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2.3 Bending bar element (Beam element) 2.3.2. Basic Equations

continuous beam structures (see strength materials, Elasticity and structural mechanic)

2.3.1. Definition, notations, and sign conventions:

"

A~
A - M (x) qy(x) ) 4 AM ()
y A 220kt rane o
8, My 0, M, 6, ; [ .
v 4—,*’—‘\—’\ /\v Lo = dx Ty(x)+d
vy [Ty l;l Ty I . | - Bending in the x-y plane Bending in the x-z plane
1] ‘21 wy | 7
For the bending in the x-y plane, we have: Y, M) /x = —M,(x) + (M,(x) +
dM,(x)) + (Ty(x) + dTy(x))
dr,
ZFy=0—>dTy+qydx=O _)qy:_ﬁ
dx Ly
dx+qy.dx.7 =0
M, d*M,(x) 5 -
dMZ(x)+Ty(x)dx=0—>Ty:— dx -qy %) :7 i ,
Gy x
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the displacement field is :
u(x,y) =u(x,y) etv(x,y) = v(x)

—u(ny)  —u(xy) B
GP ~ y - tg(gz) - gz(x)

u(x,y) = —y6,(x)

the deformation field is :

ou 20, (x)
B S E =50 =V oy
du Ov av
26y =Yy =5 45, = 0.0 + 50

the stress field is :
du 20,(x)
Oy =0, = Eg, =Ea= —Ey ax
v
Oxy = Tyy = GkyYyy = Gk, | —0,(x) + I

The internal forces are:

00,(x)
N:f 0,dA=—E fydAzo
A X Jg

ad
T—f da = Gak, (22— 0.0
y_ATxy = v\ g~ 92*

e _ 00 [,
M,k = | yjA\o,dAi—> M, = —yo,dA=E——| y“dA=El,
a A ax Jy

30,(x)
ax

This model is the general model known as the

If we accept the Navier-Bernoulli hypothesis “The cross section
remains normal to the deformation of the middle fiber”’; Then

we neglect the deformation due to shear force and obtain the

Yyy = —0 (x)+6_17=0 —>0(x)=@—>s =—y@=— _dzv(x)
*y z ax z ax * ax2 dx?
In this case :
M. - EI 96,(x) _ d*v(x) _ M) _ d3v(x)
z Z ox Z dxz ' Y dx Z dx3

The local equilibrium equation is then written as:

d?M,(x) _ d? ( dzv(x)) da* d?v(x)

qy(x) = dx? dx? Z dx2 dx? (EI dx? ) - qy(x) =0

For a beam with a constant cross-section:

d*v(x)
EIW - qy(x) =0
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For bending in the x-z plane and for the Bernoulli model.:

dr,®)

_ dM,(x)
dx ;To(x) =

dx

dZMy(x). B Myz(x)-

a' =
2 9x )
dx I,

q,(x) =— - q(x) = -

0,(x) = —dw(x)/dx; u(x,z) = z0y(x) = —zdw(x)/dx;

_ou(x)  80,(x) d*w(x)
ST T TP ox P ax?
d?w(x) d3w(x)
My(x) = —EIW ; Tz(x) =EI dx3

The local equilibrium equation is:

000 = _dzMy(x) o d? (—El dzw(x)> d? ( d*w(x)

dx? | dx? dx? ) T ax\" T dx? > ~4:(0=0
For a beam with a constant cross-section:

d*w(x)

EI dx* _q7(x):0

2.3.3 Approximation of the displacement field (Shape function) :

v = [N]{d}
v = Nyvy + NpbByy + Navy + NyByp = Nydy + Nady + Nadz + Nudy

To make the writing easier, lets voluntarily omit the index z in the writing of 0, by simply
writing it 6

v = Nyv; + Ny6; + N3v, + NyO,
where:

w

3x%  2x3 2x% %3 3x%  2x3 —x% X
Tt Ne=xo s = o=ty

For bending in the x-y plane we have approximated the displacement field in the form below:

For the case of bending in the x-z plane, we can follow the same procedure to
determine the shape functions, but while calculating these, we take the opportunity

to present another approximation technique:
Hermite interpolation approximation

The field will be directly approximated as a function of the degrees of freedom:
w(x) = Nyw; + N,6; + Nsw, + N, 6,
=[Ny Ny N3 Nyfldy dy d3 di]”

dw dN1 dNZ dN3 dN4_
dx z

Q(X)Z——Z— Ewl +E91 +EW2+E

H(X):l_Nf —Nzl _N3’ —N4’J[d1 d, dj d4JT
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Let s approximate each N; by a polynomial of the form:

N;=ay +a;x + azx?+az;x® - N;' =a; +2a,x + 3a;x?
We have the following boundary conditions.:
Nodel: x=0;w(0)=w, =d;; 0(0)=6; =d,

Node 2: x = L,W(L) =W, = d3; Q(L) = 02:d4

Which gives:

Nl(o) =1 Nll(o) =0; N1(L) =0; Nll(l) =0
N,(0) = 0; N;'(0) = —1; No(L) = 0; N,'(1) =0
N3(0) = 0; N3’(0) =0;N3(L) = 1; N3’(l) =0

Determination of Ny :

a=1 and a; =0

ag+a L +ayl?+azl3 =0 - al?+azl®=-1....(al)
a, +2a;L +3a312 =0 - 2a;L+3a3l>=0..... (b1)
-3
alXx (3)+b1x(-L) » ayl?=-3 > a, =0
2
al X (2)+b1x(-L) » —azl®=-2-> ag =5

3x2  2x3

Ni=1-+t73

The other functions N, ; N3 ; N, are determined in the same way:

. +2x2 x3

2T XTI
3x2  2x3
Ns=T7 13
xZ2 X3
Ny=——-—
YT 12
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2.3.4.1 Formulation by the virtual work principle:
2.3.4. Formulation of the element:

wext = yint
Let’s consider the general case where the element is subjected, in . » .
addition to nodal forces {f,}, to loads between nodes: (Loads Q; Wm={d}T{f"}+ZviT{Qi}+ZeiT{Mi}+L v {q(N}dx +
=1 i=1

and/or moments M; concentrated at a certain number of points « i »,

b
J. 0(x)T{mX)}dx + J. v(x)"f, dx
load q(x) and/or moment m(x) distributed over a length [a b| and a a v

load f}, per unit volume directed along the vertical y or z axis).

k p
) . ) Wext = {d} {fy} + Z([N(X = X)HaP{e:} + Z([N’(X = X)HdP"{M} +
Let’s consider the case where the bending occurs in the x-y plane: = =

b b
f (INCONANT q(X) dx + f (V' CODT m(X) dx + f (INCOIADT f, dx
a a \'A

West = (@Y {(F={d}T ({f} + {feq)) wint = f eTodv =J. eT[Cledv = J. ([BI{dD)T[C1([BI{dDav
14 \%4 \%4
k 14 int _
(Fod) = Z (N = x0) (00 + Z (VK = x0) M) wint = {d37 fv [BI"[C][B]dv. {d}
+ [ Weo) qedx+ | (woo) meoax+ [ (V00) fydx wert = wint > (dy7{f} = {d}” fv [B][C][B]dv. {d}
{f} = [kl{d}
Where: [k] = f, [BI"[C][B] dv
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For this element, and neglecting the effect of shear force (Bernoulli model),
gisreducedto ey = -y = —y LN, N, Ny Nyldy dp ds daf
x = Vg = Vel Nz Nz Na]ldy dy Az Gy o
n n n n 12 n n n 1
& =-—yIN" N N3" N,[{d} - [B]=-yIN," N, N3 N, N,
o = [Cle, here, g is reduced to o, and as o, = E¢, then [C]is reduced to E L] = fv 4 N;" E(-yINT N NgT NP ydy
N4”
Nlll
L N. "
0 =5 [ [\ | N Nl [ yrds
o | N3 p
N4”

2.3.4.2. Formulation by the weighted residues method:
Problem Statement:

The direct rigidity method based on elasticity equations cannot be easily used outside the

N1”N1” N1”N2” N1”N3” N1”N4” domain of structural mechanics, for example, in the case of soil consolidation problems. The
[k] o fL NZHNI:: NZ”N2 :: N2”N3” N2”N4” dx weighted residues method allows solving such problems. For a problem governed by a
o | N3 ”1\]1 N ”N2 N; ”1\[3 " N; ”N4” differential equation or partial differential equations over the domain £ of the form:
NS'NyONGN, NGNS NN, bwy =0
with boundary conditions on its boundary I of the form:
CWUF)=0

where D and C are differential operators
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Approximating the field Uby:
U = [NN{d}
We can increase the chances of this approximation by associating a weighting function {

with the residual function and minimizing their product; these chances increase more if
we choose this new function in such a way as to obtain a zero minimum

We will have:
D(U) = Residue R

wadﬂ =0

In order to approach exact solutions, we will strive to minimize the integral of the residues

over the concerned domain.

fRd.Q = minimum

Application to the present case:

We can choose the weighting functions \ in various ways, with each different choice
corresponding to a distinct criterion. One of the interesting criteria is the Galerkin For a beam with a constant cross-section, EI is constant, the differential equation is:
criterion, for which the interpolation functions N; play the role of the weighting d*v
. El—— =0
functions dxt
v(x) =[Ny N Nz Ng|{d}

The strong form of the weighted residues is written as:

fNL.D(U)dQ =0

This last equation concerns the interior points of the domain without reference to L dy L 4 L
boundary conditions such as applied forces or imposed displacements. To introduce them, J;) N (EI dx* qJ/> dx=0- El J;) N; dx* dx _J; Nigydx -
we integrate the above equation by parts until they appear. This results in integral

expressions for the domain and for its boundaries. EI fOLNi %dx = fOLNiqy dx
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a

which is the nodal load equivalent to the distributed load q,, : {feq}

Note that the second term can be written for an element loaded over a length [a b ] in the form:

L a b L b
J. Ni‘lydxzf (NiXO)dx+f Niqydx+f (Nl-XO)dx:f Niqy dx
0 0 a b

By applying integration by parts on the first term, we get:

L 3

Lo gty d3v d3v
Elf N goadx=El( N5 —EIJ’NL d—dx
0
L gy d3v\* d?v Lo gty
Elf Nlﬁdx—EI(N dx3>0751<(1vl W)(LN‘WM)
EIfN Bl Nd3” ' P L+EIfLN” &,
LAt T fdxd ) bdx?i) o L™

Lod*w d3v d3v , o d%v , o d% ., d*v
EIfONi g = (MBS ) (MBS ) (e ) (W) +EIfNLd—2dx
x=L x=0 x=L x=0

L 4
d'v ' : v
Bl fo Ny = =N DT, + NO)(-T,.) = N ) M2) + N, 0) M)+ i f W

For i=1 we have

EIfLN dvd
o Ldxt =

N;(0) = 1; Ny (0) = 0; Ny (L) = 0; Ny (L) = 0

4

L gty Lo db
El| Ny —dx=-T, +EIl | N'| —d
fo Lt ™ " fo L™

L
=N1(L)Ty, = N1(0)Ty; = Ny (L)M,, — Ny (0)M,,; + Elf Ny
0

2

dv
Ed}(

For i=2 we have
N2(0) = 0; N, (0) = L; Ny (L) = 0; N, (L) = 0

2

Lo gty , .
Elf N, @dx = =N,(L)Ty, — N (0)Tyy — Np (L)M,; — No (0)M 1 + EIJ- N
0

"
Zdz

L 4 L2y
El| Ny—dx=-M, +EI| N, —d
J(-) 2 g “ J; 2 gz ™
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For i=3 we have
N3(0) = 0; N5'(0) = 0 N (L) = 1; N3 (1) = 0

L d*v L a%y
Elf N3 —dx = —N3(L)T,z — N3(0)T,; — N3 (L)M2 — N3 (0)M; + Elf N’y —dx
0 dx 0 dx

Logty
r
EILNZde= y2+ElfN3d2

For i=4 we have

Ny(0) = 0; N, (0) = 0; Ny(L) = 0; Ny (L) = 1

L 4 L 2
d*v , , , dv
EI fo Ny S = Ny Ty = Ny (O = Ny (Mg + Ny (OOM -+ B fo N

Elf Ny T dx = zz+51f N, —vdx

T,
y1
0 M LldNT\' PINI)
NITEl—dx=—4 " EIJ. d=f N|" q,d
J;[ ] dxt ™ Ty2 * o \ dx? dxz 0[ IMaydx
MZZ
Ty
M
We notice that TZl is the nodal forces vector {f,} and fOL N7 qydx is the equivalent forces vector
y2
MzZ

Finally, we will have:
L " "
() + () = e [ V) 1N i) =

{3} = [k1{d} ou {f} = {f} + {foq}

Ny Ny Ny N NNy
NZ”NZH N2”N3”

Ny'N
and[k]:ElfL[N]”T[ N] dx—EIfL 2o,
0

"

We thus find the same matrix determined by the direct method.

Ny N1 N3y N, N;'N;"
NSN, NN, NaNs

N1”N4”
N2”N4”

NN
NN,




Formulation by variati, [ methods:

Problem statement:
Consider a differential equation of the form: D (u) = 0.

For this differential equation, if a functional T exists such that:

b
n'=f flx,u,u' (x)]dx

Then, among the admissible functions w(x), the one that gives the closest solution to
the equation D(u) = 0 is the one that gives the functional T in the interval [a, b] the

extreme value (maximum or minimum) for a given functional f
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The function u(x) that maximizes or minimizes f is called the stationary function. In

variational calculus, it can be shown that the stationary function
flx,u,u'(x)]
must satisfy the Euler-Lagrange equation

of d(of\_,
R‘E(ﬁ)‘

In the variational approach, the nodal values of w; must be found to make the functional (u)

stationary such that:

kL
811'(11) = Z m&uk =0

k=1

where N is the number of discrete solutions u; assigned to the domain. From the previous

equation, it follows that

Application to the present case:

Here, the functional T is the potential energy

E=U-P

1
U= f ~elodV
v 2

k n L L
P ={d}"{f, i T{Q; 0;" {M; "{q(X)}d 0T {mX)}d
{ }{f}+;v {Q}+; { }+fov(x) {400} x+f0 @ {m(X)} dx

+J; v()Tf, dx

1N



For the beam element - bending bar element - (Bernoulli model):
e=¢g=u ; o=o0,=Ee =FEu
In the x-y plane, we have:
v = [N{d} = Nydy + Nody + Nadz + Nody, 5 ldy dy d3 dy] = vy 61 v2 6]
0 = [N]{d} = Nydy + Npd + N3ds + Np,dy 5 |dy dp d3 dy] = |v; 6, v, 6]

U_J' 1., dv—f E . ’dV—Ef d2v\" d*v av
=), 25 = v =) \Vaaz) TV ae

U_Ef 5 d2v\" (d*v av
=2), Y \axz) \a2
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EI, (*
U= [ AN Ny Ng NH@TAND NS NN la)) dx
0
EIZ L T 1 1 " mrT 1 " 1 "
U:Tf @Iy Ny NY ONJITING N ONY N I{d) dx
0

EI, (t
U= T’f (N{dy + Nyd, + Nyds + Njd,)? dx
0

k P
P = (@ (f}+ ) (INX = XOHADT(Qa + ) (IN'(X = XDl (M) +
i=1 i=1

| aveor@y qoo ax+ fs (N CODT m(X) dx + fv (INCOHAYTf, dx

L L k
() + [ INTLaOO)dx + [ INTTmO0) dx + ) NG = x)I7Q0) +
P= {d}r i=1

DIV Ge= ") + | NGO Fudx
i=1

The minimization of potential energy is written as:

9E _9U 0P U op

== +—=0 > —=-—

dd; 0d; 0d; ad; ad;
aU L " " " " "
—= Elzf Ny (N{dy + Nyd, + Nyd3 + Njdy)dx
ady N

dy
U L d
_=E1j NUNT NONY NUNY NN %2
ad, z0l11 1Nz NiN3 14]{(13
dy

11
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In the same way, we find:
dy
au T L.
a—dz=51zj;lNzN1 NzN; N3Nz N3Ng| ds
dy
N1,,N1,’ Nll’Nz” N1/IN3/I N1,’N4,’
a W, [N NN NN NN
Tagl — " " " "
e TN N (0d] o |NS"Ny NNy - N3"N;" Ny'Ny!
ad; o ZZ N4IIN1H N4HN2H N4HN3H N4”N4”
dy
au b i g v ) da
0_111=EIZJ;,[N4N1 NgN; NyN3 NgNg| ds
dy
aP L L
=7 = Und + [ INIT{qO} dx + [ IN']T{m(X)} dx + I[N (x = x)]"{Q} +
n
DN G =T + [ INCOTfdx
i=1 4
aP N”N n N”N,” N”N " N”N n
~ay = Und +fedy = 13 L
LIN,"N,T NN, NRN3" N,'Ny

= Er [ (Y, NN,
o|Ns'Ny N3N, N3 N3 N3 N,
N4”N177 N4”N2H N4HN3I/ N4NN477

N1”N1” N1”N2” N1”N3” NN,

aU L N uN " N. IIN " NZHN3” NZHN "
== - {f} = E’zf Zu 1” Zu 2” " " " " {d} = [k]{d}

[ad[ [ad] o N3N, N3"N,”" N3'N3" N3N,

N4_”N1” N4”N2” N4HN3H NN
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L, L6 12x 12x
klleIZf Nl Nl dx:Elf (——2+ 3 dx
To evaluate the terms of k], let’s remember that: 0 o L
Lr36 144x 144x 36x 72x 48x3 12EI
3x%  2x3 2x2 X3 3x2  2x8 —-x? x8 k“:EIZfO T dx =El,
NMi=l-ptpie=x—grtp ==+
L L6 12
Then ks = EI, f N,"N,"dx = EI, f 3 Lf)( —+ x>dx
0 0
N 6+12x N 4+6x N 6 12x N 2+6x
1 =32t 53 N2 =——F ; 3 =327 53 NVa =
L2 L1z L L2 Li24 84x 72x° 24x 42x
klZ:EIZ_fO F—F‘}'T dX=EIZ F—
For the bending in the x-z plane, a similar calculation gives:
12 el 12 el 12 —-6L -12 -6L
El A A k)= Zly|-6L 4L* 6L 2L
k] =—2| 6L 4L —6L 2L I3|-12 6L 12 6L
6L 2L> —6L 4L?
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2.3.5. Study of a beam structure:

VY VY YY YTy y vy vy

=10 o=}

=00

For a beam (continuous beam) subdivided into elements (spans), the local axes of the
elements and the global axes of the beam coincide (taking the direction of the global x-axis
as that of the longitudinal axis of the beam

The transformation matrices of the elements are therefore identity matrices, and
consequently, the degrees of freedom, nodal forces, and stiffness matrices in the local and

global reference coordinate are identical

2.3.5.1. Calculation of the stiffness matrices of the elements:

Element 1: L =3m; I =45x10"*m™*; E =32 x 10° kN/m?

12 18 -12 18
1_ 1 _ 32x10°%x4.5x107*| 18 36 —-18 18
[k]" = [K]" = 3 12 ~18 12 -18

18 18 -18 36

6400 9600 —6400 9600
9600 19200 —-9600 9600
—6400 —9600 6400 —9600

9600 9600 —9600 19200

[k]* = [K]* =

Element2:L=4m; 1 =6x10"*m™*; E =32 x 10°% kN/m?

12 24 —-12 24
(K2 = [k]2 = S2X 100X 6 X107 | 24 64 —24 32
43 -12 -24 12 24

24 32 24 64

3600 7200 —3600 7200

7200 19200 —7200 9600
—-3600 —-7200 3600 —7200

7200 9600 —7200 19200

[k = [K)? =

1A
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2.3.5.3. Calculation of the global stiffness matrix:

The continuity of displacements gives:

2.3.5.2. Calculation of the equivalent loads:
The nodal loads equivalent to the uniformly distributed load on element 2 (the right segment)
L
are: {fea} = [y INIT.q(X).dQ = [[[N]". q(x)dx
[ 3x2 2x%) [ 3 xt T
=+ N RETE
2x%2 x3 x? 2x3  x* —20
Gl = [T P | Caoyaem —10x|2. 30 3P| _)-1333
ed o | 3x% 28 ‘ 3x%  x* —20
T PR 1333
—x2 . %3 %3 s x4
L L L? 3L 412
The assembly gives:
6400 9600 —6400 9600
9600 19200 —9600 9600
—6400 —9600 6400 -9600
3600 7200 -3600 7200
9600 9600 ~9600 19200
(K= 7200 19200 ~7200 9600
~3600 ~7200 3600 ~7200
7200 9600 ~7200 19200

Dl 1 2
D, dy Di\' (Dy dy Di\?  (D;
{D}= D3 i d, — D, — D, . d, — D, — D,
D, (" )ds Ds Dy’ )dj Ds Ds
Ds d, D, D, d, D, Dy
De
y
1 2 x
1 2 3
vy _ (D v, D. V3 _ (Ds
o} =10, (o) =10} loo}=1o3}
The global system is thus:
Fyq 6400 9600 —6400 9600 0 0 D,
Fy 9600 19200 —9600 9600 0 0 D,
F3| _|-6400 —-9600 10000 -2400 -3600 7200 |)D3
Fy 9600 9600 —2400 38400 —7200 9600 |)D,
Fs 0 0 —3600 —7200 3600 —7200]||Dg
F 0 0 7200 9600 -7200 19200/ \D,

15
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Another direct method of assembly is the congruence transformation method:

If we arrange the equations of the elements as follows

T2 T LA (o)
oy [K] {02
7 [K]™ {D.}m

Or:
{Fr.} = [KJ{D.}

[K.] : diagonal matrix of element stiffness submatrices, called the unassembled global stiffness

matrix.

{F,} : vector whose terms are the force vectors of the elements called the unassembled global

force vector..

{D,} : vector whose terms are the vectors of the degrees of freedom of the elements and are

called the unassembled global vector of degrees of freedom.

To perform the assembly of the elements, it is sufficient to consider the continuity of
displacements at the nodes of the structure, which is expressed in the form:

{De} = [C.1{D}
Where {D }enumerates the global displacements at the nodes of the structure and [C,] is called

the global kinematic matrix or connection matrix,

Similarly:
{Fe} = [B.1{F}

Where {F} enumerates the external forces at the nodes of the structure, and [B,] is called the

global static matrix

The virtual work of the external forces is:

wext = (DYT{F} = {D}"[B,]M{F,}

The work of the internal forces is:

wint = (DY {{F.}} = ([C.HDNT{F.} = (DY [C.]"(F.}
[Be]_l = [Ce]T

Noting that [C,) is orthogonal, thus [C,]T = [C,]™*
Which gives:

1A
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The construction of the matrix [C,] is simple. If the elements i, j, and k share a degree of

We have: , L I
freedom D,, , then the compatibility condition for displacements implies:

D, =D,' =D,/ =D,*
{(F.}} = [BJ{F} = [CI{F} = [K){De} = [KIC DY ~ {F} = [Ce] T [Ke]IC 1D}

- {F} = [K]{D} where This equation generates a column of the matrix [C€] : unit values for the rows corresponding to
[K] = [C.I K. ]IC,] Dpi = Dpj = Dpk and zeros elsewhere. Such a matrix populated only with elements equal to
As [C,] is orthogonal [C,] =[C.]T zero or one is called a Boolean matrix and is well-suited for designing highly efficient
algorithms.

For our example: Thus
T 10 0 0 0 0
! 1 0 1.0 0 0 O
D, D D
o | P 000100
_ {D}* _ D, _ D4, _ D —

=i} =1 oyl = osf 1= 1 [Cl=10 0 10 0 0
D, Dy Ds 0 001 0O
D bs Ds 000010
D, 6 0 0 0 0 0 14
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6400 9600 —6400 9600
9600 19200 —9600 9600
—6400 —-9600 6400 —9600
[K,] = 9600 9600 —9600 19200
3600 7200 —3600 7200
7200 19200 —7200 9600
—3600 —7200 3600 —7200
7200 9600 —7200 19200

The double matrix product: [C,] *[K®][C,] performed by MATLAB gives the

same matrix K determined previously

4.2.3.5.4. Introduction of the boundary conditions:

Fi=Ry ; F, =M. ; F3=0+f2; =—20kN; F4 =0+ f2,, = -13.33 ;

Fs=Ry3+f23=Ry3—20; Fg =M+ f2, =M. +13.33

D1: Dz :OjDs :?; D4, :?,'DSZ D6:0

6400 9600 —6400 9600 0 0
9600 19200 -9600 9600 0 0
(K} = | 6400 —9600 10000 —2400 -3600 7200
9600 9600 —2400 38400 -—7200 9600
0 -3600 —7200 3600 —7200
] 7200 9600 —7200 19200
Ry 6400 9600  —6400 9600 C D,
MM FaW.2aWay 1089A0A PaWNaVay PaWNaVal D
el J0UuU 17200 —J0UU J0UU U =2
-20 —6400 —9600 10000 —2400 —3600 7200 |)Ds
-13.33 9600 9600 —2400 38400 —7200 9600 |)D,
Ry5—20) 0 =3600=7200"3600=7200] D5
Mgz +13.33 0 7200 9600 —7200 192001 D,

1Q
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After the introduction of boundary conditions, this system reduces to a reduced

system:

Fy =KD} -

-20 }_[10000 —2400 {Ds}
—-13.33 —2400 38400!(D4

D3 =v, = —0.002115m
D, =6,=—0.0004794rd

Note: For manual calculation and to directly determine the reduced system,
boundary conditions are introduced at the element level.

For example, using the congruence transformation method, we will have:

[kt = | 6400 —9600];{[)*}1 ={gi} (k]2 = [3600 72001; 0y ={gi}

—9600 19200 7200 19200
6400 —9600
1 _ |—9600 19200
[Ke]_ 3600 7200
7200 19200
D3
o )o, o (D3 e (Fs
o3 =1{pt {D}—{D4}.{F}—{F4},
D,

10
|0 1
{Ce}_ 1 0
01
6400 —9600 00 10
[K*] = 1 01 0] —9600 19200 00 0 1|_
01 0 1 00 3600 7200 )|1 O
00 7200 19200f[0 1
10
[64-00 —-9600 3600 7200] 0 1(_[10000 —2400]
—9600 19200 7200 1920011 O —2400 38400
0 1

10
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4.2.3.5.5. Determination of the support reactions and the nodal forces of the elements:

To calculate the support reactions, we use the global system:

Ry 6400 9600 —6400 9600 0 0 0
M,y 9600 19200 -9600 9600 0 0 0
-20 _|-6400 —9600 10000 -2400 -3600 7200 |} —0.002115
-13.33 ~| 9600 9600 —2400 38400 -7200 9600 |]—0.0004794
Ry3 +(-20) 0 0 -3600 -7200 3600 —7200 0
M,z + (13.33) 0 0 7200 9600 —7200 19200 0

R,y = —6400 X (— 0.002115) + 9600 x (—0.0004794) = 8.93 kN,
M., = —9600 x (—0.002115) + 9600 x (—0.0004794) = 15.70 kNm,
Ry3—20 = —3600 x (— 0.002115) — 7200 x (—0.0004794) - Ry, = 31.07 kN,
M,z +13.33 = 7200 X (— 0.002115) + 9600 x (—0.0004794) - M,, = —31.16 kNm,

To calculate the nodal forces of an element 'i," we first determine its nodal displacements in

global coordinates and then in local coordinates. Then, from the system:
Uy = KdY avec {fY = (fu) + {feq)
we calculate the nodal forces

(Fult = [IHAY — {foq)'

Ty 0
M 1
=302t = = {feg) = ' =40 ¢ = [KI*(a@}!
y2
M, 0
1
Ty 6400 9600 —6400 9600 0 8.94
Mz —| 9600 19200 —-9600 9600 0 _J 15.7
Ty, —6400 —9600 6400 —9600() —0.002115 -8.94
M, 9600 9600 —9600 19200 \—0.0004794 11.1

di\' (D, 0 di\?  (Ds ~0.002115
d D 0 d D —0.0004794
1 2 — 2 — . 2 2 — 4 — .
=96, ( =105 (=) —0.002115 (18" =a,( =)De (= 0
d, D, —0.0004794 d, Dy 0
2
Ty —20
M 2 _
=17 =P~ {fa) = 02— }=[k12{a)? - {71333
T, 20
M,, 13.33
2
Ty, 3600 7200  —3600 7200 ]( —0.002115 -20 8.94
Ma| _| 7200 19200 —7200 9600 |)—0.0004794( _)—-13.33(_)-11.10
T —3600 —7200 3600 —7200 0 -20 31.07
M, 7200 9600 —7200 19200 0 13.33 -33.16
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2.3.6.  Hinged elements:
a- Element hinged at its left node (Hinge-Rigid Element):
for this element, the moment is zero at this node, so in the element

System:

fi 12 6L —12 6L ] (%
fol _EL| 6L 412 —6L 21%|)d2
fs 3|-12 —-6L 12 —6L|)d;
£, 6L 21> —6L 4L*]\q,

El,
fo=Mey =5 (6Ldy + 41%d, — 6Lds + 21%d,) =0 —

_3x%2 2x3 3x 3x* 3x* 3x i?

Nyg=—"— -4 4 ==
P T2 I3 T21 12 213 2L 213
N _—xz_’_x3 x_i_Juc2 x3 _ x+ x3

pAT L T2 2L 212 2 212

f

d, = 3d 3d 1d
2= —ypthitords—5ds
I 3 1
91——ﬁv1+ﬁv2—292
3x2  2x3 2x%2 X3 3x2  2x3 —xt X3
Mttt e =1
N1 3x2 2x3 3x 3x% 3x3_1 3x 3
m=lm Tt Tt s Tt
d
fi 12 6L —12 6L 3 1
0(_EL| 6L 412 —6L 212 —dy + 57 d3 -5 d,
f3 3 |-12 —-6L 12 —6L y
fa 6L 212 —6L 4I2 d3
4

L3

3

EI,
f= ?(d1 —d3+Ldy)

= &((12 - 6L23_L) d, + (—12 + 6L23—L) ds + (6L = 6L%) dy)

1
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=tz o)+ (12-13) o (ot 1) 0y

3E1,
f3= L_3(_d1 +d; —Ld,)

__El

fa==2((6L - 212 ) dy + (—6L + 212 %) ds + (4L2 —2123)d,)

3EI,
L3

f4 == (Ldl - Ld3 + L2d4_)

So, for this element:

b-  Element hinged at its right node (Rigid - Hinge Element):

A similar reasoning gives:

0 3 + 3 19
=——v+—V,— 2
2 2L Y T2 271
3x2  2x3 2x%2  x3 3x2  2x3 —x% X3
Ni=l-TptygiNe=x—=tps = giNe=—+p
N1 3J\fz_|_2x3_|_3x2 3x3_1 3x2+x3
L L2 3 212 213 217 213

3] 1 0 -1 L
_ z| 0 O 0O 0
L] = 3]1-1 0 1 -L
L 0 —-L I?

2x2 x3 x%2 X3 3x2 X3

Noz=x——p+ptor2z=* 21 Y212
3x2 2x3 3x% 3x% 3x% A8

P32 L3

22 T 23T 212 213

NN
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Element hinged at its two nodes (Hinge-Hing Element):

—d;  ds —d;  ds
dy=—+—;d,=—+—

A A A

_U1+172
91:711 :92

3xz2  2x3 2x2 A3 3x2  2x3
Ni=l-TptgiNe=x-—+pi Ns=Tg 75
3x2 2x3 x 2x* x® x* A8
Nyp=1- 2 2420 2 o

T it Tt BT

3x2 2x3 x 2x2 x® x? X3 x
V=T pr'i e rE'rT1L

4=—T

x
L

g | 1L 710
_3EL 2 L o0
M=—7"1-1 21 1 o
0 0 0 0
3L | o P
_3EL{lo 0 o0 o
[l = 3]1-1 0 1 0
0 0 0 0

fmé 1= 00016 m",L =4m

NN
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For the beam the global and local coordinate are the same:

Element 1: left span (rigid- Hing)

Dof : vy,01,v,,0,
2400 9600 —2400 0

1_ g1t — | 9600 38400 —9600 O
[k]" = K]" = —2400 -9600 2400 O

0 0 0 0

Element 2: right span (Hing- rigid)
Dof : v,,0,,v3,0;

2400 0 —2400 9600

2 _ 2 _ 0 0 0 0
k* =K1 =1_2400 0 2400 —9600

9600 0 -—-9600 38400

Element 3 : Spring

Dof : uy,vy,uUy, vy
_ __ 3_[0 -1 0 0
t=0m=-1 > [P=[g & ¢

0 0 0 0
3 _ [ 10000 —100007 3_|0 10000 0 —10000

L] _[—10000 10000]’ (KT" = 0 0 0 0
0 —10000 0 10000

Equivalent loads:
1 _32 2

feq1 1 212 + 213 —6.875
feqz X — ﬁ + i -7.5

= 2L 212 X (=10) =9 3755
feq3 3x2 x3 .
feq4 m - ﬁ 0

0 e=1/2
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3 +3x2

B il
;eq: 2L() 2L3 5.%25
e
foa| =| 2232 X (=200=1 5625
a3 2L 2013 '
feq4 1 3x2 2.5

“2tar b,

In total, we have 3 rotations 6, ,0,, 03,2 translations u, ,u, In the x-direction and 4

translations vy, v, ,v3 ,v4in the y-direction
{D} = |D1,D;, D3, Dy, D5, Dg , D7, Dy, D" = |v1, 601, U, 02, 65,03 ,63,us , va]”
{D}' =Dy ,D;,Dy,Ds|" = |v1,6, v;,6,, "
{D}* = |Dy,Ds, D5, D7 | = | v;,6,,v5,65 |
{D}® = |D3,D4,Dg,Do|" = | Uz, vz, us, 04 |"

{F}=I|F\,F, ,F; ,F ,F5,Fg ,F5, Fg , )"

Boundary conditions:

Dy

{F}= lF1'F2'F3,F4,F5.F6.F7.F3,FQJT

T
= Ryt + fipt Mozt + filo 0, fogs + f1  Foqa + Fa2 Rys + A3 Megs + f4 Res , Ry

=Dy=D3= Ds= Dg= D;,=Dg= Dy =0

2400 9600 -2400 0
9600 38400 -9600 0
0 0 4 0
-2400 -9600 2400 0
2400 0 -2400 9600
4 10000 0 -10000
K] =
4 0 0 0
0 0 0 0
-2400 0 2400 -9600
9600 0 -9600 38400
0 0 0 0
0 -10000 0 10000

Lo ] =~



University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method. Lecturer: A. HAMITOUCHE.

(

i
t7

Fiy 12400 9600 0000 —2400 0000 0000 0000 0000 0000 7 (Pr)
2| [9600 38400 0  —9600 0 0 0 0 0 |[D
£ 0 0 0 0 0 0 0 0 0 Ds
Fy —2400 —9600 0 14800 0 —2400 9600 0 —10000 ||Ds
F5}= 0 0 0 0 0 0 0 0 0 {Ds}
Fe 0 0 0  —2400 0 2400 —9600 0 0 Ds
El 1o 0 0 9600 0 —9600 34800 0 o ||p,
Fy [0000 0000 0000 0000 0000 00000 0000 0000 0000 ||pg
F 0 0 0 —10000 0 0 0 0 10000] \p,

{2.5} = [14800]{D,}

For the element 1:

3 1 3 3 » Y
dy =0y =—ordi —5dy +5dg = £ X 1.689 X 107+ = 0633375 x 10~*rd

Ty ! 2400 9600  —2400 0 0 —6.875 6.47
Mgy 9600 38400 —9600 0 0 _) =75 (_)5879
Ty, —2400 -9600 2400 0 0.0001689 -3.125 3.530
M,, 0 0 0 0 /\0.0000633375 0 0

2.5
D,=v,=——=1689%x10"%*m
* 7 72714800
For the element 2:
d, =0, = 3d + 3d 1d = 3><1689><10’4— 0.633375 x 10~*rd
R T T A R R = r
2
Ty1 2400 0 —2400 9600 0.0001689 5.625
My 0 0 0 0 —0.0000633375( _ 0
Tys —2400 0 2400 —9600 0 —5.625
M,, 9600 0 —9600 38400 0 2.5
—5.220
0
5.220
—0.880

Lo Y23
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General bending bar element (Timoshenko element):

the displacement field is:

u=u(xy) etv(x,y) = v(x)
—u(xy) —ulxy) _
GP ~ y - tg(ez) - Gz(x)

u(x) = —y0, )

the deformation field is:

du 46, (x)
xS E =50 =V oy
Ju Jdv v
R G PRl P P

the stress field is:
ou a0
Oxx =0, = Eg, :Ea: —yEa

v
g'xy = Txy = ka)/xy = ka (—OZ(X) + a)

The internal forces are:

a6
N=f o dA = — ’(x)f ydA =0
A A

ax
T —f da = Gak, (22— 0,0
y= ATxy = v\ gx  9e¥
20,(x)
M, =EI, a’x

The equilibrium equations become for an unloaded element:

dar, 0 a [dv 0.(x) 06,0 6v+
—_— = > = - = — -
dx ax\ox 2% X)) =5 T
T, = —cGAk,
—dM, 9%0,(x)
h=—ax ~ ~ky = ~EL axz

9%0,(x) _ cGAk,

dx? El,

v(x) =aytax+ax?+az;x3=[1 x x2 x3|{a}
dv
0,(x) = pre=atet 2a,x + 3azx?

cGAk, 6EI, L%*¢ ,
EL ->Cc= GAkya3 = Ta3 noting

07 (x) = 6a; =

dv ) 129
0,(x) = a+ ¢ =a;+2a,x+az;(3x +T)

2
0.0=]0 1 2x @r+ZD)|@

12EI,
12GAk,

N7
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Boundary Conditions:
Node 1: x =0, v(0) =v; and 6(0) = 6, Ox 3x2 2x3
[Nyq] = <1 0————+—>,
Node2:x =1, v(L) = v, and 6(L) = 6, G ) Lz L3
2
These four conditions and the equation ¢ = Lz—aa3 allow to determine the a; and [N,,] = 1 @+ (D)x “+ (D)x )
v 1+9) 2 2L L2
consequently N;
1 @x 3x* 2x3
[Ny3] =m(T+L—Z—L—3)
(N, = 1 Px (22— (Z))x
WA+ 2 2L L2
. O0u 90,(x)
B T B T 5y T Y o
1 6x 6x*
- (-4 6u
[N91] (1 T @)( 12 + L3 ) 2£xy = yxy ay a = ka( 0 (X) + _)
(4+(2))x
[N92] (1 + @ - Exx [ —yNé —yN' —yN’ —yN’ ]
(1+(z>) L2 = [B]{d} = !, oz o ot |Hd
feod =100 = | N it i Ny et gy @
1 6x 6x* ) , ) .
[Ng3] = (1 ) (LZ I3 —) [B] = [ —}’Ne1’ —yNg, ’ —yNy3 ’ —YNg4 ’ ]
—Ng1+ Ny; —Ngz+ Nz —Ngz+ Ny —Nga + Ny
1 2-0)x 3x?
[Noa] = - - - E
1+0) L L [C]= Gk,)
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12
El, 6L

[ke] = L3(1+09)|—12
6L

6L
L%(4 + 0)
—6L
(2 - @)L

12EI,

" L2GAKk,

—-12
—6L
12
—6L

6L

L*(2 - 9)
—6L

L*(4+ 0)

1]
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