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Meécanique des milieux continus Chap. 1 — Préliminaires mathématiques

Ex. 1 Soient deux points M (4,3,0) et N(3,4,0) définis dans un repére orthonormé (x;, X,, X3).

On demande de :

Représenter les vecteurs V = OM ON
Calculer le produit scalaire V - W.
Calculer le produit vectoriel U = V A W.
Calculer le produit mixte (U, V, W).
Calculer le produit tensoriel T = VQW.

Calculer la trace du tenseur T.

NS s W e

Calculer le déterminant du tenseur T.

OM et W = ON, puis calculer leurs normes ry et 7.

Rép. 1
1. Représentation des vecteurs et calcul de leurs normes

® Vecteurs:

4
> 17=W={3}= Ha 3 0} / (xy,%,,%3)

3
== W=W={4 = Y3 4 0} / (x,%,%3)

0

® Normes:

Norme du vecteur A: r = ||A|| = /4,4, | p=1,2,3

=> rp=VlIl=VZ+VZ+VZ=V4+32+02=5

= rp=IWI=yWE+W2+ W =32 +42+02=5
® Remarque:
rv=Tw=5

= Les deux vecteurs ont la méme longueur.

2. Produit scalaire: V- W

Vérification 1 :

V-W=|V||x|IW| X cos(a) | a = ay —ay = 53.13° — 36.87° = 16.26°

Vw
IVIxIwil sxs

= cos(a) =

Vérification 2 :

=2 _096 = a= cos~1(0.96) = 16.26 Ok.

V-W:i(||V+W||2—||V—W||2) | V+W="47 7 o}et V—=W="11 1 0}

2
= V-VT/=%[(\/7x7+7x7+0><0)2—(\/1><1+1x1+0><0)2]

=%(98—2)2 =24 Ok
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3. Produit vectoriel : U = VAW

X1 X2 X3 U,
U=VAW=|Vy V, V3 :[UZI: HUy Uy U3} [ (%y,%,%3)
W, W, W; Us
X, X, X3
= U=I7AVT/=‘4 3 0 =|i gf1—|§ gfz+§ if3=0921+09€2+7f3
3 4 0
0
= U={0}= o 0 73 / (%, %, %3)
7
Vérification :

U = [_//\W = Gijkvjwk

Ul :6123V2W3+6132V3W2 =4+1X3X0—-1x0%x4=0 Symbolede [germutation
= {UZ == 6231V3W1+6213V1W3 = +1 XOX?)_ 1><4-X0 = 0 Ok €123 = €231 26312=+1
Us = €31,ViWyo + €3,Vo,W; = +1x4x4—1x3x3=7 €132 = €213 = €321 = —1
4. Produit mixte: (U, V,W)
L U, U, U; L 4 3 0
ovw)=\|vy V, V3| = O V,W)=|3 4
w, W, W; 0 0
=== _|4 0 13 0 3 4
= (,,W)—|O 7><4 |0 7|><3+|0 0><0

=4X7%X4—-3%x7%x3+0=49
Vérification: V = |(U,V,W)|=SXxh | h=U;=7
S=|V|I x W]l x sin(a) =5 % 5 x sin(16.26) = 7
= V=7%x7=49 Ok.

5. Produit tensoriel : T = VW

T=VeW = t;=VW; = T=|3x3 3x4 3x0

B [4><3 4x4 4%0
0x3 0x4 0x0

12 16 O
=19 12 0

0 0 O

6. Trace du tenseur T
Tr(?) = tl] = tii = t11 + tzz + t33 = tii =124+124+0= 24
Remarque: Tr(VQW)=V-W

7. Déterminant du tenseur T

t11 T2 ty3
l21 T2 123
{31 t3z 133
112 16 0

= det(’l_“)=‘9 12 0
0 0 O

det(T) =

:|102 8|><12—|g 8|><16+|g 102|><0=o
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Vérification :

= 1
det(T) = o eijkepqrtiptthkr

= det(T) =+

= det(T)= %

€123€123t11822833 t €123€231812823831 + €123€312t13821832
+

€123€132t11823t32 + €123€213t12821833 + €123€321t13822131
+

€231€123021832813 T+ €231€231822833811 + €231€312823831812
+

€231€132021t33t12 + €231€213822t31813 + €231€321823T32811
+

€312€123031812823 T €312€231832813821 + €312€312833811822
+

€312€132831t13822 + €312€213832t 11823 + €312€321t33812821
+

€132€123t11832823 t €132€231812833821 + €132€312t13831822
+

€132€132811833822 t €132€213812831823 + €132€321813832821
+

€213€123021t12833 + €213€231822t13831 + €213€312823t11t32
+

€213€132821813832 + €213€213822811833 T €213€321823812831
+

€321€123031822t13 T €321€231832823811 + €321€312t33t21t12
+

€321€13283182312 T €321€213832821813 T €321€321833822811

HFDXx(H1D)x12x12X0+(+1D) x (+1) x16 X0 X0+ (+1) X (+1) X 0xX 9% 0

(+1)><(—1)><12><0><0+(+1)><(—1)+><16><9><0+(+1)><(—1)><0><12><0
(+1)><(+1)><9><0><0+(+1)><(+1):12><0x12+(+1)><(+1)><0><0><16
(+1)x(—1)><9><0><16+(+1)><(—1)+><12><0><0+(+1)><(—1)><0><0><12
(+1)><(+1)><0><16><0+(+1)><(+1)+><0><0><9+(+1)><(+1)><0><12><12
(+1)x(—1)><0><0><12+(+1)><(—1)+><0x12><0+(+1)><(—1)><0><16><9
(—1)><(+1)><12><0><0+(—1)><(+1)+><16><0><9+(—1)><(+1)><0><0><12
(—1)><(—1)><12><0><12+(—1)x(—1-;><16><0><0+(—1)x(—1)><0><0><9
(—1)><(+1)><9><16><0+(—1)><(+1)+><12><0><0+(—1)><(+1)><0><12><0
(—1)><(+1)><9x16><0+(—1)><(+1)+x12x1><0+(—1)><(+1)><0><12><0
(—1)><(+1)><0><12><0+(—1)><(—1)+><0><0><12+(—1)><(—1)><0><9><16
+

FDx(-1)x0x0x16+(-1)x(-1)x0x9x0+(-1)x(-1) x0x12x12

= det(T)=0 0Ok
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Ex. 2 Soit le tenseur suivant :
B 8 3 0
T = <3 0 0)
0 0 4

2. Sa partie antisymétrique T,.
3. Satrace.

On demande de calculer:
1. Sa partie symétrique T.

4. Son déterminant.

Rép. 2

1. Partie symétrique T, du tenseur T

T,=2T+T) = (t)y=12(t;+1t)

_ [/8 3 0y (830 8 3 0 _
= T;=2[|3 0 0)+|3 0 0ff=(3 0 0) = T=T
004 \o 0 4

0 0 4
2. Partie antisymétrique T, du tenseur T

o

To=2T-T) = (=1t

_ 1830 8 3 0 0
:>Ta=5300—300=0
0 0 4 0 0 4 0 0 O

3. Trace du tenseur T

o o
o o
N——
g‘ﬂn
11
ol

TT(T') = tii = TT(7=1) = tll + t22 + t33 =8+0+4=12
Remarque: Tr(7=‘) = Tr(7=‘s) =12 & Tr(’l=‘a) =0

= T - Tenseur symétrique (t;; = t;; pour i # j).

4. Déterminant du tenseur T

_ t11 tiz t13
det(T) = [ta1 22 23
{31 32 {33
8 30
= det(T)=3 0 o|=[0 Jx8-[> 3|x3+[ g]x0=-36
0 0 4
Vérification :

= 1
det(T) = g eijkepqrtiptthkr

Prof. Mohamed KHEMISSA M1/S1 - Géotechnique 5



Meécanique des milieux continus Chap. 1 — Préliminaires mathématiques

€123€123t11822133 + €123€231812823831 + €123€312813t21832
+

€123€132811823832 t €123€213812821833 + €123€32113822831
+

€231€123021832813 T €231€231822833811 + €231€312823831¢12
+

€231€132021833t12 T+ €231€213822t31813 T €231€321823832811
+

€312€123031812823 T €312€231832813821 + €312€312833811822
+

_ L €312€132031t13822 + €312€213832t 11823 + €312€321t33812821

= det(T) =< +

€132€123t11832823 t €132€231812833821 + €132€312813831E22
+

€132€132t11t33t22 + €132€213812831823 + €132€321t13832821
+

€213€123021812833 T €213€231822813831 + €213€312823811E32
+

€213€132821813t32 T €213€213822811833 + €213€321823812831
+

€321€12303182213 T €321€231832823811 + €321€312833821812
+

€321€132831823812 T €321€213832821813 T+ €321€321833822811

FDXHFDX8X0X4+(+D X (+1)X3X0X 0+ (+1) X (+1) X 0X 3 X 0
(+1)x(—1)><8><0><0+(+1)><(—1-)F><3><3><4+(+1)><(—1)><0><0><0
(+1)><(+1)><3><0><0+(+1)><(+1-)I-><0><4><8+(+1)><(+1)><0><0><3
(-|-1)x(—1)><3><4x3+(+1)><(—1-)|_><0><0><0+(+1)x(—1)><0><0><8
(+1)><(+1)><O><3><0+(+1)><(+1-)|-><0><0><3+(+1)><(+1)><0><8><0
(+1)x(—1)><0><0><0+(+1)><(—1;r><0><8><0+(+1)><(—1)><4><3><3
= det(T) == +
CFDXHFDX8X0X0+ (1) X (+1)X3x4Xx3+ (1) X (+1)X0X0X 0
(—1)x(—1)><8><0><0+(—1)><(—1-)|_><3><0x0+(—1)x(—l)x0x0x3
(—1)><(+1)><3><3><4+(—1)><(+1-)I-><0><0><0+(—1)><(+1)><0><8><0
(—1)x(+1)><3><0><0+(—1)x(+1;r><0x8><0+(—1)x(+1)x0x3x0
(—1)><(+1)><0><0><0+(—1)><(—1-)|-><0><0><8+(—1)><(—1)><4><3><3
(—1)x(—1)><0><0><3+(—1)><(—1-)F><0><3><0+(—1)><(—1)x0><0><8

+

B 1<(+1)x(—1)><3><3><4+(+1)><(—1)><3><4><3+(+1)><(—1)><4><3><3>
det(T) ==
(D x(+1)x3%x4x3+(-1)x(+1)x3x3x4+(—-1)x(+1) x4x3x3

=  det(T) = <(—36 — 36 — 36 — 36 — 36 — 36)

= det(T)=-36 Ok
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Ex. 3 Soit le tenseur suivant:

On demande de calculer:

1. Sa partie symétrique T.

2. Sa partie antisymétrique T,.
3. Satrace.

4. Son déterminant.

Rép. 3

1. Partie symétrique T, du tenseur T

To=1(T+T) = ()y=2(t;+t;)

_ . [/8 3 0 8 -3 0 8 0 0
= Ty=2[|-3 -4 0]+(3 -4 0o]|=(0 -4 o
0 0 -4/ \o 0 -4 0 0 —4

2. Partie antisymétrique T, du tenseur T

To=2T-T) = (=1t

_ /8 3 o 8 -3 0
= T,=5[{[-3 -4 o |-(3 -4 o
0 0 -4/ \0o 0 -4

3. Trace du tenseur T

0 3 0
-3 0 0
0 0 O

Tr(?)=tii = TT(7=1)=t11+t22+t33=8—4‘—4=0

Remarque: Tr(7=‘) = Tr(7=‘s) = Tr(’1=’a) =0

= T - Tenseur antisymétrique (t;; = —t;; pour i # j).

4. Déterminant du tenseur T

_ t11 tiz t13
det(T) = [ta1 22 23
{31 32 {33
3 8 3 0 . _ _ _
= det(T)=|-3 -4 o|=[7" O|xs-[7 Olx3+[7 xo0=92
0 0o -4
Vérification :

= 1
det(T) = g Sijkepqrtiptthkr
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€123€123011t22833 T €123€231812t23831 T €123€312813L211832
+

€123€132811t23t32 + €123€213t12t21833 + €123€321t13822831
+

€231€123021132813 T €231€231822833811 T €231€312823831812
+

€231€132821833812 T €231€213822831813 T €231€321823832811
+

€312€12331812823 T €312€231L32813821 T €312€6312833811822
+

_ . €312€132831813t22 T €312€213832811823 + €312€321833812821

= det(T) = P +

€132€123t11t32t23 T €132€231812t33L21 T €132€312813L31822
+

€132€132811t33822 T €132€213t12831823 + €132€32113832821
+

€213€123t21C12833 T €213€231822t13831 + €213€312823811832
+

€213€132821813832 T €213€213L22811833 T €213€321823812831
+

€321€123t31822813 T €321€231L32823811 + €321€312833L21812
+

€321€132831823812 T €321€213L32821813 T €321€321L33822811

HFDXHDX8X ()X () +(+D) X (+1) X3 x0x 0+ (+1) x (+1) x 0 x (=3) %X 0

(+1)x(—1)x8x0x0+(+1)><(—1)><3—I>;(—3)><(—4)+(+1)x(—1)x0><(—4)x0
(+1)><(+1)><(—3)><0><0+(+1)><(+1)>t(—4)><(—4)><8+(+1)><(+1)><0><0><3
(+1)><(—1)><(—3)><(—4)><3+(+1)><(—+1)><(—4)><0><0+(+1)><(—1)><0><0><8
(+1)><(+1)xOx3x0+(+1)><(+1)x0->'-<0><(—3)+(+1)><(+1)><(—4)><8><(—4)
(+1)><(—1)><0><0><(—4)+(+1)><(—1)>J<r0><8><0+(+1)><(—1)><(—4)><3><(—3)
= det(T) =< +
DX (D) X8X0X0+ (1) X (+1) X 3 x (—4) X (=3) + (1) x (+1) x 0 X 0 x (—4)
(—1)><(—1)><8><(—4)><(—4)+(—1)><(—+1)><3><0><0+(—1)><(—1)x0><0><(—3)
(—1)><(+1)><(—3)><3><(—4)+(—1)x(++1)><(—4)x0x0+(—1)x(+1)><0><8x0
(—1)><(+1)><(—3)><0x0+(—1)x(+1):(—4)x8x(—4)+(—1)><(+1)><0><3><0
(—1)><(+1)><0><(—4)x0+(—1)x(+1):0x0x8+(—1)><(+1)x(—4)><(—3)x3
+

DX (1) Xx0x0x3+(-1)Xx (1) x0x(-3)x0+(—1)x(—1) x (—4)(—4) x 8
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(+1) x (+1) x 8 x (—4) x (—4)

(+1) x (-1) x;x (—3) X (—4)
(+1) X (+1) xJ(r—4) X (—4) X 8
(+1) x (-1) xJ(r—s) X (—4) x 3
(+1) x (+1) xJ(r—4) X 8 X (—4)
) (+1) x (1) x-(}_—4) X 3% (~3)
= det(T) =§ (o X;X o = %(92 +92 +92 492+ 92 +92) =92
(—1) x (=1) x ; X (—4) X (—4)
(-1 x (+1) xJ(r—s) X 3 X (—4)
(—1) x (+1) x-(i_—4) X 8 X (—4)
(-1 x (+1) xJ(+r—4) x (=3) x 3

(D x (=) x (=H(-4) x8

= det(T)=92 0k

Ex. 4 Démontrer les identités suivantes :

=

: [Tr(ﬁ)]z = MppMyq

N

. Tr(M?) = MypqMg,
3. Tr(M M) = MpyM,, = Tr( *MM)
4. 6UVJ = Vi

5. 6,V W,

paVpWq = ViW,

6. 6ii == 6ip6pi = 6ip6pq6qi = 3

Rép. 4

Sachantque: Tr(M) = My
= [Tr(ﬁ)]z = (My)? = (My1 + Mz + M33)?

= [Tr(ﬁ)]z = (M1 + My, + M33) X (M1 + My, + Ms33)
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_ 12
= [Tr(M)]" = Myy X (Myq + Myp + Ms3) + Myy X (Myq + Myy + Ms3) + Maz X (Myq + My, + Ma3)
= [Tr(M)]* = My, X Zj:i M;jj + M, X Z;:i M;jj + M33 X Zj:i M;;

—\12 i i

= [Tr(ﬁ)]z = MppMyq

_ My My, My _ My My, Miz\ (Myy My, My
Sachant que: M = M21 MZZ M23 = MZ = M21 M22 M23 M21 MZZ M23
M3y M3, M3z Mz, Ms,; Mz3/ \M3; Mz, Ms3
. <M11M11 + M;Mzy + Mi3M3y MMy + MipMypy + MisMz,  MyiMyz + MpMp3 + M13M33>
M? =

= My1Myq + Mpu;Myy + MyzMszqy My Myp + MpyMyy + MysMsy, My Mqz + MyaMas + M3 M3
M31Myq + M3;Mpq + M33Mszq M3z My + M3, My, + M33Msy, M3y Mqz + M3 Ma3 + M33Mss
My 1My + My;Myq + My3Ms,q
+
= i=3 i=3 i=3
= Tr(M?%) =| My1My, + My Myp + My3Ms, | = Zj-=1 M, ;M;, + Z§=1 M;;jM;, + Z§=1 M3;M;3
+

M31M13 + M32M23 + M33M33
= = =3
= Tr(M?) = X2 2120 MM = My M
= T’”(ﬁz) = MpqMgp

3. Tr(M'M)=MyM,,

_ (M My Mg _ (M My Mg
Sachantque: M =My, M,, My | = *M=(My, M,, M,
M3y Ms; Ms3

_ My, My, Mys\ /My; My Mgy
tM = My, My, My || My, My, Ms,

= M
M3y M3, Mszz/ \My3 M3 Mss
_ M1Myq + MMy + Mi3Myz My1Myq + MipMpy + MizMyz M1 M3q + Myp; M3y + Mi3M33
= MM =My Myy + MpuMyp + MyzMyz  MyyMay + MyuMyy + MyzMys My May 4+ MypMs, + MyzMas
M31Myq + M3;Myp + M33My3 M31Myq + M3pMyy + M3zsMyz M3z M3q + M3p M3y + M3z Mss
My1Myq + MMy + My3sMy3 + My My + My My, + My Mg
+
= TT'(M tM) = M21M21 + M22M22 + M23M23
+

M31M3q + M3;M3; + M33M33
= Tr(M M) =32 My My + 223 My My + $023 My My
= Tr(M ‘M) =35 Zf:iMijMij = M;;jM;;
= Tr(M 'M) = MMy,
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Remarque: Tr(M ‘M) =Tr( ‘MM)

1siizi
Sachantque: § —{ sti=J

U 0sii#j

011Vi + 61V + 64V =V, (i=1)
o 6V =0V OuVa+ SigVs = { Oy + 63Va + SygVs =V, (i =2)
0z1V1 + 65V, + 633V =V (i =3)

= 611V1 + 522V2 + 533V3 = V1 + Vz + V3
= SUVJ = Vi

Sachantque: §,,V; =V, (Voir Ex. 4)
= SpgpWy = (8pg )Wy = VoW

= GpgpWy =ViW,

6. &8 =06ipbyi = 8;p6pq0qi =3

Sachantque: §;; =6;; (Letenseur unité est symétrique)
= 811611 = 61]611 = 6ii =3
= 8ip8,q0qi = (6:p6pq)8qi = 81q0qi = 6; =3

Ex. 5 Soit la fonction scalaire suivante :  ¢@(X) = x?2

On demande de calculer:

1. grad(p) =V
2. M) = div(V)
3. rot(V)

4. grad(V)

Rép. 5

_ _ _ _ _ - 1sii=j
® Sachantque: X =ux; =x18+x6;+x3635 & &-°¢ = 0sii]

= &) = %% = (06)? = (18 + %28, + x3835)? = x? + xZ + x2

2xq
1. grad((p) = 3_(pél = a_(pél + a_(péz + a_(pég = leél + 2x2€_2 + ZX39_3 =2X = {sz} / (e_l, 9_2,3_3)
axi 6x1 axz ax3
2x3
_Pe_d%, %o, Pe_ _
2 M) =58 =0+ T8+ T =212+2=6
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Posons: V = grad(¢) = 2x

vy ov
6x1

o) =i - Vs _ _
= div(V)=_—= o, Tox, —2t212=6

L

= div[grad(e)] = Ale)

=) — (V3 _9Vy Vi 0V dVy Vi) _ ¢ S
3. rOt(V) - {axz 6x3 ! aX3 6x1 ! 6x1 axz} - {0 ! 0 ! O} o 0
vy 9V Vg
6x1 axz aX3 2 0 0 1 0 O
7y - Wig o5 |2 V2 9Vp| _ _ 9%
4, grad(V) = 2%, e;Qe; = ox, om, oxs|— \0 2 0] = [0 1 O] =26
ovs ovs avs| 00 2 looo 1
6x1 axz aX3
Ex. 6 Soit les deux vecteurs suivants: U =x et V = 2x

On demande de calculer :
1. grad(V) =M

2. U-grad(V)

3. grad(V)-U

4. dw(M)

5. A(V)

Rép. 6

=]
I

x|

== xie_i == xle_l + xZe_z +

X1
X2
X3

X3€3 :{

} / (e_ll 8_2,8_3 )

2xq
o V =2X = lee_l = 2X16’_1 + 2x28_2 + ZX353 = {sz} / (6_‘1, e_z, 6_3 )
2x3
dxq 0xp Ox3
2 00 1 0 O
Yo Wig o V2 V2 Vsl _ oS- T
lgrad(V)—a—xie,- i = 9%, ox, oxa —[0 2 0]—2[0 1 O]—ZS—M
s avz AV 0 0 2 0 0 1
dxq 0xp Ox3
B L 2 0 0] (21
22.U-gradV)=U-M = Yx;, x,, x3}|0 2 0|=1{2x,p=2%
0 0 2 2x3
o 2 0 0](*1 2%,
3.grad(V)-U=M-U=|(0 2 0|{X2{=1{2x,¢=2%
0 0 21\x3 2X3
= U-grad(V)=grad(V)-U
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Meécanique des milieux continus Chap. 1 — Préliminaires mathématiques

(OM11 4 oMy, 4 OM13Y

Ox; — 0xz — 0x3 04+0+0) (0
4. dw(M) = Tlg = { T2 4 T2 4 T ={o+o+o}={0}=(‘)
]

t axl axz ax3
OM31 | M3y | OMs 0+0+0 0
axl axz aX3

%vy . d%vy | 3%V,

+ +
ax? x> ax2
%V a;i/ a;:/ a;:/3 0+0+0 0
7\ — i—= 2 2 2 _ _ IYeY
] V3+02V1 v, +0+
ka 2 ax3

Ex. 7 Soit les tenseurs suivants: M = x®e; et N = e, Qx

On demande de calculer:

1. div(i])

2. div(N)

Rép. 7
X1 €1 1

® Sachantque: X = x;e; =1{X2 & e =13e21=10¢ / (&,€¢€3)
X3 €3 0

X161 Xq1€, Xq1€3 X1 0 0
= M=3xQe, = |X281 X282 X2e3|=|x, 0 0
X3eq Xze; X3ze€3 x3 0 O

_ e1X1 e€e1X, e1X3 X1 X X3
= N=¢,Qx = [ele €2X, ezxsl [ 0 0]
e3Xx; €e3X,; e3X3 0 0
3‘;‘111 + a;‘;'clz + a‘;‘;lcls
1 2 3 14040 1
OM;j . |OMzy | OM3; | OMj3 to+ _ =
1.dw(M)_ e =15+t 2+ 0+0+0;=30{=2¢
] X1 axz 6x3
dM3; | M3y | OMs; 0+0+0 0
+ +
ax1 axz ax3

6N11 + 6N12 + 6N13

axl axz 6x3

T—r5\ _ Ny _
2. dw(N) = 7e &= \ox T om T omg 0+0+40;=10f =3¢
aN31+6N32+6N33 0+0+0 0
0x1 axz 6x3)
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Ex.8 Posons: ¢(x) = x?
U=x
V=2x

On demande de calculer:

1. div(eV)

2. dw(UQV)

3. rot[rot(V)]

Rép. 8

1. div(eV) = edv(V) + V - grad(e)

Sachant que :

vy o,

, av;
® dl‘U(V) = a = 9%, 9%, +
= g _ a
® grad(p) =V = a—:ei = a;p

63

=2+2+2=6

= div(eV) = (¥?)(6) + (2x)(2x) = 6x* + 4x% = 10x?

2. dw(UQV) = grad(U) -V + div(V)U

Sachant que :

vy av

—eq +—e2 + —e3 = 2xq1€1 + 2x,6, + 2x3€3 = 2%

oy OV
° dw(V)—axi—ax1 % +a3_2+2+2_6
0x1 axz 6x3 1 0 O
a;_ _ _ |8Uz 28Uy dU, =
L] grad(U)—a—xjei®e]- ax, 0x, 0xs [O 1 O] 0
ous ou; auz; 100 1
|.0x1 axz 6x3J
= dw(0®V)= V-6+div(V)U
1 0 0 1 2 6 8
= Y2,2,2}|0 1 o|+6{1;=42¢+{6{=18 / (&1, 8,,85)
0 0 1 1 2 6 8
= 8x
Vérification :
U1V1 U1V2 U1V3 -xl X le X1 X ZXZ X1 X 2X3
W=U0QV =|UV, UV, UV5|=|[x;%x2x; x,%X2x, x2><2x3]
UV, U3V, Usls [ X3 X 2x1 X3 X 2Xx, X3 X 2X3
[ 2x2  2xyx, 2x1x3 x1x2 X1 X3
=|2x.x, 2x3 2x2x3 =2 x1x2 X2 XpX3
[2x1X5  2XpX3 X1X3 XpX3 X3
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axl axz 3x3 le + x1 + x1 xl
_— — el —_ 6W21 BWZZ 6W23 —_
= diwW)=dw(UQV) = v T ox o [ = 2 {xz + 2x, + xz} = 8[x2} — 8%
1 2 3
Wy, | OWsy | OWas X3 + X3 + 2x3 X3
6x1 axz 6x3 J
3. rot[rot(V)] = grad[div(V)] — A(V)
Sachant que :
.= w; vy v, Vg
. = —-—=a— —_— —_— —
div(V) ox, 02y T o + . 24+24+2=6
= grad[div(V)] = grad(6) = '{0,0,0} =0
v,  9%vy |, 9%V,
ax3 + ax3 + ax3
~ron 0%V 2v, v, . 3%V, =
* AWV) 6x]2 t ax3 + ax3 + ax3 =0
%v;  9%v5 | 9%V,
ax% t ax% T ax§
= rot[rot(V)]=0+0=0
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