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2.3 Bending bar element (Beam element) 

continuous beam structures

2.3.1. Definition, notations, and sign conventions:

2.3.2. Basic Equations

(see strength materials, Elasticity and structural mechanic)

For the bending in the x-y plane, we have:∑𝑀௭)/𝑥 =−𝑀௭ 𝑥 + (𝑀௭ 𝑥 +𝑑𝑀௭ 𝑥 ) + 𝑇௬ 𝑥 + 𝑑𝑇௬ 𝑥
෍𝐹௬ = 0 → 𝑑𝑇௬ + 𝑞௬𝑑𝑥 = 0 → 𝒒𝒚 = −𝒅𝑻𝒚𝒅𝒙𝑑𝑥 + 𝑞௬.𝑑𝑥.𝑑𝑥2 = 0

𝑑𝑀௭ 𝑥 + 𝑇௬ 𝑥 𝑑𝑥 = 0 → 𝑻𝒚 = −𝒅𝑴𝒛𝒅𝒙        → 𝒒𝒚 (𝒙) = 𝒅𝟐𝑴𝒛(𝒙)𝒅𝒙𝟐

𝜃௭(𝑥)

𝑥

𝑦

𝐺଴ 𝑦𝑃଴

𝐺
𝑦
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𝑡ℎ𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠 ∶𝒖(𝒙,𝒚) = 𝒖(𝒙,𝒚)  𝑒𝑡 𝒗(𝒙,𝒚) = 𝒗(𝒙)−𝑢(𝑥,𝑦)𝐺𝑃 ≈ −𝑢(𝑥,𝑦)𝑦 = 𝑡𝑔 𝜃௭ = 𝜃௭(𝑥)𝒖 𝒙,𝒚 = −𝒚𝜽𝒛(𝒙)
𝑡ℎ𝑒 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠 ∶𝜺𝒙𝒙 = 𝜺𝒙 = 𝜕𝑢𝜕𝑥 = −𝒚𝝏𝜃௭(𝒙)𝝏𝒙𝟐𝜺𝒙𝒚 = 𝜸𝒙𝒚 = 𝜕𝑢𝜕𝑦 + 𝜕𝑣𝜕𝑥 = −𝜽𝒛 𝒙 + 𝝏𝒗𝝏𝒙

𝑡ℎ𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠 ∶𝝈𝒙𝒙 = 𝝈𝒙 = 𝐸𝜀௫ = 𝑬𝝏𝒖𝝏𝒙 = −𝑬𝒚𝝏𝜽𝒛(𝒙)𝝏𝒙𝝈𝒙𝒚 = 𝝉𝒙𝒚 = 𝐺𝑘௬𝛾௫௬ = 𝑮𝒌𝒚 −𝜽𝒛 𝒙 + 𝝏𝒗𝝏𝒙𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 𝑎𝑟𝑒: 𝑵 = න 𝝈𝒙𝒅𝑨𝑨 = −𝑬𝝏𝜽𝒛(𝒙)𝝏𝒙 න 𝒚𝒅𝑨 = 𝟎𝑨𝑻𝒚 = න 𝝉𝒙𝒚𝒅𝑨𝑨 = 𝑮𝑨𝒌𝒚 𝝏𝒗𝝏𝒙 − 𝜽𝒛 𝒙
𝑴𝒛𝒌 = න 𝒚ଚ⃗⋀𝝈𝒙𝒅𝑨ଙ⃗𝑨 → 𝑴𝒛 = න −𝑦𝜎௫𝑑𝐴 = 𝐸 𝜕𝜃௭(𝑥)𝜕𝑥 න 𝑦ଶ𝑑𝐴 = 𝑬𝑰𝒛஺஺ 𝝏𝜽𝒛(𝒙)𝝏𝒙

This model is the general model known as the Timoshenko 

model. 

If we accept the Navier-Bernoulli hypothesis “The cross section 

remains normal to the deformation of the middle fiber”; Then 

we neglect the deformation due to shear force and obtain the 

Bernoulli model:

𝜸𝒙𝒚 = −𝜽𝒛 𝒙 + 𝝏𝒗𝝏𝒙 = 𝟎 → 𝜽𝒛 𝒙 = 𝝏𝒗𝝏𝒙 → 𝜺𝒙 = −𝒚𝝏𝟐𝒗𝝏𝒙𝟐 = −𝒚𝒅𝟐𝒗(𝒙)𝒅𝒙𝟐
In this case : 𝑴𝒛 = 𝑬𝑰𝒛 𝝏𝜽𝒛(𝒙)𝝏𝒙 = 𝑬𝑰𝒛 𝒅𝟐𝒗(𝒙)𝒅𝒙𝟐 ;      𝑻𝒚 = −𝒅𝑴 𝒙𝒅𝒙 = −𝑬𝑰𝒛 𝒅𝟑𝒗(𝒙)𝒅𝒙𝟑
The local equilibrium equation is then written as: 𝒒𝒚 𝒙 = 𝒅𝟐𝑴𝒛 𝒙𝒅𝒙𝟐 = 𝒅𝟐𝒅𝒙𝟐 𝑬𝑰𝒛 𝒅𝟐𝒗 𝒙𝒅𝒙𝟐   𝑜𝑢    𝒅𝟐𝒅𝒙𝟐 𝑬𝑰 𝒅𝟐𝒗(𝒙)𝒅𝒙𝟐 − 𝒒𝒚(𝒙) = 𝟎  

For a beam with a constant cross-section:

𝑬𝑰𝒅𝟒𝒗(𝒙)𝒅𝒙𝟒 − 𝒒𝒚(𝒙) = 𝟎
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For bending in the x-z plane and for the Bernoulli model:

𝒒𝒛 𝒙 = −𝒅𝑻𝒛 𝒙𝒅𝒙  ;𝑻𝒛 𝒙 = 𝒅𝑴𝒚 𝒙𝒅𝒙 → 𝒒𝒛 𝒙 = −𝒅𝟐𝑴𝒚 𝒙𝒅𝒙𝟐 ;  𝝈𝒙 = 𝑴𝒚𝒛 𝒙𝑰𝒚 ;
𝜽𝒚(𝒙) = −𝑑𝑤(𝑥)/𝑑𝑥;   𝑢(𝑥, 𝑧) = 𝒛𝜽𝒚(𝒙) = −𝒛𝒅𝒘(𝒙)/𝒅𝒙;

𝜺𝒙 = 𝜕𝑢(𝑥)𝜕𝑥 = −𝒛𝝏𝜽𝒚(𝒙)𝝏𝒙 = −𝒛𝒅𝟐𝒘(𝒙)𝒅𝒙𝟐
𝑴𝒚(𝒙) = −𝑬𝑰𝒅𝟐𝒘 𝒙𝒅𝒙𝟐  ;   𝑻𝒛(𝒙) = 𝑬𝑰𝒅𝟑𝒘(𝒙)𝒅𝒙𝟑

The local equilibrium equation is:

𝑞௭ 𝑥 = −𝑑ଶ𝑀௬ 𝑥𝑑𝑥ଶ = − 𝑑ଶ𝑑𝑥ଶ −𝐸𝐼 𝑑ଶ𝑤 𝑥𝑑𝑥ଶ → 𝒅𝟐𝒅𝒙𝟐 𝑬𝑰𝒅𝟐𝒘 𝒙𝒅𝒙𝟐 − 𝒒𝒛(𝒙) = 𝟎
For a beam with a constant cross-section:   

                                𝑬𝑰𝒅𝟒𝒘(𝒙)𝒅𝒙𝟒 − 𝒒𝒛(𝒙) = 𝟎

2.3.3 Approximation of the displacement field (Shape function) :
For bending in the x-y plane we have approximated the displacement field in the form below:𝑣 = 𝑁 𝑑𝑣 = 𝑁ଵ𝑣ଵ + 𝑁ଶ𝜃௭ଵ + 𝑁ଷ𝑣ଶ + 𝑁ସ𝜃௭ଶ  =  𝑁ଵ 𝑑ଵ + 𝑁ଶ𝑑ଶ + 𝑁ଷ𝑑ଷ + 𝑁ସ𝑑ସ

To make the writing easier, let’s voluntarily omit the index z in the writing of  θ୸ by simply 

writing it θ 𝑣 = 𝑁ଵ𝑣ଵ + 𝑁ଶ𝜃ଵ + 𝑁ଷ𝑣ଶ + 𝑁ସ𝜃ଶ
where:

𝑁ଵ = 1 − 3𝑥ଶ𝐿ଶ + 2𝑥ଷ𝐿ଷ ;  𝑁ଶ = 𝑥 − 2𝑥ଶ𝐿 + 𝑥ଷ𝐿ଶ  ;    𝑁ଷ = 3𝑥ଶ𝐿ଶ − 2𝑥ଷ𝐿ଷ ;  𝑁ସ = −𝑥ଶ𝐿 + 𝑥ଷ𝐿ଶ

For the case of bending in the x-z plane, we can follow the same procedure to

determine the shape functions, but while calculating these, we take the opportunity

to present another approximation technique:

Hermite interpolation approximation

The field will be directly approximated as a function of the degrees of freedom:𝑤 𝑥 = 𝑁ଵ𝑤ଵ + 𝑁ଶ𝜃ଵ + 𝑁ଷ𝑤ଶ + 𝑁ସ𝜃ଶ= 𝑁ଵ 𝑁ଶ 𝑁ଷ 𝑁ସ 𝑑ଵ 𝑑ଶ 𝑑ଷ 𝑑ସ ்
𝜃 𝑥 = −𝑑𝑤𝑑𝑥 = − 𝑑𝑁ଵ𝑑𝑥 𝑤ଵ + 𝑑𝑁ଶ𝑑𝑥 𝜃ଵ + 𝑑𝑁ଷ𝑑𝑥 𝑤ଶ + 𝑑𝑁ସ𝑑𝑥 𝜃ଶ𝜃 𝑥 = −𝑁ଵᇱ −𝑁ଶᇱ −𝑁ଷᇱ −𝑁ସᇱ 𝑑ଵ 𝑑ଶ 𝑑ଷ 𝑑ସ ்
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Let’s approximate each 𝑵𝒊 by a polynomial of the form:𝑁௜ = 𝑎଴ + 𝑎ଵ𝑥 + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ        →   𝑁௜ᇱ = 𝑎ଵ + 2𝑎ଶ𝑥 + 3𝑎ଷ𝑥ଶ    
We have the following boundary conditions.:

Node 1: 𝑥 = 0 ;𝑤 0 = 𝑤ଵ = 𝑑ଵ ;  𝜃 0 = 𝜃ଵ = 𝑑ଶ
Node 2: 𝑥 = 𝐿 ;𝑤 𝐿 = 𝑤ଶ = 𝑑ଷ;  𝜃 𝐿 = 𝜃ଶ=𝑑ସ
Which gives:

𝑁ଵ 0 = 1; 𝑁ଵᇱ 0 = 0;𝑁ଵ 𝐿 = 0; 𝑁ଵᇱ 𝑙 = 0 𝑁ଶ 0 = 0; 𝑁ଵᇱ 0 = −1;𝑁ଶ 𝐿 = 0; 𝑁ଶᇱ 𝑙 = 0𝑁ଷ 0 = 0; 𝑁ଷᇱ 0 = 0;𝑁ଷ 𝐿 = 1; 𝑁ଷᇱ 𝑙 = 0 𝑁ସ 0 = 0; 𝑁ସᇱ 0 = 0;𝑁ସ 𝐿 = 0; 𝑁ସᇱ 𝑙 = −1

Determination of 𝑁ଵ :         𝑎଴ = 1     𝑎𝑛𝑑  𝑎ଵ = 0𝑎଴ + 𝑎ଵ𝐿 + 𝑎ଶ𝐿ଶ + 𝑎ଷ𝐿ଷ = 0   →  𝑎ଶ𝐿ଶ + 𝑎ଷ𝐿ଷ = −1  .  .  .  .  𝑎1𝑎ଵ + 2𝑎ଶ𝐿 + 3𝑎ଷ𝐿ଶ = 0             →   2𝑎ଶ𝐿 + 3𝑎ଷ𝐿ଶ = 0 .  .  .   .  .   (b1)
𝑎1 × 3 + 𝑏1 × −𝐿  →     𝑎ଶLଶ = −3 →   𝑎ଶ = −3Lଶ   
𝑎1 × 2 + 𝑏1 × −𝐿  →    −𝑎ଷLଷ = −2 →   𝑎ଷ = 2Lଷ  

𝑵𝟏 = 𝟏 − 𝟑𝒙𝟐L𝟐 + 𝟐𝒙𝟑L𝟑

Tℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑁ଶ ;𝑁ଷ ; 𝑁ସ are determined in the same way:
𝑵ଶ = −𝒙 + 2𝒙ଶ𝑳 − 𝒙ଷ𝑳ଶ𝑵𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑

𝑵𝟒 = 𝒙𝟐𝑳 − 𝒙𝟑𝑳𝟐
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2.3.4. Formulation of the element:

Let’s consider the general case where the element is subjected, in

addition to nodal forces 𝑓௡ , to loads between nodes: (Loads 𝑸𝒊
and/or moments 𝑴𝒊 concentrated at a certain number of points « i »,

load 𝒒(𝒙) and/or moment 𝒎(𝒙) distributed over a length [𝑎 𝑏] and a

load 𝑓௕ per unit volume directed along the vertical y or z axis).Let’s consider the case where the bending occurs in the x-y plane:

2.3.4.1 Formulation by the virtual work principle:𝑾𝒆𝒙𝒕 = 𝑾𝒊𝒏𝒕
𝑊௘௫௧ = 𝒅 𝑻 𝒇𝒏 + ෍𝑣௜் 𝑄௜௞

௜ୀଵ + ෍𝜃௜் 𝑀௜௣
௜ୀଵ + න 𝑣(𝑥)்  𝑞 𝑋௕

௔ 𝑑𝑥 +
න 𝜃(𝑥)்  𝑚 𝑋௕
ୟ 𝑑𝑥 + න 𝑣(𝑥)்𝑓௕୚ 𝑑𝑥

𝑊௘௫௧ = 𝑑 ் f୬ + ෍ 𝑁 𝑋 = 𝑋௜ 𝑑 ் 𝑄௜௞
௜ୀଵ + ෍ 𝑁ᇱ 𝑋 = 𝑋௜ 𝑑 ் 𝑀௜௣

௜ୀଵ +
න 𝑁 𝑋 𝑑 ்  𝑞 𝑋௕
ୟ 𝑑𝑥 + න 𝑁ᇱ 𝑋 ்  𝑚 𝑋௕

ୟ 𝑑𝑥 + න 𝑁 𝑋 𝑑 ்𝑓௕୚ 𝑑𝑥

𝑾𝒆𝒙𝒕 = 𝒅 𝑻 𝒇 = 𝒅 𝑻 𝒇𝒏 + 𝒇𝒆𝒒
𝒇𝒆𝒒 = ෍ 𝑵 𝑿 = 𝑿𝒊 𝑻 𝑸𝒊𝒌

𝒊ୀ𝟏 + ෍ 𝑵ᇱ 𝑿 = 𝑿𝒊 𝑻 𝑴𝒊𝒑
𝒊ୀ𝟏

+න 𝑵 𝑿 𝑻 𝒒 𝑿𝒔 𝒅𝒙 + න 𝑵ᇱ 𝑿 𝑻 𝒎 𝑿𝑺 𝒅𝒙 + න 𝑵 𝑿 𝑻𝒇𝒃𝑽 𝒅𝒙

𝑊௜௡௧ = න 𝜀்𝜎𝑑𝑣 =௏ න 𝜀் 𝐶 𝜀𝑑𝑣 = න 𝐵 𝑑 ் 𝐶 𝐵 𝑑 𝑑𝑣௏௏
𝑊௜௡௧ =  𝑑 ் න 𝐵 ் 𝐶 𝐵 𝑑𝑣. 𝑑௏

𝑊௘௫௧ = 𝑊௜௡௧ → 𝑑 ் 𝑓 = 𝑑 ் න 𝐵 ் 𝐶 𝐵 𝑑𝑣. 𝑑௏𝑓 = 𝑘 𝑑
Where:                                             𝒌 = ׬ 𝑩 𝑻 𝑪 𝑩𝑽 𝒅𝒗
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For this element, and neglecting the effect of shear force (Bernoulli model), 

𝜺 is reduced to 𝜺𝒙 = −𝒚𝒅𝟐𝒗𝒅𝒙𝟐 = −𝑦 ௗమௗ௫మ 𝑁ଵ 𝑁ଶ 𝑁ଷ 𝑁ସ 𝑑ଵ 𝑑ଶ 𝑑ଷ 𝑑ସ ்𝜀௫ = −𝑦 𝑁ଵᇱᇱ 𝑁ଶᇱᇱ 𝑁ଷᇱᇱ 𝑁ସᇱᇱ 𝑑   → 𝐵 = −𝑦 𝑁ଵᇱᇱ 𝑁ଶᇱᇱ 𝑁ଷᇱᇱ 𝑁ସᇱᇱ𝝈 = 𝑪 𝜺 ,ℎ𝑒𝑟𝑒,𝝈 𝑖𝑠 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑡𝑜 𝜎௫ 𝑎𝑛𝑑 𝑎𝑠 𝜎௫ = 𝐸𝜀௫  𝑡ℎ𝑒𝑛  𝑪  𝑖𝑠 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑡𝑜 𝑬 𝑘 = න −𝑦 𝑁ଵᇱᇱ𝑁ଶᇱᇱ𝑁ଷᇱᇱ𝑁ସᇱᇱ௏  .𝐸. (−𝑦 𝑁ଵᇱᇱ 𝑁ଶᇱᇱ 𝑁ଷᇱᇱ 𝑁ସᇱᇱ )𝑑𝑣

𝑘 = 𝐸න 𝑁ଵᇱᇱ𝑁ଶᇱᇱ𝑁ଷᇱᇱ𝑁ସᇱᇱ
௅
଴ 𝑁ଵᇱᇱ 𝑁ଶᇱᇱ 𝑁ଷᇱᇱ 𝑁ସᇱᇱ 𝑑𝑥න 𝑦ଶ𝑑𝑠஺  

𝑘 = 𝐸𝐼 න 𝑁ଵᇱᇱ𝑁ଵᇱᇱ 𝑁ଵᇱᇱ𝑁ଶᇱᇱ𝑁ଶᇱᇱ𝑁ଵᇱᇱ 𝑁ଶᇱᇱ𝑁ଶᇱᇱ 𝑁ଵᇱᇱ𝑁ଷᇱᇱ 𝑁ଵᇱᇱ𝑁ସᇱᇱ𝑁ଶᇱᇱ𝑁ଷᇱᇱ 𝑁ଶᇱᇱ𝑁ସᇱᇱ𝑁ଷᇱᇱ𝑁ଵᇱᇱ 𝑁ଷᇱᇱ𝑁ଶᇱᇱ𝑁ସᇱᇱ𝑁ଵᇱᇱ 𝑁ସᇱᇱ𝑁ଶᇱᇱ 𝑁ଷᇱᇱ𝑁ଷᇱᇱ 𝑁ଷᇱᇱ𝑁ସᇱᇱ𝑁ସᇱᇱ𝑁ଷᇱᇱ 𝑁ସᇱᇱ𝑁ସᇱᇱ
௅
଴ 𝑑𝑥

2.3.4.2. Formulation by the weighted residues method:

Problem Statement:

The direct rigidity method based on elasticity equations cannot be easily used outside the

domain of structural mechanics, for example, in the case of soil consolidation problems. The

weighted residues method allows solving such problems. For a problem governed by a

differential equation or partial differential equations over the domain 𝛺 of the form:𝑫 𝑈 = 0
with boundary conditions on its boundary 𝛤 of the form:𝑪 𝑈,𝐹 = 0where D and C are differential operators
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Approximating the field U by: 𝑈ഥ = 𝑁 𝑑
We will have: 𝑫 𝑈ഥ = 𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑅

In order to approach exact solutions, we will strive to minimize the integral of the residues 

over the concerned domain.

න𝑹𝒅𝜴 = 𝒎𝒊𝒏𝒊𝒎𝒖𝒎

We can increase the chances of this approximation by associating a weighting function 𝜓
with the residual function and minimizing their product; these chances increase more if

we choose this new function in such a way as to obtain a zero minimum

න𝝍𝑹𝒅𝜴 = 𝟎

This last equation concerns the interior points of the domain without reference to

boundary conditions such as applied forces or imposed displacements. To introduce them,

we integrate the above equation by parts until they appear. This results in integral

expressions for the domain and for its boundaries.

We can choose the weighting functions 𝜓 in various ways, with each different choice 

corresponding to a distinct criterion. One of the interesting criteria is the Galerkin

criterion, for which the interpolation functions 𝑁௜ play the role of the weighting 

functions

න𝑁௜𝑫 𝑈ഥ 𝑑Ω = 0

Application to the present case:

For a beam with a constant cross-section, 𝐸𝐼 is constant, the differential equation is:

𝐸𝐼 𝑑ସ𝑣𝑑𝑥ସ − 𝑞௬ = 0
𝑣 𝑥 = 𝑁ଵ 𝑁ଶ 𝑁ଷ 𝑁ସ 𝑑

The strong form of the weighted residues is written as:

න 𝑁௜௅
଴ 𝐸𝐼 𝑑ସ𝑣𝑑𝑥ସ − 𝑞௬ 𝑑𝑥 = 0 → 𝐸𝐼 න 𝑁௜ 𝑑ସ𝑣𝑑𝑥ସ 𝑑𝑥 −௅

଴ න 𝑁௜𝑞௬𝑑𝑥 →௅
଴

𝑬𝑰න 𝑵𝒊𝑳
଴  𝒅ସ𝒗𝒅𝒙ସ 𝒅𝒙 = න 𝑵𝒊𝒒𝒚𝑳

଴ 𝒅𝒙
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Note that the second term can be written for an element loaded over a length 𝑎   𝑏 in the form:

න 𝑁௜𝑞௬௅
଴ 𝑑𝑥 = න 𝑁௜ × 0௔

଴ 𝑑𝑥 +න 𝑁௜𝑞௬௕
௔ 𝑑𝑥 +න 𝑁௜ × 0௅

௕ 𝑑𝑥 = න 𝑁௜𝑞௬௕
௔ 𝑑𝑥

which is the nodal load equivalent to the distributed load 𝑞௬ : 𝒇𝒆𝒒

By applying integration by parts on the first term, we get:

𝐸𝐼 න 𝑁௜௅
଴  𝑑ସ𝑣𝑑𝑥ସ 𝑑𝑥 = 𝐸𝐼 𝑁௜ 𝑑ଷ𝑣𝑑𝑥ଷ ଴

௅ − 𝐸𝐼 න 𝑁௜ᇱ௅
଴  𝑑ଷ𝑣𝑑𝑥ଷ 𝑑𝑥

𝐸𝐼 න 𝑁௜௅
଴  𝑑ସ𝑣𝑑𝑥ସ 𝑑𝑥 = 𝐸𝐼 𝑁௜ 𝑑ଷ𝑣𝑑𝑥ଷ ଴

௅ − 𝐸𝐼 𝑁௜ᇱ 𝑑ଶ𝑣𝑑𝑥ଶ ଴
௅ − න 𝑁′௜ᇱ௅

଴  𝑑ଶ𝑣𝑑𝑥ଶ 𝑑𝑥𝐸𝐼 න 𝑁௜௅
଴  𝑑ସ𝑣𝑑𝑥ସ 𝑑𝑥 = 𝐸𝐼 𝑁௜ 𝑑ଷ𝑣𝑑𝑥ଷ ଴

௅ − 𝐸𝐼 𝑁௜ᇱ 𝑑ଶ𝑣𝑑𝑥ଶ௜ ଴
௅ + 𝐸𝐼 න 𝑁′௜ᇱ௅

଴  𝑑ଶ𝑣𝑑𝑥ଶ 𝑑𝑥
𝐸𝐼 න 𝑁௜௅

଴  𝑑ସ𝑣𝑑𝑥ସ 𝑑𝑥 = 𝑁௜𝐸𝐼 𝑑ଷ𝑣𝑑𝑥ଷ ௫ୀ௅ − 𝑁௜𝐸𝐼 𝑑ଷ𝑣𝑑𝑥ଷ ௫ୀ଴ − 𝑁௜ᇱ𝐸𝐼 𝑑ଶ𝑣𝑑𝑥ଶ ௫ୀ௅ + 𝑁௜ᇱ𝐸𝐼 𝑑ଶ𝑣𝑑𝑥ଶ ௫ୀ଴ + 𝐸𝐼 න 𝑁′௜ᇱ௅
଴  𝑑ଶ𝑣𝑑𝑥ଶ 𝑑𝑥

𝐸𝐼 න 𝑁𝑖𝐿
0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑁𝑖(𝐿)𝑇𝑦2 + 𝑁𝑖(0)(−𝑇𝑦1) − 𝑁𝑖′(𝐿)(𝑀𝑧2) + 𝑁𝑖′(0)(−𝑀𝑧1) + 𝐸𝐼න 𝑁′𝑖′𝐿

0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

For i=1 we have  𝑁1(0) = 1; 𝑁1 ′(0) = 0;𝑁1(𝐿) = 0; 𝑁1 ′(𝐿) = 0  
𝐸𝐼 න 𝑁1𝐿

0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑁1(𝐿)𝑇𝑦2 − 𝑁1(0)𝑇𝑦1 − 𝑁1′(𝐿)𝑀𝑧2 − 𝑁1′(0)𝑀𝑧1 + 𝐸𝐼න 𝑁′1′𝐿
0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

𝐸𝐼 න 𝑁1𝐿
0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑇𝑦1 + 𝐸𝐼න 𝑁′1′𝐿

0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

For i=2 we have  𝑁2(0) = 0; 𝑁2 ′(0) = 1;𝑁2(𝐿) = 0;  𝑁2 ′(𝐿) = 0  
𝐸𝐼 න 𝑁2𝐿

0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑁2(𝐿)𝑇𝑦2 − 𝑁2(0)𝑇𝑦1 − 𝑁2′(𝐿)𝑀𝑧2 − 𝑁2′(0)𝑀𝑧1 + 𝐸𝐼න 𝑁′2′𝐿
0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

𝐸𝐼 න 𝑁2𝐿
0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑀𝑧1 + 𝐸𝐼න 𝑁′2′𝐿

0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.



9

For i=3 we have  𝑁3(0) = 0; 𝑁3 ′(0) = 0;𝑁3(𝐿) = 1;  𝑁3 ′(𝐿) = 0  
𝐸𝐼 න 𝑁3𝐿

0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑁3(𝐿)𝑇𝑦2 − 𝑁3(0)𝑇𝑦1 − 𝑁3′(𝐿)𝑀𝑧2 − 𝑁3′(0)𝑀𝑧1 + 𝐸𝐼න 𝑁′3′𝐿
0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

𝐸𝐼 න 𝑁2𝐿
0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑇𝑦2 + 𝐸𝐼න 𝑁′3′𝐿

0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

For i=4 we have  𝑁4(0) = 0; 𝑁4 ′(0) = 0;𝑁4(𝐿) = 0;  𝑁4 ′(𝐿) = 1  
𝐸𝐼 න 𝑁4𝐿

0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = 𝑁4(𝐿)𝑇𝑦2 − 𝑁4(0)𝑇𝑦1 − 𝑁4′(𝐿)𝑀𝑧2 + 𝑁4′(0)𝑀𝑧1 + 𝐸𝐼න 𝑁′4′𝐿
0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

𝐸𝐼 න 𝑁4𝐿
0  𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −𝑀𝑧2 + 𝐸𝐼න 𝑁′4′𝐿

0  𝑑2𝑣𝑑𝑥2 𝑑𝑥 

න [𝑁]𝑇𝐿
0 𝐸𝐼 𝑑4𝑣𝑑𝑥4 𝑑𝑥 = −⎩⎨

⎧𝑇𝑦1𝑀𝑧1𝑇𝑦2𝑀𝑧2⎭⎬
⎫+ 𝐸𝐼 න ቆ𝑑2[𝑁]𝑑𝑥2 ቇ𝑇𝐿

0  𝑑2[𝑁]ሼ𝑑ሽ𝑑𝑥2 𝑑𝑥 = න [𝑁]𝑇𝐿
0 𝑞𝑦𝑑𝑥 

We notice that൞𝑇𝑦1𝑀𝑧1𝑇𝑦2𝑀𝑧2
ൢ is the nodal forces vector ሼ𝑓𝑛ሽ and ׬ [𝑁]𝑇𝐿0 𝑞𝑦𝑑𝑥  is the equivalent forces vector  

Finally, we will have:  
ሼ𝑓𝑛ሽ+ ൛𝑓𝑒𝑞ൟ = (𝐸𝐼 න [𝑁]′ ′ 𝑇[𝑁]′ ′𝑑𝑥)ሼ𝑑ሽ𝐿

0 = 

ሼ𝑓ሽ = [𝑘]ሼ𝑑ሽ  𝑜ù ሼ𝑓ሽ = ሼ𝑓𝑛ሽ+ ൛𝑓𝑒𝑞ൟ   
𝑎𝑛𝑑 [𝑘] = 𝐸𝐼න [𝑁]′ ′ 𝑇[𝑁]′ ′ 𝑑𝑥 =𝐿

0 𝐸𝐼න
⎣⎢⎢
⎢⎢⎢
⎡𝑁1′′𝑁1′′ 𝑁1′′𝑁2′′𝑁2′′𝑁1′′ 𝑁2′′𝑁2′′ 𝑁1′′𝑁3′′ 𝑁1′′𝑁4′′𝑁2′′𝑁3′′ 𝑁2′′𝑁4′′𝑁3′′𝑁1′′ 𝑁3′′𝑁2′′𝑁4′′𝑁1′′ 𝑁4′′𝑁2′′

𝑁3′′𝑁3′′ 𝑁3′′𝑁4′′𝑁4′′𝑁3′′ 𝑁4′′𝑁4′′⎦⎥⎥
⎥⎥⎥
⎤𝐿0 𝑑𝑥 

We thus find the same matrix determined by the direct method.  
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Formulation by variational methods: 

Problem statement:

Consider a differential equation of the form:  𝑫 (𝒖)  =  𝟎. 

For this differential equation, if a functional 𝝅 exists such that: 

𝝅 = න 𝒇 𝒙,𝒖,𝒖ᇱ 𝒙 𝒅𝒙 𝒃
𝒂

Then, among the admissible functions 𝒖(𝒙), the one that gives the closest solution to 

the equation 𝑫(𝒖)  =  𝟎 is the one that gives the functional 𝝅 in the interval [𝒂,𝒃] the 

extreme value (maximum or minimum) for a given functional 𝒇

The function 𝒖(𝒙) that maximizes or minimizes 𝒇 is called the stationary function. In 

variational calculus, it can be shown that the stationary function 𝒇[𝒙,𝒖,𝒖′(𝒙)]
must satisfy the Euler-Lagrange equation𝝏𝒇𝝏𝒖 − 𝒅𝒅𝒙 𝝏𝒇𝝏𝒖ᇱ = 𝟎

In the variational approach, the nodal values of 𝒖𝒊 must be found to make the functional 𝝅(𝒖)
stationary such that:

𝜹𝝅 𝒖 = ෍ 𝝏𝝅𝝏𝒖𝒌𝒏
𝒌ୀ𝟏 𝜹𝒖𝒌 = 𝟎

where 𝒏 is the number of discrete solutions 𝒖𝒊 assigned to the domain. From the previous 

equation, it follows that 𝝏𝝅𝝏𝒖𝒌 = 𝟎,  𝒌 = 𝟏,𝟐, … … … ;𝒏

Application to the present case:

Here, the functional 𝝅 is the potential energy𝑬 = 𝑼 − 𝑷
𝑼 = න 𝟏𝟐𝑽 𝜺𝑻𝝈𝒅𝑽

𝑃 = 𝒅 𝑻 𝒇𝒏 + ෍𝑣௜் 𝑄௜௞
௜ୀଵ + ෍𝜃௜் 𝑀௜௡

௜ୀଵ + න 𝑣(𝑥)்  𝑞 𝑋௅
଴ 𝑑𝑥 + න 𝜃(𝑥)்  𝑚 𝑋௅

଴ 𝑑𝑥
+න 𝑣(𝑥)்𝑓௕୚ 𝑑𝑥
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For the beam element - bending bar element - (Bernoulli model):𝜀 = 𝜀௫ = 𝑢ᇱ     ;     𝜎 = 𝜎௫ = 𝐸𝜀௫ = 𝐸𝑢ᇱ  In the x-y plane, we have: 𝑣 = 𝑁 𝑑 = 𝑁ଵ𝑑ଵ + 𝑁ଶ𝑑ଶ + 𝑁ଷ𝑑ଷ + 𝑁ସ𝑑ସ      ;  𝑑ଵ   𝑑ଶ   𝑑ଷ  𝑑ସ =  𝑣ଵ  𝜃ଵ   𝑣ଶ    𝜃ଶ𝜃 = 𝑁 𝑑 = 𝑁ଵ𝑑ଵ + 𝑁ଶ𝑑ଶ + 𝑁ଷ𝑑ଷ + 𝑁ସ𝑑ସ      ;  𝑑ଵ   𝑑ଶ   𝑑ଷ  𝑑ସ =  𝑣ଵ  𝜃ଵ   𝑣ଶ    𝜃ଶ
𝑼 = න 𝟏𝟐𝑽 𝜺𝒙𝑻𝝈𝒙𝒅𝑽 = න 𝑬𝟐𝑽 𝑢ᇱ் .𝑢ᇱ.𝑑𝑉 = 𝑬𝟐න −𝒚𝒅𝟐𝒗𝒅𝒙𝟐 𝑻 −𝒚𝒅𝟐𝒗𝒅𝒙𝟐 𝒅𝑽𝑽  

𝑼 = 𝑬𝟐න 𝒚𝟐 𝒅𝟐𝒗𝒅𝒙𝟐 𝑻 𝒅𝟐𝒗𝒅𝒙𝟐 𝒅𝑽𝑽

𝑈 = 𝑬𝑰𝒛𝟐 න ( 𝑁ଵᇱᇱ  𝑁ଶᇱᇱ    𝑁ଷᇱᇱ   𝑁ସᇱᇱ 𝑑 )்( 𝑁ଵᇱᇱ  𝑁ଶᇱᇱ    𝑁ଷᇱᇱ   𝑁ସᇱᇱ 𝑑 )௅
଴ 𝑑𝑥

𝑈 = 𝑬𝑰𝒛𝟐 න 𝑑 ் 𝑁ଵᇱᇱ  𝑁ଶᇱᇱ    𝑁ଷᇱᇱ   𝑁ସᇱᇱ ் 𝑁ଵᇱᇱ  𝑁ଶᇱᇱ    𝑁ଷᇱᇱ   𝑁ସᇱᇱ 𝑑௅
଴ 𝑑𝑥

𝑼 = 𝑬𝑰𝒛𝟐 න 𝑵𝟏ᇱᇱ𝒅𝟏 + 𝑵𝟐ᇱᇱ𝒅𝟐 + 𝑵𝟑ᇱᇱ𝒅𝟑 + 𝑵𝟒ᇱᇱ𝒅𝟒 𝟐𝑳
𝟎 𝒅𝒙

𝑷 = 𝒅 𝑻 𝒇𝒏 + ෍ 𝑵 𝑿 = 𝑿𝒊 𝒅 𝑻 𝑸𝒊𝒌
𝒊ୀ𝟏 + ෍ 𝑵ᇱ 𝑿 = 𝑿𝒊 𝒅 𝑻 𝑴𝒊𝒑

𝒊ୀ𝟏 +
න 𝑵 𝑿 𝒅 𝑻 𝒒 𝑿𝒔 𝒅𝒙 + න 𝑵ᇱ 𝑿 𝑻 𝒎 𝑿𝑺 𝒅𝒙 + න 𝑵 𝑿 𝒅 𝑻𝒇𝒃𝑽 𝒅𝒙

𝑷 = 𝒅 𝑻 𝒇𝒏 + න 𝑵 𝑻  𝒒 𝑿𝑳
𝟎 𝒅𝒙 + න 𝑵ᇱ 𝑻  𝒎 𝑿𝑳

𝟎 𝒅𝒙 + ෍ 𝑵(𝒙 = 𝒙𝒊) 𝑻 𝑸𝒊𝒌
𝒊ୀ𝟏 +

෍ 𝑵ᇱ(𝒙 = 𝒙𝒊 𝑻 𝑴𝒊𝒏
𝒊ୀ𝟏 + න 𝑵 𝑿 𝑻𝒇𝒃𝒅𝒙𝑽

The minimization of potential energy is written as:𝜕𝐸𝜕𝑑௜ = 𝜕𝑈𝜕𝑑௜ + 𝜕𝑃𝜕𝑑௜ = 0    →     𝝏𝑼𝝏𝒅𝒊 = − 𝝏𝑷𝝏𝒅𝒊
𝝏𝑼𝝏𝒅𝟏 = 𝑬𝑰𝒛 න 𝑵𝟏ᇱᇱ𝑳

𝟎 𝑵𝟏ᇱᇱ𝒅𝟏 + 𝑵𝟐ᇱᇱ𝒅𝟐 + 𝑵𝟑ᇱᇱ𝒅𝟑 + 𝑵𝟒ᇱᇱ𝒅𝟒 𝒅𝒙
𝝏𝑼𝝏𝒅𝟏 = 𝑬𝑰𝒛 න 𝑵𝟏ᇱᇱ𝑵𝟏ᇱᇱ     𝑵𝟏ᇱᇱ𝑵𝟐ᇱᇱ    𝑵𝟏ᇱᇱ𝑵𝟑ᇱᇱ     𝑵𝟏ᇱᇱ𝑵𝟒ᇱᇱ𝑳

𝟎
𝒅𝟏𝒅𝟐𝒅𝟑𝒅𝟒
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In the same way, we find:

𝝏𝑼𝝏𝒅𝟐 = 𝑬𝑰𝒛 න 𝑵𝟐ᇱᇱ𝑵𝟏ᇱᇱ     𝑵𝟐ᇱᇱ𝑵𝟐ᇱᇱ    𝑵𝟐ᇱᇱ𝑵𝟑ᇱᇱ     𝑵𝟐ᇱᇱ𝑵𝟒ᇱᇱ𝑳
𝟎

𝒅𝟏𝒅𝟐𝒅𝟑𝒅𝟒  
𝝏𝑼𝝏𝒅𝟑 = 𝑬𝑰𝒛 න 𝑵𝟑ᇱᇱ𝑵𝟏ᇱᇱ     𝑵𝟑ᇱᇱ𝑵𝟐ᇱᇱ    𝑵𝟑ᇱᇱ𝑵𝟑ᇱᇱ     𝑵𝟑ᇱᇱ𝑵𝟒ᇱᇱ𝑳

𝟎
𝒅𝟏𝒅𝟐𝒅𝟑𝒅𝟒  

𝝏𝑼𝝏𝒅𝟏 = 𝑬𝑰𝒛 න 𝑵𝟒ᇱᇱ𝑵𝟏ᇱᇱ     𝑵𝟒ᇱᇱ𝑵𝟐ᇱᇱ    𝑵𝟒ᇱᇱ𝑵𝟑ᇱᇱ     𝑵𝟒ᇱᇱ𝑵𝟒ᇱᇱ𝑳
𝟎

𝒅𝟏𝒅𝟐𝒅𝟑𝒅𝟒  

𝝏𝑼𝛛𝒅 = 𝑬𝑰𝒛 න 𝑵𝟏ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟏ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟐ᇱᇱ𝑵𝟐ᇱᇱ 𝑵𝟏ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟏ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟐ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟑ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟑ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟒ᇱᇱ𝑵𝟐ᇱᇱ 𝑵𝟑ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟑ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟒ᇱᇱ𝑵𝟒ᇱᇱ
𝑳
𝟎 𝒅

-
𝝏𝑷𝝏𝒅 = 𝒇𝒏 + ׬ 𝑵 𝑻  𝒒 𝑿𝑳𝟎 𝒅𝒙 + ׬ 𝑵ᇱ 𝑻  𝒎 𝑿𝑳𝟎 𝒅𝒙 + ∑ 𝑵(𝒙 = 𝒙𝒊) 𝑻 𝑸𝒊𝒌𝒊ୀ𝟏 +

෍ 𝑵ᇱ(𝒙 = 𝒙𝒊 𝑻 𝑴𝒊𝒏
𝒊ୀ𝟏 + න 𝑵 𝑿 𝑻𝒇𝒃𝒅𝒙𝑽

− 𝜕𝑃𝜕𝑑 = 𝒇𝒏 + 𝒇𝒆𝒒 = 𝒇
𝝏𝑼𝝏𝒅 = − 𝝏𝑷𝝏𝒅 → 𝒇 = 𝑬𝑰𝒛 න 𝑵𝟏ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟏ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟐ᇱᇱ𝑵𝟐ᇱᇱ 𝑵𝟏ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟏ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟐ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟑ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟑ᇱᇱ𝑵𝟐ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟏ᇱᇱ 𝑵𝟒ᇱᇱ𝑵𝟐ᇱᇱ 𝑵𝟑ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟑ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟒ᇱᇱ𝑵𝟑ᇱᇱ 𝑵𝟒ᇱᇱ𝑵𝟒ᇱᇱ

𝑳
𝟎 𝒅 = 𝒌 𝒅

 𝒌 = 𝑬𝑰𝒛 න 𝑵ଵᇱᇱ𝑵ଵᇱᇱ 𝑵ଵᇱᇱ𝑵ଶᇱᇱ𝑵ଶᇱᇱ𝑵ଵᇱᇱ 𝑵ଶᇱᇱ𝑵ଶᇱᇱ 𝑵ଵᇱᇱ𝑵ଷᇱᇱ 𝑵ଵᇱᇱ𝑵ସᇱᇱ𝑵ଶᇱᇱ𝑵ଷᇱᇱ 𝑵ଶᇱᇱ𝑵ସᇱᇱ𝑵ଷᇱᇱ𝑵ଵᇱᇱ 𝑵ଷᇱᇱ𝑵ଶᇱᇱ𝑵ସᇱᇱ𝑵ଵᇱᇱ 𝑵ସᇱᇱ𝑵ଶᇱᇱ 𝑵ଷᇱᇱ𝑵ଷᇱᇱ 𝑵ଷᇱᇱ𝑵ସᇱᇱ𝑵ସᇱᇱ𝑵ଷᇱᇱ 𝑵ସᇱᇱ𝑵ସᇱᇱ
𝑳
଴
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To evaluate the terms of 𝒌 , let’s remember  that:

𝑵𝟏 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟐 = 𝒙 − 𝟐𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐  ;    𝑵𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟒 = −𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐
Then

𝑵𝟏ᇱᇱ = − 𝟔𝑳𝟐 + 𝟏𝟐𝒙𝑳𝟑 ;  𝑵𝟐ᇱᇱ = −𝟒𝑳 + 𝟔𝒙𝑳𝟐 ;    𝑵𝟑ᇱᇱ = 𝟔𝑳𝟐 − 𝟏𝟐𝒙𝑳𝟑 ;  𝑵𝟒ᇱᇱ = −𝟐𝑳 + 𝟔𝒙𝑳𝟐

𝒌𝟏𝟏 = 𝐸𝐼௭ න 𝑵𝟏ᇱᇱ𝑵𝟏ᇱᇱ𝒅𝒙 = 𝐸𝐼 න (− 6𝐿ଶ௅
଴ + 12𝑥𝐿ଷ௅

଴ ) − 6𝐿ଶ + 12𝑥𝐿ଷ 𝑑𝑥
𝒌𝟏𝟏 = 𝐸𝐼௭ න 36𝐿ସ − 144𝑥𝐿ହ + 144𝑥ଶ𝐿଺௅

଴ 𝑑𝑥 = 𝐸𝐼௭ 36𝑥𝐿ସ − 72𝑥ଶ𝐿ହ + 48𝑥ଷ𝐿଺ ଴
௅ = 𝟏𝟐𝑬𝑰𝒛𝑳𝟑

𝒌𝟏𝟐 = 𝑬𝑰𝒛 න 𝑵𝟏ᇱᇱ𝑵𝟐ᇱᇱ𝒅𝒙 = 𝐸𝐼௭ න (− 6𝐿ଶ௅
଴ + 12𝑥𝐿ଷ௅

଴ ) − 4𝐿 + 6𝑥𝐿ଶ 𝑑𝑥
𝒌𝟏𝟐 = 𝐸𝐼௭ න 24𝐿ଷ − 84𝑥𝐿ସ + 72𝑥ଶ𝐿ହ௅

଴ 𝑑𝑥 = 𝐸𝐼௭ 24𝑥𝐿ଷ − 42𝑥ଶ𝐿ସ + 24𝑥ଷ𝐿ହ ଴
௅ = 𝟔𝑬𝑰𝒛𝑳𝟐

𝒌 = 𝑬𝑰𝒛𝑳𝟑 𝟏𝟐 𝟔𝑳𝟔𝑳 𝟒𝑳𝟐 −𝟏𝟐 𝟔𝑳−𝟔𝑳 𝟐𝑳𝟐−𝟏𝟐 −𝟔𝑳𝟔𝑳 𝟐𝑳𝟐 𝟏𝟐 −𝟔𝑳−𝟔𝑳 𝟒𝑳𝟐

For the bending in the x-z plane, a similar calculation gives:

𝒌 = 𝑬𝑰𝒚𝑳𝟑 𝟏𝟐 −𝟔𝑳−𝟔𝑳 𝟒𝑳𝟐 −𝟏𝟐 −𝟔𝑳𝟔𝑳 𝟐𝑳𝟐−𝟏𝟐 𝟔𝑳−𝟔𝑳 𝟐𝑳𝟐 𝟏𝟐 𝟔𝑳𝟔𝑳 𝟒𝑳𝟐

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.
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2.3.5. Study of a beam structure:

𝐸 = 32 × 10଺ 𝑘𝑁/𝑚ଶ

𝑞 = 10 𝑘𝑁/𝑚

𝐿 = 3 𝑚 𝐿 = 4 𝑚
𝐼 = 6 × 10ିସ 𝑚ସ𝐼 = 4.5 × 10ିସ 𝑚ସ

For a beam (continuous beam) subdivided into elements (spans), the local axes of the

elements and the global axes of the beam coincide (taking the direction of the global x-axis

as that of the longitudinal axis of the beam

The transformation matrices of the elements are therefore identity matrices, and

consequently, the degrees of freedom, nodal forces, and stiffness matrices in the local and

global reference coordinate are identical

1 2 321
𝑦

𝑥𝑣ଵ𝜃ଵ = 𝐷ଵ𝐷ଶ 𝑣ଶ𝜃ଶ = 𝐷ଷ𝐷ସ 𝑣ଷ𝜃ଷ = 𝐷ହ𝐷଺

2.3.5.1. Calculation of the stiffness matrices of the elements:

Element 1: 𝐿 = 3 𝑚 ;  𝐼 = 4.5 × 10ିସ𝑚ିସ ;   𝐸 = 32 × 10଺ 𝑘𝑁/𝑚ଶ

𝑘 ଵ = 𝐾 ଵ = ଷଶ×ଵ଴ల×ସ.ହ×ଵ଴షరଷయ
12 1818 36 −12 18−18 18−12 −1818 18 12 −18−18 36

𝑘 ଵ = 𝐾 ଵ = 6400 96009600 19200 −6400 9600−9600 9600−6400 −96009600 9600 6400 −9600−9600 19200

Element 2 : 𝐿 = 4 𝑚 ;  𝐼 = 6 × 10ିସ𝑚ିସ ;   𝐸 = 32 × 10଺ 𝑘𝑁/𝑚ଶ

𝑘 ଶ = 𝐾 ଶ = 32 × 10଺ × 6 × 10ିସ4ଷ 12 2424 64 −12 24−24 32−12 −2424 32 12 −24−24 64
𝑘 ଶ = 𝐾 ଶ = 3600 72007200 19200 −3600 7200−7200 9600−3600 −72007200 9600 3600 −7200−7200 19200

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.
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2.3.5.2. Calculation of the equivalent loads:

The nodal loads equivalent to the uniformly distributed load on element 2 (the right segment) 

are: 𝑓௘௤ = ׬  𝑁 ் .𝑞 𝑋 .𝑑Ω =ஐ ׬ 𝑁 ் .𝑞 𝑥 𝑑𝑥௅଴

𝑓௘௤ ଶ = න
1 − 3𝑥ଶ𝐿ଶ + 2𝑥ଷ𝐿ଷ𝑥 − 2𝑥ଶ𝐿 + 𝑥ଷ𝐿ଶ3𝑥ଶ𝐿ଶ − 2𝑥ଷ𝐿ଷ−𝑥ଶ𝐿 + 𝑥ଷ𝐿ଶ

௅
଴ × −10 .𝑑𝑥 = −10 ×

𝑥 − 𝑥ଷ𝐿ଶ + 𝑥ସ2𝐿ଷ𝑥ଶ2 − 2𝑥ଷ3𝐿 + 𝑥ସ4𝐿ଶ3𝑥ଷ2𝐿ଶ − 𝑥ସ2𝐿ଷ− 𝑥ଷ3𝐿 + 𝑥ସ4𝐿ଶ ଴

௅
= −20−13.33−2013.33

2.3.5.3. Calculation of the global stiffness matrix: 

The continuity of displacements gives:

𝐷 =
Dଵ𝐷ଶ𝐷ଷDସ𝐷ହD଺

;      dଵ𝑑ଶ𝑑ଷdସ
ଵ= Dଵ𝐷ଶ𝐷ଷDସ

ଵ = Dଵ𝐷ଶ𝐷ଷDସ   ;      dଵ𝑑ଶ𝑑ଷdସ
ଶ = Dଵ𝐷ଶ𝐷ଷDସ

ଶ = Dଷ𝐷ସ𝐷ହD଺

1 2 321
𝑦

𝑥𝑣ଵ𝜃ଵ = 𝐷ଵ𝐷ଶ 𝑣ଶ𝜃ଶ = 𝐷ଷ𝐷ସ 𝑣ଷ𝜃ଷ = 𝐷ହ𝐷଺

9600−640096006400

𝐾 =

9600−9600192009600
7200−3600−9600720064003600−9600−6400
9600−72001920019200−9600720096009600
−72003600−7200−3600
19200−720096007200

The assembly gives:

The global system is thus:

𝑭𝟏𝑭𝟐𝑭𝟑𝑭𝟒𝑭𝟓𝑭𝟔
=

𝟔𝟒𝟎𝟎 𝟗𝟔𝟎𝟎 −𝟔𝟒𝟎𝟎𝟗𝟔𝟎𝟎 𝟏𝟗𝟐𝟎𝟎 −𝟗𝟔𝟎𝟎−𝟔𝟒𝟎𝟎 −𝟗𝟔𝟎𝟎 𝟏𝟎𝟎𝟎𝟎 𝟗𝟔𝟎𝟎 𝟎 𝟎𝟗𝟔𝟎𝟎 𝟎 𝟎−𝟐𝟒𝟎𝟎 −𝟑𝟔𝟎𝟎 𝟕𝟐𝟎𝟎𝟗𝟔𝟎𝟎 𝟗𝟔𝟎𝟎 −𝟐𝟒𝟎𝟎𝟎 𝟎 −𝟑𝟔𝟎𝟎𝟎 𝟎 𝟕𝟐𝟎𝟎 𝟑𝟖𝟒𝟎𝟎 −𝟕𝟐𝟎𝟎 𝟗𝟔𝟎𝟎−𝟕𝟐𝟎𝟎 𝟑𝟔𝟎𝟎 −𝟕𝟐𝟎𝟎𝟗𝟔𝟎𝟎 −𝟕𝟐𝟎𝟎 𝟏𝟗𝟐𝟎𝟎
𝑫𝟏𝑫𝟐𝑫𝟑𝑫𝟒𝑫𝟓𝑫𝟔
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Another direct method of assembly is the congruence transformation method:

If we arrange the equations of the elements as follows

𝑓 ଵ𝑓 ଶ..𝑓 ௠ = 𝐾 ଵ 𝐾 ଶ . . 𝐾 ௠
𝐷 ଵ𝐷 ଶ..𝐷 ௠    

Or :    𝐹௘ = 𝐾௘ 𝐷௘    

𝐾௘  : diagonal matrix of element stiffness submatrices, called the unassembled global stiffness

matrix.

𝐹௘ : vector whose terms are the force vectors of the elements called the unassembled global

force vector..

𝐷௘  : vector whose terms are the vectors of the degrees of freedom of the elements and are

called the unassembled global vector of degrees of freedom.

To perform the assembly of the elements, it is sufficient to consider the continuity of

displacements at the nodes of the structure, which is expressed in the form:𝐷௘ = 𝐶௘ 𝐷
Where 𝐷 enumerates the global displacements at the nodes of the structure and 𝐶௘ is called 

the global kinematic matrix or connection matrix, 

Similarly: 𝐹௘ = 𝐵௘ 𝐹
Where 𝐹 enumerates the external forces at the nodes of the structure, and 𝐵௘ is called the 

global static matrix

The virtual work of the external forces is:𝑊௘௫௧ = 𝐷 ் 𝐹 = 𝐷 ் 𝐵௘ ିଵ 𝐹௘
The work of the internal forces is:𝑊௜௡௧ = 𝐷௘ ் 𝐹௘ = 𝐶௘ 𝐷 ் 𝐹௘ = 𝐷 ் 𝐶௘ ் 𝐹௘

𝐵௘ ିଵ = 𝐶௘ ்
Noting that 𝐶௘ is orthogonal, thus   𝐶௘ ் = 𝐶௘ ିଵ
Which gives: 

𝐵௘ = 𝐶௘

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.
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We have:

𝐹௘ = 𝐵௘ 𝐹 = 𝐶௘ 𝐹 = 𝐾௘ 𝐷௘ = 𝐾௘ 𝐶௘ 𝐷 → 𝐹 = 𝐶௘ ିଵ 𝐾௘ 𝐶௘ 𝐷   → 𝐹 = 𝐾 𝐷     𝑤ℎ𝑒𝑟𝑒  𝐾 = 𝐶௘ ିଵ 𝐾௘ 𝐶௘As  𝐶௘ is orthogonal         𝐶௘ ିଵ= 𝐶௘ ்𝐾 = 𝐶௘ ் 𝐾௘ 𝐶௘

The construction of the matrix 𝐶௘ is simple. If the elements i, j, and k share a degree of 

freedom 𝐷௣ , then the compatibility condition for displacements implies:𝐷௣ = 𝐷௣௜ = 𝐷௣௝ = 𝐷௣௞
This equation generates a column of the matrix 𝐶௘ : unit values for the rows corresponding to𝐷௣௜ = 𝐷௣௝ = 𝐷௣௞ and zeros elsewhere. Such a matrix populated only with elements equal to 

zero or one is called a Boolean matrix and is well-suited for designing highly efficient 

algorithms. 

For our example: 

𝐷௘ = 𝐷 ଵ𝐷 ଶ =
𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ

ଵ

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ
ଶ =

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ଷ𝐷ସ𝐷ହ𝐷଺
;  𝐷 =

𝐷ଵ𝐷ଶ𝐷ଷ𝐷ସ𝐷ହ𝐷଺

Thus

𝐶௘ =
10000000

01000000

00101000

00010100

0 00 00 00 00 00 01 00 1

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.
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𝐾௘ =
6400 96009600 19200 −6400 9600−9600 9600−6400 −96009600 9600 6400 −9600−9600 19200

                                3600 72007200 19200 −3600 7200−7200 9600−3600 −72007200 9600 3600 −7200−7200 19200

The double matrix product: 𝐶௘ ିଵ 𝐾௘ 𝐶௘ performed by MATLAB gives the 

same matrix K determined previously 

:

𝐾 =
𝟔𝟒𝟎𝟎 𝟗𝟔𝟎𝟎 −𝟔𝟒𝟎𝟎𝟗𝟔𝟎𝟎 𝟏𝟗𝟐𝟎𝟎 −𝟗𝟔𝟎𝟎−𝟔𝟒𝟎𝟎 −𝟗𝟔𝟎𝟎 𝟏𝟎𝟎𝟎𝟎 𝟗𝟔𝟎𝟎 𝟎 𝟎𝟗𝟔𝟎𝟎 𝟎 𝟎−𝟐𝟒𝟎𝟎 −𝟑𝟔𝟎𝟎 𝟕𝟐𝟎𝟎𝟗𝟔𝟎𝟎 𝟗𝟔𝟎𝟎 −𝟐𝟒𝟎𝟎𝟎 𝟎 −𝟑𝟔𝟎𝟎𝟎 𝟎 𝟕𝟐𝟎𝟎 𝟑𝟖𝟒𝟎𝟎 −𝟕𝟐𝟎𝟎 𝟗𝟔𝟎𝟎−𝟕𝟐𝟎𝟎 𝟑𝟔𝟎𝟎 −𝟕𝟐𝟎𝟎𝟗𝟔𝟎𝟎 −𝟕𝟐𝟎𝟎 𝟏𝟗𝟐𝟎𝟎

4.2.3.5.4. Introduction of the boundary conditions:

𝑭𝟏 = 𝑹𝒚𝟏 ;  𝑭𝟐 = 𝑴𝒆𝟏  ;   𝑭𝟑 = 𝟎 + 𝒇𝒆𝒒𝟏𝟐 = −𝟐𝟎 𝒌𝑵 ;  𝑭𝟒 = 𝟎 + 𝒇𝒆𝒒𝟐𝟐 = −𝟏𝟑.𝟑𝟑  ;𝑭𝟓 = 𝑹𝒚𝟑 + 𝒇𝒆𝒒𝟑𝟐 = 𝑹𝒚𝟑 − 𝟐𝟎 ;  𝑭𝟔 = 𝑴𝒆𝟑 + 𝒇𝒆𝒒𝟒𝟐 = 𝑴𝒆𝟑 + 𝟏𝟑.𝟑𝟑
𝑫𝟏 =  𝑫𝟐 = 𝟎;𝑫𝟑 =? ; 𝑫𝟒 =? ;𝑫𝟓 =  𝑫𝟔 = 𝟎 

𝑅௬ଵ𝑀௘ଵ−20−13.33𝑹𝒚ଷ − 20൯𝑴𝒆ଷ + 13.33
=

6400 9600 −64009600 19200 −9600−6400 −9600 10000 9600 0 09600 0 0−2400 −3600 72009600 9600 −24000 0 −36000 0 7200 38400 −7200 9600−7200 3600 −72009600 −7200 19200
𝑫ଵ𝑫ଶ𝑫ଷ𝑫ସ𝑫ହ𝑫଺
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After the introduction of boundary conditions, this system reduces to a reduced 

system: 𝑭∗ = 𝑲∗ 𝑫∗    → −𝟐𝟎−𝟏𝟑.𝟑𝟑 = 𝟏𝟎𝟎𝟎𝟎 −𝟐𝟒𝟎𝟎−𝟐𝟒𝟎𝟎 𝟑𝟖𝟒𝟎𝟎 𝑫𝟑𝑫𝟒
𝑫𝟑 = 𝒗𝟐 = − 𝟎.𝟎𝟎𝟐𝟏𝟏𝟓 𝒎    𝑫𝟒 = 𝜽𝟐 = −𝟎.𝟎𝟎𝟎𝟒𝟕𝟗𝟒 𝒓𝒅

Note: For manual calculation and to directly determine the reduced system, 

boundary conditions are introduced at the element level. 

For example, using the congruence transformation method, we will have:
:

𝑘∗ ଵ = 6400 −9600−9600 19200 ; 𝐷∗ ଵ = 𝐷ଷ𝐷ସ      𝑘∗ ଶ = 3600 72007200 19200 ; 𝐷∗ ଶ = 𝐷ଷ𝐷ସ
𝐾௘∗ = 6400 −9600−9600 19200 3600 72007200 19200

𝐷௘∗ = 𝐷ଷ𝐷ସ𝐷ଷ𝐷ସ  , 𝐷∗ = 𝐷ଷ𝐷ସ  ;  𝐹∗ = 𝐹ଷ𝐹ସ  ,  

𝐶௘∗ = 10 0110 01
𝑲∗ = 1 00 1 1 00 1 6400 −9600−9600 19200 0 00 00 00 0 3600 72007200 19200

10 0110 01 =
6400 −9600−9600 19200 3600 72007200 19200 10 0110 01 = 𝟏𝟎𝟎𝟎𝟎 −𝟐𝟒𝟎𝟎−𝟐𝟒𝟎𝟎 𝟑𝟖𝟒𝟎𝟎
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4.2.3.5.5. Determination of the support reactions and the nodal forces of the elements:

To calculate the support reactions, we use the global system:

𝑹𝒚𝟏𝑴𝒆𝟏−𝟐𝟎−𝟏𝟑.𝟑𝟑𝑹𝒚𝟑 + (−𝟐𝟎)𝑴𝒆𝟑 + (𝟏𝟑.𝟑𝟑)
=

𝟔𝟒𝟎𝟎 𝟗𝟔𝟎𝟎 −𝟔𝟒𝟎𝟎𝟗𝟔𝟎𝟎 𝟏𝟗𝟐𝟎𝟎 −𝟗𝟔𝟎𝟎−𝟔𝟒𝟎𝟎 −𝟗𝟔𝟎𝟎 𝟏𝟎𝟎𝟎𝟎 𝟗𝟔𝟎𝟎 𝟎 𝟎𝟗𝟔𝟎𝟎 𝟎 𝟎−𝟐𝟒𝟎𝟎 −𝟑𝟔𝟎𝟎 𝟕𝟐𝟎𝟎𝟗𝟔𝟎𝟎 𝟗𝟔𝟎𝟎 −𝟐𝟒𝟎𝟎𝟎 𝟎 −𝟑𝟔𝟎𝟎𝟎 𝟎 𝟕𝟐𝟎𝟎 𝟑𝟖𝟒𝟎𝟎 −𝟕𝟐𝟎𝟎 𝟗𝟔𝟎𝟎−𝟕𝟐𝟎𝟎 𝟑𝟔𝟎𝟎 −𝟕𝟐𝟎𝟎𝟗𝟔𝟎𝟎 −𝟕𝟐𝟎𝟎 𝟏𝟗𝟐𝟎𝟎
𝟎𝟎− 𝟎.𝟎𝟎𝟐𝟏𝟏𝟓−𝟎.𝟎𝟎𝟎𝟒𝟕𝟗𝟒𝟎𝟎𝑹𝒚𝟏 =  −𝟔𝟒𝟎𝟎 × − 𝟎.𝟎𝟎𝟐𝟏𝟏𝟓 + 𝟗𝟔𝟎𝟎 × −𝟎.𝟎𝟎𝟎𝟒𝟕𝟗𝟒 = 𝟖.𝟗𝟑 𝒌𝑵,  𝑴𝒆𝟏 =  −𝟗𝟔𝟎𝟎 × − 𝟎.𝟎𝟎𝟐𝟏𝟏𝟓 + 𝟗𝟔𝟎𝟎 × −𝟎.𝟎𝟎𝟎𝟒𝟕𝟗𝟒 = 𝟏𝟓.𝟕𝟎 𝒌𝑵𝒎,  𝑹𝒚𝟑 − 𝟐𝟎 =  −𝟑𝟔𝟎𝟎 × − 𝟎.𝟎𝟎𝟐𝟏𝟏𝟓 − 𝟕𝟐𝟎𝟎 × −𝟎.𝟎𝟎𝟎𝟒𝟕𝟗𝟒 → 𝑹𝒚𝟐 = 𝟑𝟏.𝟎𝟕 𝒌𝑵,  𝑴𝒆𝟑 + 𝟏𝟑.𝟑𝟑 = 𝟕𝟐𝟎𝟎 × − 𝟎.𝟎𝟎𝟐𝟏𝟏𝟓 + 𝟗𝟔𝟎𝟎 × −𝟎.𝟎𝟎𝟎𝟒𝟕𝟗𝟒 → 𝑴𝒆𝟐 = −𝟑𝟏.𝟏𝟔 𝒌𝑵𝒎,  

To calculate the nodal forces of an element 'i,' we first determine its nodal displacements in 

global coordinates and then in local coordinates. Then, from the system:𝒇 𝒊 = 𝒌 𝒊 𝒅 𝒊    𝒂𝒗𝒆𝒄   𝒇 𝒊 = 𝒇𝒏 𝒊 + 𝒇𝒆𝒒 𝒊
we calculate the nodal forces 𝒇𝒏 𝒊 = 𝒌 𝒊 𝒅 𝒊 − 𝒇𝒆𝒒 𝒊

𝑑 ଵ = dଵ𝑑ଶ𝑑ଷdସ
ଵ= Dଵ𝐷ଶ𝐷ଷDସ = 00−0.002115−0.0004794 ; 𝑑 ଶ =  dଵ𝑑ଶ𝑑ଷdସ

ଶ = Dଷ𝐷ସ𝐷ହD଺ = −0.002115−0.000479400

 𝑓௡ ଵ= 𝑇௬ଵ𝑀௭ଵ𝑇௬ଶ𝑀௭ଶ
ଵ = 𝑓 ଵ − 𝑓௘௤ ଵ = 𝑓 ଵ − 0000 = 𝑘 ଵ 𝑑 ଵ

𝑻𝒚𝟏𝑴𝒛𝟏𝑻𝒚𝟐𝑴𝒛𝟐
𝟏 = 6400 96009600 19200 −6400 9600−9600 9600−6400 −96009600 9600 6400 −9600−9600 19200

00−0.002115−0.0004794 = 𝟖.𝟗𝟒𝟏𝟓.𝟕−𝟖.𝟗𝟒𝟏𝟏.𝟏

 𝑓௡ ଶ= 𝑇௬ଵ𝑀௭ଵ𝑇௬ଶ𝑀௭ଶ
ଶ = 𝑓 ଶ − 𝑓௘௤ ଶ = 𝑓 ଶ − = 𝑘 ଶ 𝑑 ଶ − −20−13.33−2013.33

𝑻𝒚𝟏𝑴𝒛𝟏𝑻𝒚𝟐𝑴𝒛𝟐
𝟐 = 3600 72007200 19200 −3600 7200−7200 9600−3600 −72007200 9600 3600 −7200−7200 19200

−0.002115−0.000479400 − −20−13.33−2013.33 = 𝟖.𝟗𝟒−𝟏𝟏.𝟏𝟎𝟑𝟏.𝟎𝟕−𝟑𝟑.𝟏𝟔
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2.3.6. Hinged elements:

a- Element hinged at its left node (Hinge-Rigid Element): 

for this element, the moment is zero at this node, so in the element 

system:

𝑓ଵ𝑓ଶ𝑓ଷ𝑓ସ = 𝐸𝐼௭𝐿ଷ 12 6𝐿6𝐿 4𝐿ଶ −12 6𝐿−6𝐿 2𝐿ଶ−12 −6𝐿6𝐿 2𝐿ଶ 12 −6𝐿−6𝐿 4𝐿ଶ
𝑑ଵ𝑑ଶ𝑑ଷ𝑑ସ

𝑓ଶ = 𝑀௘ଵ = 𝐸𝐼௭𝐿ଷ 6𝐿𝑑ଵ + 4𝐿ଶ𝑑ଶ − 6𝐿𝑑ଷ + 2𝐿ଶ𝑑ସ = 0  →
𝒅𝟐 = − 𝟑𝟐𝑳𝒅𝟏 + 𝟑𝟐𝑳𝒅𝟑 − 𝟏𝟐𝒅𝟒𝜽𝟏 = − 𝟑𝟐𝑳𝒗𝟏 + 𝟑𝟐𝑳𝒗𝟐 − 𝟏𝟐𝜽𝟐

𝑵𝟏 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟐 = 𝒙 − 𝟐𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐  ;    𝑵𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟒 = −𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐
𝑵𝒑𝟏 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑  − 𝟑𝒙𝟐𝑳 + 𝟑𝒙𝟐𝑳𝟐 − 𝟑𝒙𝟑𝟐𝑳𝟑 = 𝟏 − 𝟑𝒙𝟐𝑳 + 𝒙𝟑𝟐𝑳𝟑

𝑵𝒑𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 + 𝟑𝒙𝟐𝑳 − 𝟑𝒙𝟐𝑳𝟐 + 𝟑𝒙𝟑𝟐𝑳𝟑 = 𝟑𝒙𝟐𝑳 − 𝒙𝟑𝟐𝑳𝟑
𝑵𝒑𝟒 = −𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐 − 𝒙𝟐 + 𝒙𝟐𝑳 − 𝒙𝟑𝟐𝑳𝟐 = −𝒙𝟐 + 𝒙𝟑𝟐𝑳𝟐

𝑓ଵ0𝑓ଷ𝑓ସ = 𝐸𝐼௭𝐿ଷ 12 6𝐿6𝐿 4𝐿ଶ −12 6𝐿−6𝐿 2𝐿ଶ−12 −6𝐿6𝐿 2𝐿ଶ 12 −6𝐿−6𝐿 4𝐿ଶ
𝑑ଵ−𝒅𝟏 + 𝟑𝟐𝑳𝒅𝟑 − 𝟏𝟐𝒅𝟒𝑑ଷ𝑑ସ𝑓ଵ = ாூ೥௅య ( 12 − 𝟔𝑳 𝟑𝟐𝑳 𝒅𝟏 + −12 + 𝟔𝑳 𝟑𝟐𝑳 𝒅𝟑 + 6𝐿 − 𝟔𝑳 𝟏𝟐 𝒅𝟒)

𝑓ଵ = 3𝐸𝐼௭𝐿ଷ (𝒅𝟏 − 𝒅𝟑 + 𝐿𝒅𝟒)

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.



22

𝑓ଷ = ாூ೥௅య ( −12 + 𝟔𝑳 𝟑𝟐𝑳 𝒅𝟏 + 12 − 𝟔𝑳 𝟑𝟐𝑳 𝒅𝟑 + −6𝐿 + 𝟔𝑳 𝟏𝟐 𝒅𝟒)
𝑓ଷ = 3𝐸𝐼௭𝐿ଷ (−𝒅𝟏 + 𝒅𝟑 − 𝐿𝒅𝟒)

𝑓ସ = ாூ೥௅య ( 6𝐿 − 2𝐿ଶ 𝟑𝟐𝑳 𝒅𝟏 + −6𝐿 + 2𝐿ଶ 𝟑𝟐𝑳 𝒅𝟑 + 4𝐿ଶ − 2𝐿ଶ 𝟏𝟐 𝒅𝟒)
𝑓ସ = 3𝐸𝐼௭𝐿ଷ (𝐿𝒅𝟏 − 𝐿𝒅𝟑 + 𝐿ଶ𝒅𝟒)

So, for this element:

𝑘 = 3𝐸𝐼௭𝐿ଷ 1 00 0 −1  𝐿0 0−1 0𝐿 0 1 −𝐿−𝐿  𝐿ଶ

b- Element hinged at its right node (Rigid - Hinge Element):

A similar reasoning gives:

𝜃ଶ = − 32𝐿 𝑣ଵ + 32𝐿 𝑣ଶ − 12𝜃ଵ
𝑵𝟏 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟐 = 𝒙 − 𝟐𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐  ;    𝑵𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟒 = −𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐

𝑵𝒑𝟏 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 + 𝟑𝒙𝟐𝟐𝑳𝟐 − 𝟑𝒙𝟑𝟐𝑳𝟑 = 𝟏 − 𝟑𝒙𝟐𝟐𝑳𝟐 + 𝒙𝟑𝟐𝑳𝟑

𝑵𝒑𝟐 = 𝒙 − 𝟐𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐 + 𝒙𝟐𝟐𝑳 − 𝒙𝟑𝟐𝑳𝟐 = 𝒙 − 𝟑𝒙𝟐𝟐𝑳 + 𝒙𝟑𝟐𝑳𝟐
𝑵𝒑𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 − 𝟑𝒙𝟐𝟐𝑳𝟐 + 𝟑𝒙𝟑𝟐𝑳𝟑 = 𝟑𝒙𝟐𝟐𝑳𝟐 − 𝒙𝟑𝟐𝑳𝟑
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𝑘 = 3𝐸𝐼௭𝐿ଷ 1 𝐿𝐿 𝐿ଶ −1  0−𝐿 0−1 −𝐿0 0 1 00  0

c- Element hinged at its two nodes (Hinge-Hing Element):

𝑑ଶ = −𝑑ଵ𝐿 + 𝑑ଷ𝐿 ;  𝑑ସ = −𝑑ଵ𝐿 + 𝑑ଷ𝐿𝜃ଵ = −𝑣ଵ + 𝑣ଶ𝐿 = 𝜃ଶ
𝑵𝟏 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟐 = 𝒙 − 𝟐𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐  ;    𝑵𝟑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 ;  𝑵𝟒 = −𝒙𝟐𝑳 + 𝒙𝟑𝑳𝟐

𝑵𝟏𝒑 = 𝟏 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 − 𝒙𝑳 + 𝟐𝒙𝟐𝑳𝟐 − 𝒙𝟑𝑳𝟑 + 𝒙𝟐𝑳𝟐 − 𝒙𝟑𝑳𝟑 = 𝟏 − 𝒙𝑳
𝑵𝟑𝒑 = 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 + 𝒙𝑳 − 𝟐𝒙𝟐𝑳𝟐 + 𝒙𝟑𝑳𝟑 − 𝒙𝟐𝑳𝟐 + 𝒙𝟑𝑳𝟑 = 𝒙𝑳

𝑘 = 3𝐸𝐼௭𝐿ଷ 1 00 0 −1  00 0−1 00 0 1 00  0
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For the beam the global and local coordinate are the same:Element 1: left span (rigid- Hing)𝐷𝑜𝑓 ∶  𝑣ଵ ,𝜃ଵ , 𝑣ଶ ,𝜃ଶ
𝑘 ଵ = 𝐾 ଵ = 2400 96009600 38400 −2400 0−9600 0−2400 −96000 0 2400 00 0

Element 2:  right span (Hing- rigid)𝐷𝑜𝑓 ∶  𝑣ଶ ,𝜃ଶ , 𝑣ଷ ,𝜃ଷ
𝑘 ଶ = 𝐾 ଶ = 2400 00 0 −2400 96000 0−2400 09600 0 2400 −9600−9600 38400

Element 3 : Spring 𝐷𝑜𝑓 ∶  𝑢ଶ , 𝑣ଶ ,𝑢ସ , 𝑣ସ𝑙 = 0 ,𝑚 = −1   →  𝑇 ଷ = 0 −10 0 0 00 −1
𝑘 ଷ = 10000 −10000−10000 10000  ;   𝐾 ଷ = 0 00 10000 0 00 −100000 00 −10000 0 00 10000

Equivalent loads:
𝑓௘௤ଵ𝑓௘௤ଶ𝑓௘௤ଷ𝑓௘௤ସ

ଵ = 𝟏 − 𝟑𝒙𝟐𝟐𝑳𝟐 + 𝒙𝟑𝟐𝑳𝟑𝒙 − 𝟑𝒙𝟐𝟐𝑳 + 𝒙𝟑𝟐𝑳𝟐𝟑𝒙𝟐𝟐𝑳𝟐 − 𝒙𝟑𝟐𝑳𝟑𝟎 ௫ୀ௅/ଶ
× −10 = −6.875−7.5−3.1250
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𝑓௘௤ଵ𝑓௘௤ଶ𝑓௘௤ଷ𝑓௘௤ସ
ଶ =

− 32𝐿 + 3𝒙ଶ2𝑳ଷ032𝑳 − 3𝒙ଶ2𝑳ଷ− 12 + 3𝒙ଶ2𝑳ଶ ௫ୀ௅ ଶ⁄
× −20 = 5.6250−5.6252.5

In total, we have 3 rotations  𝜃1  ,𝜃2, 𝜃3;2 translations  𝑢2  ,𝑢4  in the x-direction and 4 translations 𝑣1,𝑣2 ,𝑣3 , 𝑣4in the y-direction  ሼ𝐷ሽ = ⌊𝐷1 ,𝐷2 ,𝐷3 ,𝐷4 ,𝐷5,𝐷6 ,𝐷7,𝐷8 ,𝐷9⌋𝑇 = ⌊𝑣1 ,𝜃1 , 𝑢2, 𝑣2 ,𝜃2,𝑣3 ,𝜃3,𝑢4 , 𝑣4⌋𝑇  ሼ𝐷ሽ1 = ⌊𝐷1 ,𝐷2 ,𝐷4 ,𝐷5⌋𝑇 = ⌊𝑣1 ,𝜃1 ,  𝑣2 ,𝜃2, ⌋𝑇 ሼ𝐷ሽ2 = ⌊𝐷4 ,𝐷5,𝐷6 ,𝐷7 ⌋𝑇 = ⌊ 𝑣2 ,𝜃2, 𝑣3 ,𝜃3 ⌋𝑇  ሼ𝐷ሽ3 = ⌊𝐷3 ,𝐷4 ,𝐷8 ,𝐷9⌋𝑇 = ⌊ 𝑢2 , 𝑣2,𝑢4 ,𝑣4 ⌋𝑇  ሼ𝐹ሽ = ⌊𝐹1 ,𝐹2 ,𝐹3 ,𝐹4 ,𝐹5,𝐹6 ,𝐹7,𝐹8 ,𝐹9⌋𝑇 

ሼ𝐹ሽ = ⌊𝐹1 ,𝐹2 ,𝐹3 ,𝐹4 ,𝐹5,𝐹6 ,𝐹7,𝐹8 ,𝐹9⌋𝑇  = උ𝑅𝑦1 + 𝑓𝑒𝑞11  ,𝑀𝑒𝑧1 + 𝑓𝑒𝑞21  ,0,𝑓𝑒𝑞31 + 𝑓𝑒𝑞12  ,𝑓𝑒𝑞41 + 𝑓𝑒𝑞22 ,𝑅𝑦3 + 𝑓𝑒𝑞32  ,𝑀𝑒𝑧3 + 𝑓𝑒𝑞42 ,𝑅𝑥4 ,𝑅𝑦4ඏ𝑇  Boundary conditions: 𝐷1 = 𝐷2 = 𝐷3 =  𝐷5 =  𝐷6 =  𝐷7, = 𝐷8 =  𝐷9 = 0 

0-240096002400

𝐾 =

0-9600384009600 0000
-1000009600-24000024002400100000

-9600-2400

00000000
-960024000-2400 38400-960009600 0000 100000-100000
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⎩⎪⎪⎪
⎨⎪
⎪⎪⎧𝐹1𝐹2𝐹3𝐹4𝐹5𝐹6𝐹7𝐹8𝐹9⎭⎪⎪

⎪⎬
⎪⎪⎪⎫ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎡
2400 9600 00009600 38400 00 0 0 −2400 0000 0000−9600 0 00 0 0 0000 0000 00000 0 00 0 0−2400 −9600 00 0 00 0 0 14800 0 −24000 0 0−2400 0 2400 9600 0 −100000 0 0−9600 0 00 0 00000 0000 00000 0 0 9600 0 −96000000 0000 00000−10000 0 0 34800 0 00000 0000 00000 0 10000⎦⎥⎥

⎥⎥⎥
⎥⎥⎤

⎩⎪⎪⎪
⎨⎪
⎪⎪⎧𝐷1𝐷2𝐷3𝐷4𝐷5𝐷6𝐷7𝐷8𝐷9⎭⎪⎪

⎪⎬
⎪⎪⎪⎫ 

2.5 = 14800 𝐷ସ
𝐷ସ = 𝑣ଶ = 2.514800 = 1.689 × 10ିସ𝑚

For the element 1:
𝑑ସ = 𝜃ଶ = − 32𝐿 𝑑ଵ − 12𝑑ଶ + 32𝐿 𝑑ଷ = 38 × 1.689 × 10ିସ = 0.633375 × 10ିସ𝑟𝑑
𝑇௬ଵ𝑀௭ଵ𝑇௬ଶ𝑀௭ଶ

ଵ 2400 96009600 38400 −2400 0−9600 0−2400 −96000 0 2400 00 0
000.00016890.0000633375 − −6.875−7.5−3.1250 = 6.475.8793.5300

For the element 2:
𝑑ଶ = 𝜃ଵ = − 32𝐿 𝑑ଵ + 32𝐿 𝑑ଷ − 12𝑑ସ = −38 × 1.689 × 10ିସ = −0.633375 × 10ିସ𝑟𝑑
𝑇௬ଵ𝑀௭ଵ𝑇௬ଶ𝑀௭ଶ

ଶ 2400 00 0 −2400 96000 0−2400 09600 0 2400 −9600−9600 38400
0.0001689−0.000063337500 − 5.6250−5.6252.5

= −5.22005.220−0.880
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General bending bar element (Timoshenko element):𝑡ℎ𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠:𝒖 = 𝒖(𝒙,𝒚)  𝑒𝑡 𝒗(𝒙,𝒚) = 𝒗(𝒙)−𝑢(𝑥,𝑦)𝐺𝑃 ≈ −𝑢(𝑥,𝑦)𝑦 = 𝑡𝑔 𝜃௭ = 𝜃௭(𝑥)𝒖 𝒙 = −𝒚𝜽𝒛(𝒙)
𝑡ℎ𝑒 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠:𝜺𝒙𝒙 = 𝜺𝒙 = 𝜕𝑢𝜕𝑥 = −𝒚𝝏𝜃௭(𝒙)𝝏𝒙𝟐𝜺𝒙𝒚 = 𝜸𝒙𝒚 = 𝜕𝑢𝜕𝑦 + 𝜕𝑣𝜕𝑥 = −𝜽𝒛 𝒙 + 𝝏𝒗𝝏𝒙

𝑡ℎ𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠: 𝝈𝒙𝒙 = 𝝈𝒙 = 𝐸𝜀௫ = 𝑬𝝏𝒖𝝏𝒙 = −𝒚𝑬𝝏𝜽𝝏𝒙
𝝈𝒙𝒚 = 𝝉𝒙𝒚 = 𝐺𝑘௬𝛾௫௬ = 𝑮𝒌𝒚 −𝜽𝒛 𝒙 + 𝝏𝒗𝝏𝒙𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 𝑎𝑟𝑒: 𝑵 = න 𝝈𝒙𝒅𝑨𝑨 = −𝝏𝜽𝒛(𝒙)𝝏𝒙 න 𝒚𝒅𝑨 = 𝟎𝑨𝑻𝒚 = න 𝝉𝒙𝒚𝒅𝑨𝑨 = 𝑮𝑨𝒌𝒚 𝝏𝒗𝝏𝒙 − 𝜽𝒛 𝒙𝑴𝒛 = 𝑬𝑰𝒛 𝝏𝜽𝒛(𝒙)𝝏𝒙

The equilibrium equations become for an unloaded element:𝒅𝑻𝒚𝒅𝒙 = 𝟎 → 𝝏𝝏𝒙 𝝏𝒗𝝏𝒙 − 𝜽𝒛 𝒙 = 𝟎 → 𝜽𝒛 𝒙 = 𝝏𝒗𝝏𝒙 + 𝒄 →𝑻𝒚 = −𝒄𝑮𝑨𝒌𝒚
𝑻𝒚 = −𝒅𝑴𝒛𝒅𝒙 → −𝒌𝒚 = −𝑬𝑰𝒛 𝝏𝟐𝜽𝒛 𝒙𝝏𝒙𝟐 →

𝝏𝟐𝜽𝒛 𝒙𝝏𝒙𝟐 = 𝒄𝑮𝑨𝒌𝒚𝑬𝑰𝒛

𝒗 𝒙 = 𝑎଴ + 𝑎ଵ𝑥 + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ = 𝟏 𝒙 𝒙𝟐 𝒙𝟑 𝒂
𝜽𝒛 𝒙 = 𝑑𝑣𝑑𝑥 + 𝑐 = 𝑎ଵ + 𝑐 + 2𝑎ଶ𝑥 + 3𝑎ଷ𝑥ଶ
𝜽𝒛ᇱᇱ 𝒙 = 6𝑎ଷ = 𝑐𝐺𝐴𝑘௬𝐸𝐼௭ → 𝒄 = 𝟔𝑬𝑰𝒛𝑮𝑨𝒌𝒚 𝑎ଷ = 𝑳𝟐∅𝟐 𝒂𝟑 𝑛𝑜𝑡𝑖𝑛𝑔 𝟏𝟐𝑬𝑰𝒛𝑳𝟐𝑮𝑨𝒌𝒚 ∶  ∅
𝜃௭ 𝑥 = 𝑑𝑣𝑑𝑥 + 𝑐 = 𝑎ଵ + 2𝑎ଶ𝑥 + 𝑎ଷ(3𝑥ଶ+𝐿ଶ∅2 )
𝜃௭ 𝑥 = 𝟎 𝟏 𝟐𝒙 (𝟑𝒙𝟐+𝑳𝟐∅𝟐 ) 𝒂
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Boundary Conditions:

Node 1: 𝑥 = 0 , 𝑣(0) = 𝑣ଵ  𝑎𝑛𝑑  𝜃(0) = 𝜃ଵ ;     

Node 2 : 𝑥 = 𝐿 , 𝑣(𝐿) = 𝑣ଶ  𝑎𝑛𝑑  𝜃(𝐿) = 𝜃ଶ
These four conditions and the equation 𝒄 = 𝑳𝟐∅𝟐 𝑎ଷ allow to determine the  𝒂𝒊 and 

consequently   𝑵𝒊

𝑁௩ଵ = 𝟏𝟏 + ∅ 𝟏 + ∅ − ∅𝑥𝐿 − 𝟑𝒙𝟐𝑳𝟐 + 𝟐𝒙𝟑𝑳𝟑 ,
𝑁௩ଶ = 𝟏𝟏 + ∅ ( 𝟐 + ∅ 𝑥𝟐 − 𝟒 + ∅ 𝒙𝟐𝟐𝑳 + 𝒙𝟑𝑳𝟐)
𝑁௩ଷ = 𝟏𝟏 + ∅ (∅𝑥𝑳 + 𝟑𝒙𝟐𝑳𝟐 − 𝟐𝒙𝟑𝑳𝟑 )
𝑁௩ସ = 𝟏𝟏 + ∅ (−∅𝑥𝟐 − 𝟐 − ∅ 𝒙𝟐𝟐𝑳 + 𝒙𝟑𝑳𝟐)

𝑁ఏଵ = 𝟏𝟏 + ∅ (−𝟔𝒙𝑳𝟐 + 𝟔𝒙𝟐𝑳𝟑 )
𝑁ఏଶ = 𝟏𝟏ା∅ (𝟏 + ∅ − 𝟒ା∅ 𝒙𝑳 + 𝟑𝒙𝟐𝑳𝟐 )
𝑁ఏଷ = 𝟏𝟏 + ∅ (𝟔𝒙𝑳𝟐 − 𝟔𝒙𝟐𝑳𝟑 )
𝑁ఏସ = 𝟏𝟏 + ∅ (− 𝟐 − ∅ 𝒙𝑳 + 𝟑𝒙𝟐𝑳𝟐 )

𝜺𝒙𝒙 = 𝜺𝒙 = 𝜕𝑢𝜕𝑥 = −𝒚𝝏𝜃௭(𝒙)𝝏𝒙
𝟐𝜺𝒙𝒚 = 𝜸𝒙𝒚 = 𝜕𝑢𝜕𝑦 + 𝜕𝑣𝜕𝑥 = 𝑮𝒌𝒚(−𝜽𝒛 𝒙 + 𝝏𝒗𝝏𝒙)
𝜺𝒙𝒙𝟐𝜺𝒙𝒚 = 𝐵 𝑑 = −𝑦𝑁ఏଵᇱ         −𝑦𝑁ఏଶᇱ            −𝑦𝑁ఏଷᇱ          −𝑦𝑁ఏସᇱ−𝑁ఏଵ +  𝑁௩ଵᇱ −𝑁ఏଶ +  𝑁௩ଶᇱ −𝑁ఏଷ +  𝑁௩ଷᇱ −𝑁ఏସ +  𝑁௩ସᇱ 𝑑
𝑩 = −𝒚𝑵𝜽𝟏ᇱ         −𝒚𝑵𝜽𝟐ᇱ            −𝒚𝑵𝜽𝟑ᇱ          −𝒚𝑵𝜽𝟒ᇱ−𝑵𝜽𝟏 + 𝑵𝒗𝟏ᇱ −𝑵𝜽𝟐 + 𝑵𝒗𝟐ᇱ −𝑵𝜽𝟑 + 𝑵𝒗𝟑ᇱ −𝑵𝜽𝟒 + 𝑵𝒗𝟒ᇱ
𝑪 = 𝑬𝑮𝒌𝒚)

University of M’sila. Faculty of Technology. Department of civil engineering. course: Finite element method.  Lecturer: A. HAMITOUCHE.



29

𝒌 = 𝑬𝑰𝒛𝑳𝟑 𝟏 + ∅ 𝟏𝟐 𝟔𝑳𝟔𝑳 𝑳𝟐 𝟒 + ∅ −𝟏𝟐 𝟔𝑳−𝟔𝑳 𝑳𝟐 𝟐 − ∅−𝟏𝟐 −𝟔𝑳𝟔𝑳 𝟐 − ∅ 𝑳𝟐 𝟏𝟐 −𝟔𝑳−𝟔𝑳 𝑳𝟐 𝟒 + ∅  ;   
∅ = 𝟏𝟐𝑬𝑰𝒛𝑳𝟐𝑮𝑨𝒌𝒚
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