬁ((’% —x)uy + (o — x3)up + (02 — x1)us)
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Where :
1
Hence : Ny = 24 [(x2y3 — ¥2x3) + x(y2 — ¥3) + y(x3 — x2)]
_ Qo 1 [¥2Y3s =YXz Y1X3 —X1Y3 X1Y2 — Y1X2] (1
{a} = [P]"Hu} »{a1} = T Y2 =3 Y3— Y1 Y1— Y2 |{u2
az X3 — X2 X1 — X3 X2 — X1 J\U3 1
N = T [(r1x5 = %1y3) + x(y3 — y1) + ¥y (%1 — x3)]
1
1 [¥2Ys —Y2X3  Y1Xz —X1Y3 X1Y2 = Y1%2] (U1 N; = oA [(x1y2 = y1%2) +x(y1 — y2) +y(x2 — %1 )]
{u}=[Pa} =11 x y|xX—=|Y2—Ys Y3 =¥ Y1— Y2 |{u2
24 X3 = X2 X1~ X3 X2 — X1 U3
u = Nyjuy + Npuy + Naug A similar reasoning for the component v gives :
v = Nyv; + Nyv, + N3vg
3.2.2. Rectangular element
The complete field is written as:
dy dy uy Y
d, d; vy .
{u} _ [N1 0 N, 0 N; 0])ds nered @3l _ i 40.b @b
Tl N 0 N, 0 Ng]Ydoft VTN (T (v
ds ds usz
dg de V3
b
a x
1(0,0) o)
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1 1 1
ag ag = Uy, a; —E(uz —uy), az E(u4_u1)' as =E(u3+ Up — Uy — Uy
u(x,y) =ap+ax+ay+azxy=\1 x y xy| 31
az Qo ab 0 0 0](™m
3 a | _ Il-b b 0 ofju
Boundary conditions are: 32 ab 1—a f 01 al 53
3 - - 4
Node I : (x,y) = (0,0) > u(x,y) = uy = aq
ab 0 0 0] (%
Node 2 : (x,y) = (a,0) » u(x,y) =u, = ag + a;a _ 1l—p b 0 o])u
u@y) =11 x y Xl _00 0 g | us
Node 3 : (x,y) = (a,b) » u(x,y) =uz = ay, + a;a + a,b + azab 1 -1 1 —1f\us
Node 4 : (x,y) = (0,b) » u(x,y) = uy = ag + ab
u = Nyuy + Nyuy + Naug + Nyuy
The full field is written as:
Where : Jull
1 x y xy
N, = —(ab — bx — =1-——=+—=
1 ab(a x —ay + xy) a b+ab
N, = 1 b _x Xy
2—%(75_3‘}’)—5_% dy dy Uy
d, d; v,
L= xy ds ds u,
ab {u}_NloNz 0 Ny 0 N, 0])dy | _ v
L vl N 0O N, 0 Ny 0 NJ)dof®  PENa (T Yus
N, =—(ay —xy) = y_x d d V3
+=0p ay —xy b ab 6 6 u
d; d, 4
dg dg) ™
A similar reasoning for the component v gives:
v = Nyv; + Nyv, + Navz + Nyvy






