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Ex. 1 Soient deux points 𝑀(4,3,0) et 𝑁(3,4,0) définis dans un repère orthonormé (𝑥̅1, 𝑥̅2, 𝑥̅3).  

On demande de : 

1. Représenter les vecteurs 𝑉̅ = 𝑂𝑀̅̅ ̅̅ ̅  et  𝑊̅ = 𝑂𝑁̅̅ ̅̅ , puis calculer leurs normes 𝑟𝑉  et  𝑟𝑊̅. 

2. Calculer le produit scalaire 𝑉̅ ∙ 𝑊̅. 

3. Calculer le produit vectoriel 𝑈̅ = 𝑉̅ ∧ 𝑊̅. 

4. Calculer le produit mixte (𝑈̅, 𝑉̅, 𝑊̅). 

5. Calculer le produit tensoriel 𝑇̿ = 𝑉̅⨂𝑊̅. 

6. Calculer la trace du tenseur 𝑇̿. 

7. Calculer le déterminant du tenseur 𝑇̿. 

Rép. 1 

1. Représentation des vecteurs et calcul de leurs normes 

• Vecteurs :  

▻ 𝑉̅ = 𝑂𝑀̅̅ ̅̅ ̅ = {
4
3
0
} = {4 3 0}𝑡  / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

▻ 𝑊̅ = 𝑂𝑁̅̅ ̅̅ = {
3
4
0
} = {3 4 0}𝑡  / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

• Normes :  

Norme du vecteur 𝐴̅ : 𝒓 = ‖𝑨̅‖ = √𝑨𝒑𝑨𝒑   |   𝒑 = 𝟏, 𝟐, 𝟑 

   𝑟𝑉 = ‖𝑉̅‖ = √𝑉1
2 + 𝑉2

2 + 𝑉3
2 = √42 + 32 + 02 = 5 

   𝑟𝑊̅ = ‖𝑊̅‖ = √𝑊1
2 +𝑊2

2 +𝑊3
2 = √32 + 42 + 02 = 5 

• Remarque :  

𝑟𝑉 = 𝑟𝑊̅ = 5   

   Les deux vecteurs ont la même longueur. 

2. Produit scalaire : 𝑽̅ ∙ 𝑾̅̅̅ 

 𝑽̅ ∙ 𝑾̅̅̅ = 𝑽𝒑𝑾𝒑   𝑉̅ ∙ 𝑊̅ = 𝑉1𝑊1 + 𝑉2𝑊2 + 𝑉3𝑊3 = 4 × 3 + 3 × 4 + 0 × 0 = 24 

 Vérification 1 :  

 𝑉̅ ∙ 𝑊̅ = ‖𝑉̅‖ × ‖𝑊̅‖ × 𝑐𝑜𝑠(𝛼)  |  𝛼 = 𝛼𝑊 − 𝛼𝑉 = 53.13° − 36.87° = 16.26° 

   𝑐𝑜𝑠(𝛼) =
𝑉∙𝑊̅

‖𝑉‖×‖𝑊̅‖
=

24

5×5
= 0.96   𝛼 = 𝑐𝑜𝑠−1(0.96) = 16.26  Ok. 

 Vérification 2 :  

 𝑽̅ ∙ 𝑾̅̅̅ =
𝟏

𝟒
(‖𝑽̅ + 𝑾̅̅̅‖𝟐 − ‖𝑽̅ − 𝑾̅̅̅‖𝟐)  |   𝑉̅ + 𝑊̅ = {7 7 0}𝑡   et   𝑉̅ − 𝑊̅ = {1 1 0}𝑡  

   𝑉̅ ∙ 𝑊̅ =
1

4
[(√7 × 7 + 7 × 7 + 0 × 0)

2
− (√1 × 1 + 1 × 1 + 0 × 0)

2
]
2

=
1

4
(98 − 2)2 = 24   Ok. 
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3. Produit vectoriel : 𝑼̅ = 𝑽̅ ∧ 𝑾̅̅̅ 

𝑼̅ = 𝑽̅ ∧ 𝑾̅̅̅ = |

𝒙̅𝟏 𝒙̅𝟐 𝒙̅𝟑
𝑽𝟏 𝑽𝟐 𝑽𝟑
𝑾𝟏 𝑾𝟐 𝑾𝟑

| = {
𝑼𝟏
𝑼𝟐
𝑼𝟑

} = {𝑼𝟏 𝑼𝟐 𝑼𝟑}
𝒕   / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

    𝑈̅ = 𝑉̅ ∧ 𝑊̅ = |
𝑥̅1 𝑥̅2 𝑥̅3
4 3 0
3 4 0

| = |
3 0
4 0

| 𝑥̅1 − |
4 0
3 0

| 𝑥̅2 + |
4 3
3 4

| 𝑥̅3 = 0𝑥̅1 + 0𝑥̅2 + 7𝑥̅3 

   𝑈̅ = {
0
0
7
} = {0 0 7}𝑡  / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

 Vérification : 

  𝑼̅ = 𝑽̅ ∧ 𝑾̅̅̅ = 𝝐𝒊𝒋𝒌𝑽𝒋𝑾𝒌  

  {
𝑈1 = 𝜖123𝑉2𝑊3 + 𝜖132𝑉3𝑊2 = +1 × 3 × 0 − 1 × 0 × 4 = 0
𝑈2 = 𝜖231𝑉3𝑊1 + 𝜖213𝑉1𝑊3 = +1 × 0 × 3 − 1 × 4 × 0 = 0
𝑈3 = 𝜖312𝑉1𝑊2 + 𝜖321𝑉2𝑊1 = +1 × 4 × 4 − 1 × 3 × 3 = 7

 Ok. Ok. 

4. Produit mixte : (𝑼̅, 𝑽̅, 𝑾̅̅̅) 

  (𝑼̅, 𝑽̅, 𝑾̅̅̅) = |
𝑼𝟏 𝑼𝟐 𝑼𝟑
𝑽𝟏 𝑽𝟐 𝑽𝟑
𝑾𝟏 𝑾𝟐 𝑾𝟑

|     (𝑈̅, 𝑉̅, 𝑊̅) = |
4 3 0
3 4 0
0 0 7

| 

  (𝑈̅, 𝑉̅, 𝑊̅) = |
4 0
0 7

| × 4 − |
3 0
0 7

| × 3 + |
3 4
0 0

| × 0 

       = 4 × 7 × 4 − 3 × 7 × 3 + 0 = 49 

 Vérification :  𝑉 = |(𝑈̅, 𝑉̅, 𝑊̅)| = 𝑆 × ℎ  |   ℎ = 𝑈3 = 7 

𝑆 = ‖𝑉̅‖ × ‖𝑊̅‖ × 𝑠𝑖𝑛(𝛼) = 5 × 5 × 𝑠𝑖𝑛(16.26) = 7   

  𝑉 = 7 × 7 = 49  Ok. 

5. Produit tensoriel : 𝑻̿ = 𝑽̅⨂𝑾̅̅̅ 

  𝑻̿ = 𝑽̅⨂𝑾̅̅̅    𝒕𝒊𝒋 = 𝑽𝒊𝑾𝒋    𝑇̿ = [
4 × 3 4 × 4 4 × 0
3 × 3 3 × 4 3 × 0
0 × 3 0 × 4 0 × 0

] = [
12 16 0
9 12 0
0 0 0

] 

6. Trace du tenseur 𝑻̿ 

  𝑻𝒓(𝑻̿) = 𝒕𝒊𝒋   𝒕𝒊𝒊 = 𝒕𝟏𝟏 + 𝒕𝟐𝟐 + 𝒕𝟑𝟑    𝑡𝑖𝑖 = 12 + 12 + 0 = 24 

  Remarque : 𝑻𝒓(𝑽̅⨂𝑾̅̅̅) = 𝑽̅ ∙ 𝑾̅̅̅ 

7. Déterminant du tenseur 𝑻̿ 

  𝒅𝒆𝒕(𝑻̿) = |
𝒕𝟏𝟏 𝒕𝟏𝟐 𝒕𝟏𝟑
𝒕𝟐𝟏 𝒕𝟐𝟐 𝒕𝟐𝟑
𝒕𝟑𝟏 𝒕𝟑𝟐 𝒕𝟑𝟑

| 

  𝑑𝑒𝑡(𝑇̿) = |
12 16 0
9 12 0
0 0 0

| = |
12 0
0 0

| × 12 − |
9 0
0 0

| × 16 + |
9 12
0 0

| × 0 = 0 

Symbole de permutation 
𝜖123 = 𝜖231 = 𝜖312 = +1 
𝜖132 = 𝜖213 = 𝜖321 = −1 
 

|U|=7 
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Vérification : 

 𝒅𝒆𝒕(𝑻̿) =
𝟏

𝟔
𝝐𝒊𝒋𝒌𝝐𝒑𝒒𝒓𝒕𝒊𝒑𝒕𝒋𝒒𝒕𝒌𝒓  

    𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜖123𝜖123𝑡11𝑡22𝑡33 + 𝜖123𝜖231𝑡12𝑡23𝑡31 + 𝜖123𝜖312𝑡13𝑡21𝑡32
+

𝜖123𝜖132𝑡11𝑡23𝑡32 + 𝜖123𝜖213𝑡12𝑡21𝑡33 + 𝜖123𝜖321𝑡13𝑡22𝑡31
+

𝜖231𝜖123𝑡21𝑡32𝑡13 + 𝜖231𝜖231𝑡22𝑡33𝑡11 + 𝜖231𝜖312𝑡23𝑡31𝑡12
+

𝜖231𝜖132𝑡21𝑡33𝑡12 + 𝜖231𝜖213𝑡22𝑡31𝑡13 + 𝜖231𝜖321𝑡23𝑡32𝑡11
+

𝜖312𝜖123𝑡31𝑡12𝑡23 + 𝜖312𝜖231𝑡32𝑡13𝑡21 + 𝜖312𝜖312𝑡33𝑡11𝑡22
+

𝜖312𝜖132𝑡31𝑡13𝑡22 + 𝜖312𝜖213𝑡32𝑡11𝑡23 + 𝜖312𝜖321𝑡33𝑡12𝑡21
+

𝜖132𝜖123𝑡11𝑡32𝑡23 + 𝜖132𝜖231𝑡12𝑡33𝑡21 + 𝜖132𝜖312𝑡13𝑡31𝑡22
+

𝜖132𝜖132𝑡11𝑡33𝑡22 + 𝜖132𝜖213𝑡12𝑡31𝑡23 + 𝜖132𝜖321𝑡13𝑡32𝑡21
+

𝜖213𝜖123𝑡21𝑡12𝑡33 + 𝜖213𝜖231𝑡22𝑡13𝑡31 + 𝜖213𝜖312𝑡23𝑡11𝑡32
+

𝜖213𝜖132𝑡21𝑡13𝑡32 + 𝜖213𝜖213𝑡22𝑡11𝑡33 + 𝜖213𝜖321𝑡23𝑡12𝑡31
+

𝜖321𝜖123𝑡31𝑡22𝑡13 + 𝜖321𝜖231𝑡32𝑡23𝑡11 + 𝜖321𝜖312𝑡33𝑡21𝑡12
+

𝜖321𝜖132𝑡31𝑡23𝑡12 + 𝜖321𝜖213𝑡32𝑡21𝑡13 + 𝜖321𝜖321𝑡33𝑡22𝑡11)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

    𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(+1) × (+1) × 12 × 12 × 0 + (+1) × (+1) × 16 × 0 × 0 + (+1) × (+1) × 0 × 9 × 0
+

(+1) × (−1) × 12 × 0 × 0 + (+1) × (−1) × 16 × 9 × 0 + (+1) × (−1) × 0 × 12 × 0
+

(+1) × (+1) × 9 × 0 × 0 + (+1) × (+1) × 12 × 0 × 12 + (+1) × (+1) × 0 × 0 × 16
+

(+1) × (−1) × 9 × 0 × 16 + (+1) × (−1) × 12 × 0 × 0 + (+1) × (−1) × 0 × 0 × 12
+

(+1) × (+1) × 0 × 16 × 0 + (+1) × (+1) × 0 × 0 × 9 + (+1) × (+1) × 0 × 12 × 12
+

(+1) × (−1) × 0 × 0 × 12 + (+1) × (−1) × 0 × 12 × 0 + (+1) × (−1) × 0 × 16 × 9
+

(−1) × (+1) × 12 × 0 × 0 + (−1) × (+1) × 16 × 0 × 9 + (−1) × (+1) × 0 × 0 × 12
+

(−1) × (−1) × 12 × 0 × 12 + (−1) × (−1) × 16 × 0 × 0 + (−1) × (−1) × 0 × 0 × 9
+

(−1) × (+1) × 9 × 16 × 0 + (−1) × (+1) × 12 × 0 × 0 + (−1) × (+1) × 0 × 12 × 0
+

(−1) × (+1) × 9 × 16 × 0 + (−1) × (+1) × 12 × 1 × 0 + (−1) × (+1) × 0 × 12 × 0
+

(−1) × (+1) × 0 × 12 × 0 + (−1) × (−1) × 0 × 0 × 12 + (−1) × (−1) × 0 × 9 × 16
+

(−1) × (−1) × 0 × 0 × 16 + (−1) × (−1) × 0 × 9 × 0 + (−1) × (−1) × 0 × 12 × 12)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

  𝑑𝑒𝑡(𝑇̿) = 0  Ok. 
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Ex. 2 Soit le tenseur suivant : 

          𝑇̿ = (
8 3 0
3 0 0
0 0 4

) 

On demande de calculer : 

1. Sa partie symétrique 𝑇̿𝑠. 

2. Sa partie antisymétrique 𝑇̿𝑎. 

3. Sa trace. 

4. Son déterminant. 

Rép. 2 

1. Partie symétrique 𝑻̿𝒔 du tenseur 𝑻̿ 

  𝑻̿𝒔 =
𝟏

𝟐
(𝑻̿ + 𝑻̿𝒕 )    (𝒕𝒔)𝒊𝒋 =

𝟏

𝟐
(𝒕𝒊𝒋 + 𝒕𝒋𝒊)  

    𝑇̿𝑠 =
1

2
[(
8 3 0
3 0 0
0 0 4

) + (
8 3 0
3 0 0
0 0 4

)] = (
8 3 0
3 0 0
0 0 4

)    𝑇̿𝑠 ≡ 𝑇̿ 

2. Partie antisymétrique 𝑻̿𝒂 du tenseur 𝑻̿ 

  𝑻̿𝒂 =
𝟏

𝟐
(𝑻̿ − 𝑻̿𝒕 )    (𝒕𝒂)𝒊𝒋 =

𝟏

𝟐
(𝒕𝒊𝒋 − 𝒕𝒋𝒊)  

    𝑇̿𝑎 =
1

2
[(
8 3 0
3 0 0
0 0 4

) − (
8 3 0
3 0 0
0 0 4

)] = (
0 0 0
0 0 0
0 0 0

)    𝑇̿𝑎 ≡ 0̿ 

3. Trace du tenseur 𝑻̿ 

  𝑻𝒓(𝑻̿) = 𝒕𝒊𝒊   𝑇𝑟(𝑇̿) = 𝑡11 + 𝑡22 + 𝑡33 = 8 + 0 + 4 = 12 

  Remarque :  𝑇𝑟(𝑇̿) = 𝑇𝑟(𝑇̿𝑠) = 12  &  𝑇𝑟(𝑇̿𝑎) = 0   

         𝑇̿ – Tenseur symétrique (𝑡𝑖𝑗 = 𝑡𝑗𝑖 pour 𝑖 ≠ 𝑗). 

4. Déterminant du tenseur 𝑻̿ 

  𝒅𝒆𝒕(𝑻̿) = |
𝒕𝟏𝟏 𝒕𝟏𝟐 𝒕𝟏𝟑
𝒕𝟐𝟏 𝒕𝟐𝟐 𝒕𝟐𝟑
𝒕𝟑𝟏 𝒕𝟑𝟐 𝒕𝟑𝟑

| 

  𝑑𝑒𝑡(𝑇̿) = |
8 3 0
3 0 0
0 0 4

| = |
0 0
0 4

| × 8 − |
3 0
0 4

| × 3 + |
3 0
0 0

| × 0 = −36 

 Vérification : 

 𝒅𝒆𝒕(𝑻̿) =
𝟏

𝟔
𝝐𝒊𝒋𝒌𝝐𝒑𝒒𝒓𝒕𝒊𝒑𝒕𝒋𝒒𝒕𝒌𝒓 
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    𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜖123𝜖123𝑡11𝑡22𝑡33 + 𝜖123𝜖231𝑡12𝑡23𝑡31 + 𝜖123𝜖312𝑡13𝑡21𝑡32
+

𝜖123𝜖132𝑡11𝑡23𝑡32 + 𝜖123𝜖213𝑡12𝑡21𝑡33 + 𝜖123𝜖321𝑡13𝑡22𝑡31
+

𝜖231𝜖123𝑡21𝑡32𝑡13 + 𝜖231𝜖231𝑡22𝑡33𝑡11 + 𝜖231𝜖312𝑡23𝑡31𝑡12
+

𝜖231𝜖132𝑡21𝑡33𝑡12 + 𝜖231𝜖213𝑡22𝑡31𝑡13 + 𝜖231𝜖321𝑡23𝑡32𝑡11
+

𝜖312𝜖123𝑡31𝑡12𝑡23 + 𝜖312𝜖231𝑡32𝑡13𝑡21 + 𝜖312𝜖312𝑡33𝑡11𝑡22
+

𝜖312𝜖132𝑡31𝑡13𝑡22 + 𝜖312𝜖213𝑡32𝑡11𝑡23 + 𝜖312𝜖321𝑡33𝑡12𝑡21
+

𝜖132𝜖123𝑡11𝑡32𝑡23 + 𝜖132𝜖231𝑡12𝑡33𝑡21 + 𝜖132𝜖312𝑡13𝑡31𝑡22
+

𝜖132𝜖132𝑡11𝑡33𝑡22 + 𝜖132𝜖213𝑡12𝑡31𝑡23 + 𝜖132𝜖321𝑡13𝑡32𝑡21
+

𝜖213𝜖123𝑡21𝑡12𝑡33 + 𝜖213𝜖231𝑡22𝑡13𝑡31 + 𝜖213𝜖312𝑡23𝑡11𝑡32
+

𝜖213𝜖132𝑡21𝑡13𝑡32 + 𝜖213𝜖213𝑡22𝑡11𝑡33 + 𝜖213𝜖321𝑡23𝑡12𝑡31
+

𝜖321𝜖123𝑡31𝑡22𝑡13 + 𝜖321𝜖231𝑡32𝑡23𝑡11 + 𝜖321𝜖312𝑡33𝑡21𝑡12
+

𝜖321𝜖132𝑡31𝑡23𝑡12 + 𝜖321𝜖213𝑡32𝑡21𝑡13 + 𝜖321𝜖321𝑡33𝑡22𝑡11)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

    𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(+1) × (+1) × 8 × 0 × 4 + (+1) × (+1) × 3 × 0 × 0 + (+1) × (+1) × 0 × 3 × 0
+

(+1) × (−1) × 8 × 0 × 0 + (+1) × (−1) × 3 × 3 × 4 + (+1) × (−1) × 0 × 0 × 0
+

(+1) × (+1) × 3 × 0 × 0 + (+1) × (+1) × 0 × 4 × 8 + (+1) × (+1) × 0 × 0 × 3
+

(+1) × (−1) × 3 × 4 × 3 + (+1) × (−1) × 0 × 0 × 0 + (+1) × (−1) × 0 × 0 × 8
+

(+1) × (+1) × 0 × 3 × 0 + (+1) × (+1) × 0 × 0 × 3 + (+1) × (+1) × 0 × 8 × 0
+

(+1) × (−1) × 0 × 0 × 0 + (+1) × (−1) × 0 × 8 × 0 + (+1) × (−1) × 4 × 3 × 3
+

(−1) × (+1) × 8 × 0 × 0 + (−1) × (+1) × 3 × 4 × 3 + (−1) × (+1) × 0 × 0 × 0
+

(−1) × (−1) × 8 × 0 × 0 + (−1) × (−1) × 3 × 0 × 0 + (−1) × (−1) × 0 × 0 × 3
+

(−1) × (+1) × 3 × 3 × 4 + (−1) × (+1) × 0 × 0 × 0 + (−1) × (+1) × 0 × 8 × 0
+

(−1) × (+1) × 3 × 0 × 0 + (−1) × (+1) × 0 × 8 × 0 + (−1) × (+1) × 0 × 3 × 0
+

(−1) × (+1) × 0 × 0 × 0 + (−1) × (−1) × 0 × 0 × 8 + (−1) × (−1) × 4 × 3 × 3
+

(−1) × (−1) × 0 × 0 × 3 + (−1) × (−1) × 0 × 3 × 0 + (−1) × (−1) × 0 × 0 × 8)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

  𝑑𝑒𝑡(𝑇̿) =
1

6
(
(+1) × (−1) × 3 × 3 × 4 + (+1) × (−1) × 3 × 4 × 3 + (+1) × (−1) × 4 × 3 × 3

+
(−1) × (+1) × 3 × 4 × 3 + (−1) × (+1) × 3 × 3 × 4 + (−1) × (+1) × 4 × 3 × 3

) 

  𝑑𝑒𝑡(𝑇̿) =
1

6
(−36 − 36 − 36 − 36 − 36 − 36) 

  𝑑𝑒𝑡(𝑇̿) = −36  Ok. 
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Ex. 3 Soit le tenseur suivant : 

          𝑇̿ = (
8 3 0
−3 −4 0
0 0 −4

) 

On demande de calculer : 

1. Sa partie symétrique 𝑇̿𝑠. 

2. Sa partie antisymétrique 𝑇̿𝑎. 

3. Sa trace. 

4. Son déterminant. 

Rép. 3 

1. Partie symétrique 𝑻̿𝒔 du tenseur 𝑻̿ 

  𝑻̿𝑺 =
𝟏

𝟐
(𝑻̿ + 𝑻̿𝒕 )    (𝒕𝒔)𝒊𝒋 =

𝟏

𝟐
(𝒕𝒊𝒋 + 𝒕𝒋𝒊)  

    𝑇̿𝑠 =
1

2
[(

8 3 0
−3 −4 0
0 0 −4

) + (
8 −3 0
3 −4 0
0 0 −4

)] = (
8 0 0
0 −4 0
0 0 −4

) 

2. Partie antisymétrique 𝑻̿𝒂 du tenseur 𝑻̿ 

  𝑻̿𝒂 =
𝟏

𝟐
(𝑻̿ − 𝑻̿𝒕 )    (𝒕𝒂)𝒊𝒋 =

𝟏

𝟐
(𝒕𝒊𝒋 − 𝒕𝒋𝒊)  

    𝑇̿𝑎 =
1

2
[(

8 3 0
−3 −4 0
0 0 −4

) − (
8 −3 0
3 −4 0
0 0 −4

)] = (
0 3 0
−3 0 0
0 0 0

) 

3. Trace du tenseur 𝑻̿ 

  𝑻𝒓(𝑻̿) = 𝒕𝒊𝒊   𝑇𝑟(𝑇̿) = 𝑡11 + 𝑡22 + 𝑡33 = 8 − 4 − 4 = 0 

  Remarque :  𝑇𝑟(𝑇̿) = 𝑇𝑟(𝑇̿𝑠) = 𝑇𝑟(𝑇̿𝑎) = 0   

         𝑇̿ – Tenseur antisymétrique (𝑡𝑖𝑗 = −𝑡𝑗𝑖 pour 𝑖 ≠ 𝑗). 

4. Déterminant du tenseur 𝑻̿ 

  𝒅𝒆𝒕(𝑻̿) = |
𝒕𝟏𝟏 𝒕𝟏𝟐 𝒕𝟏𝟑
𝒕𝟐𝟏 𝒕𝟐𝟐 𝒕𝟐𝟑
𝒕𝟑𝟏 𝒕𝟑𝟐 𝒕𝟑𝟑

| 

  𝑑𝑒𝑡(𝑇̿) = |
8 3 0
−3 −4 0
0 0 −4

| = |
−4 0
0 −4

| × 8 − |
−3 0
0 −4

| × 3 + |
−3 −4
0 0

| × 0 = 92 

 Vérification : 

 𝒅𝒆𝒕(𝑻̿) =
𝟏

𝟔
𝜺𝒊𝒋𝒌𝝐𝒑𝒒𝒓𝒕𝒊𝒑𝒕𝒋𝒒𝒕𝒌𝒓 
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    𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜖123𝜖123𝑡11𝑡22𝑡33 + 𝜖123𝜖231𝑡12𝑡23𝑡31 + 𝜖123𝜖312𝑡13𝑡21𝑡32
+

𝜖123𝜖132𝑡11𝑡23𝑡32 + 𝜖123𝜖213𝑡12𝑡21𝑡33 + 𝜖123𝜖321𝑡13𝑡22𝑡31
+

𝜖231𝜖123𝑡21𝑡32𝑡13 + 𝜖231𝜖231𝑡22𝑡33𝑡11 + 𝜖231𝜖312𝑡23𝑡31𝑡12
+

𝜖231𝜖132𝑡21𝑡33𝑡12 + 𝜖231𝜖213𝑡22𝑡31𝑡13 + 𝜖231𝜖321𝑡23𝑡32𝑡11
+

𝜖312𝜖123𝑡31𝑡12𝑡23 + 𝜖312𝜖231𝑡32𝑡13𝑡21 + 𝜖312𝜖312𝑡33𝑡11𝑡22
+

𝜖312𝜖132𝑡31𝑡13𝑡22 + 𝜖312𝜖213𝑡32𝑡11𝑡23 + 𝜖312𝜖321𝑡33𝑡12𝑡21
+

𝜖132𝜖123𝑡11𝑡32𝑡23 + 𝜖132𝜖231𝑡12𝑡33𝑡21 + 𝜖132𝜖312𝑡13𝑡31𝑡22
+

𝜖132𝜖132𝑡11𝑡33𝑡22 + 𝜖132𝜖213𝑡12𝑡31𝑡23 + 𝜖132𝜖321𝑡13𝑡32𝑡21
+

𝜖213𝜖123𝑡21𝑡12𝑡33 + 𝜖213𝜖231𝑡22𝑡13𝑡31 + 𝜖213𝜖312𝑡23𝑡11𝑡32
+

𝜖213𝜖132𝑡21𝑡13𝑡32 + 𝜖213𝜖213𝑡22𝑡11𝑡33 + 𝜖213𝜖321𝑡23𝑡12𝑡31
+

𝜖321𝜖123𝑡31𝑡22𝑡13 + 𝜖321𝜖231𝑡32𝑡23𝑡11 + 𝜖321𝜖312𝑡33𝑡21𝑡12
+

𝜖321𝜖132𝑡31𝑡23𝑡12 + 𝜖321𝜖213𝑡32𝑡21𝑡13 + 𝜖321𝜖321𝑡33𝑡22𝑡11)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

   𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(+1) × (+1) × 8 × (−4) × (−4) + (+1) × (+1) × 3 × 0 × 0 + (+1) × (+1) × 0 × (−3) × 0
+

(+1) × (−1) × 8 × 0 × 0 + (+1) × (−1) × 3 × (−3) × (−4) + (+1) × (−1) × 0 × (−4) × 0
+

(+1) × (+1) × (−3) × 0 × 0 + (+1) × (+1) × (−4) × (−4) × 8 + (+1) × (+1) × 0 × 0 × 3
+

(+1) × (−1) × (−3) × (−4) × 3 + (+1) × (−1) × (−4) × 0 × 0 + (+1) × (−1) × 0 × 0 × 8
+

(+1) × (+1) × 0 × 3 × 0 + (+1) × (+1) × 0 × 0 × (−3) + (+1) × (+1) × (−4) × 8 × (−4)
+

(+1) × (−1) × 0 × 0 × (−4) + (+1) × (−1) × 0 × 8 × 0 + (+1) × (−1) × (−4) × 3 × (−3)
+

(−1) × (+1) × 8 × 0 × 0 + (−1) × (+1) × 3 × (−4) × (−3) + (−1) × (+1) × 0 × 0 × (−4)
+

(−1) × (−1) × 8 × (−4) × (−4) + (−1) × (−1) × 3 × 0 × 0 + (−1) × (−1) × 0 × 0 × (−3)
+

(−1) × (+1) × (−3) × 3 × (−4) + (−1) × (+1) × (−4) × 0 × 0 + (−1) × (+1) × 0 × 8 × 0
+

(−1) × (+1) × (−3) × 0 × 0 + (−1) × (+1) × (−4) × 8 × (−4) + (−1) × (+1) × 0 × 3 × 0
+

(−1) × (+1) × 0 × (−4) × 0 + (−1) × (+1) × 0 × 0 × 8 + (−1) × (+1) × (−4) × (−3) × 3
+

(−1) × (−1) × 0 × 0 × 3 + (−1) × (−1) × 0 × (−3) × 0 + (−1) × (−1) × (−4)(−4) × 8 )
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    𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(+1) × (+1) × 8 × (−4) × (−4)
+

(+1) × (−1) × 3 × (−3) × (−4)
+

(+1) × (+1) × (−4) × (−4) × 8
+

(+1) × (−1) × (−3) × (−4) × 3
+

(+1) × (+1) × (−4) × 8 × (−4)
+

(+1) × (−1) × (−4) × 3 × (−3)
+

(−1) × (+1) × 3 × (−4) × (−3)
+

(−1) × (−1) × 8 × (−4) × (−4)
+

(−1) × (+1) × (−3) × 3 × (−4)
+

(−1) × (+1) × (−4) × 8 × (−4)
+

(−1) × (+1) × (−4) × (−3) × 3
+

(−1) × (−1) × (−4)(−4) × 8 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=
1

6
(92 + 92 + 92 + 92 + 92 + 92) = 92 

 

    𝑑𝑒𝑡(𝑇̿) = 92  Ok. 

 

 

Ex. 4 Démontrer les identités suivantes : 

1. [𝑇𝑟(𝑀̿)]
2
= 𝑀𝑝𝑝𝑀𝑞𝑞 

2. 𝑇𝑟(𝑀̿2) = 𝑀𝑝𝑞𝑀𝑞𝑝 

3. 𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = 𝑀𝑝𝑞𝑀𝑝𝑞 = 𝑇𝑟( 𝑀̿𝑡 𝑀̿) 

4. 𝛿𝑖𝑗𝑉𝑗 = 𝑉𝑖 

5. 𝛿𝑝𝑞𝑉𝑝𝑊𝑞 = 𝑉𝑙𝑊𝑙  

6. 𝛿𝑖𝑖 = 𝛿𝑖𝑝𝛿𝑝𝑖 = 𝛿𝑖𝑝𝛿𝑝𝑞𝛿𝑞𝑖 = 3 

Rép. 4 

1.  [𝑻𝒓(𝑴̿)]
𝟐
= 𝑴𝒑𝒑𝑴𝒒𝒒 

---------------------------------- 

Sachant que :  𝑇𝑟(𝑀̿) = 𝑀𝑖𝑖   

  [𝑇𝑟(𝑀̿)]
2
= (𝑀𝑖𝑖)

2 = (𝑀11 +𝑀22 +𝑀33)
2 

  [𝑇𝑟(𝑀̿)]
2
= (𝑀11 +𝑀22 +𝑀33) × (𝑀11 +𝑀22 +𝑀33) 
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  [𝑇𝑟(𝑀̿)]
2
= 𝑀11 × (𝑀11 +𝑀22 +𝑀33) + 𝑀22 × (𝑀11 +𝑀22 +𝑀33) + 𝑀33 × (𝑀11 +𝑀22 +𝑀33) 

  [𝑇𝑟(𝑀)]2 = 𝑀11 × ∑ 𝑀𝑗𝑗
𝑗=3
𝑗=1 +𝑀22 × ∑ 𝑀𝑗𝑗

𝑗=3
𝑗=1 +𝑀33 × ∑ 𝑀𝑗𝑗

𝑗=3
𝑗=1  

  [𝑇𝑟(𝑀̿)]
2
= ∑ 𝑀𝑖𝑖

𝑖=3
𝑖=1 × ∑ 𝑀𝑗𝑗

𝑗=3
𝑗=1 = 𝑀𝑖𝑖 ×𝑀𝑗𝑗 = 𝑀𝑖𝑖𝑀𝑗𝑗  

  [𝑇𝑟(𝑀̿)]
2
= 𝑀𝑝𝑝𝑀𝑞𝑞 

2.  𝑻𝒓(𝑴̿𝟐) = 𝑴𝒑𝒒𝑴𝒒𝒑 

-------------------------------- 

Sachant que :  𝑀̿ = (
𝑀11 𝑀12 𝑀13
𝑀21 𝑀22 𝑀23
𝑀31 𝑀32 𝑀33

)    𝑀̿2 = (
𝑀11 𝑀12 𝑀13
𝑀21 𝑀22 𝑀23
𝑀31 𝑀32 𝑀33

)(
𝑀11 𝑀12 𝑀13
𝑀21 𝑀22 𝑀23

𝑀31 𝑀32 𝑀33

) 

  𝑀̿2 = (

𝑀11𝑀11 +𝑀12𝑀21 +𝑀13𝑀31 𝑀11𝑀12 +𝑀12𝑀22 +𝑀13𝑀32 𝑀11𝑀13 +𝑀12𝑀23 +𝑀13𝑀33

𝑀21𝑀11 +𝑀22𝑀21 +𝑀23𝑀31 𝑀21𝑀12 +𝑀22𝑀22 +𝑀23𝑀32 𝑀21𝑀13 +𝑀22𝑀23 +𝑀23𝑀33

𝑀31𝑀11 +𝑀32𝑀21 +𝑀33𝑀31 𝑀31𝑀12 +𝑀32𝑀22 +𝑀33𝑀32 𝑀31𝑀13 +𝑀32𝑀23 +𝑀33𝑀33

) 

  𝑇𝑟(𝑀̿2) =

(

 
 

𝑀11𝑀11 +𝑀12𝑀21 +𝑀13𝑀31
+

𝑀21𝑀12 +𝑀22𝑀22 +𝑀23𝑀32
+

𝑀31𝑀13 +𝑀32𝑀23 +𝑀33𝑀33)

 
 
= ∑ 𝑀1𝑗𝑀𝑗1

𝑗=3
𝑗=1 + ∑ 𝑀2𝑗𝑀𝑗2

𝑗=3
𝑗=1 + ∑ 𝑀3𝑗𝑀𝑗3

𝑗=3
𝑗=1  

  𝑇𝑟(𝑀̿2) = ∑ ∑ 𝑀𝑖𝑗𝑀𝑗𝑖
𝑗=3
𝑗=1

𝑖=3
𝑖=1 = 𝑀𝑖𝑗𝑀𝑗𝑖 

  𝑇𝑟(𝑀̿2) = 𝑀𝑝𝑞𝑀𝑞𝑝 

3.  𝑻𝒓(𝑴̿ 𝑴̿𝒕 ) = 𝑴𝒑𝒒𝑴𝒑𝒒 

------------------------------------ 

Sachant que :  𝑀̿ = (

𝑀11 𝑀12 𝑀13
𝑀21 𝑀22 𝑀23
𝑀31 𝑀32 𝑀33

)    𝑀̿𝑡 = (

𝑀11 𝑀21 𝑀31
𝑀12 𝑀22 𝑀32
𝑀13 𝑀23 𝑀33

) 

  𝑀̿ 𝑀̿𝑡 = (
𝑀11 𝑀12 𝑀13
𝑀21 𝑀22 𝑀23
𝑀31 𝑀32 𝑀33

)(
𝑀11 𝑀21 𝑀31
𝑀12 𝑀22 𝑀32
𝑀13 𝑀23 𝑀33

) 

  𝑀̿ 𝑀̿𝑡 = (

𝑀11𝑀11 +𝑀12𝑀12 +𝑀13𝑀13 𝑀11𝑀21 +𝑀12𝑀22 +𝑀13𝑀23 𝑀11𝑀31 +𝑀12𝑀32 +𝑀13𝑀33

𝑀21𝑀11 +𝑀22𝑀12 +𝑀23𝑀13 𝑀21𝑀21 +𝑀22𝑀22 +𝑀23𝑀23 𝑀21𝑀31 +𝑀22𝑀32 +𝑀23𝑀33

𝑀31𝑀11 +𝑀32𝑀12 +𝑀33𝑀13 𝑀31𝑀21 +𝑀32𝑀22 +𝑀33𝑀23 𝑀31𝑀31 +𝑀32𝑀32 +𝑀33𝑀33

) 

  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) =

(

 
 

𝑀11𝑀11 +𝑀12𝑀12 +𝑀13𝑀13 +𝑀21𝑀21 +𝑀22𝑀22 +𝑀23𝑀23

+
𝑀21𝑀21 +𝑀22𝑀22 +𝑀23𝑀23

+
𝑀31𝑀31 +𝑀32𝑀32 +𝑀33𝑀33 )

 
 

 

  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = ∑ 𝑀1𝑗𝑀1𝑗
𝑗=3
𝑗=1 + ∑ 𝑀2𝑗𝑀2𝑗

𝑗=3
𝑗=1 + ∑ 𝑀3𝑗𝑀3𝑗

𝑗=3
𝑗=1  

  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = ∑ ∑ 𝑀𝑖𝑗𝑀𝑖𝑗
𝑗=3
𝑗=1

𝑖=3
𝑖=1 = 𝑀𝑖𝑗𝑀𝑖𝑗  

  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = 𝑀𝑝𝑞𝑀𝑝𝑞 
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Remarque :  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = 𝑇𝑟( 𝑀̿𝑡 𝑀̿) 

4.  𝜹𝒊𝒋𝑽𝒋 = 𝑽𝒊 

-------------------- 

Sachant que :   𝛿𝑖𝑗 = {
1 𝑠𝑖 𝑖 = 𝑗
0 𝑠𝑖 𝑖 ≠ 𝑗

 

  𝛿𝑖𝑗𝑉𝑗 = 𝛿𝑖1𝑉1 + 𝛿𝑖2𝑉2 + 𝛿𝑖3𝑉3     {

𝛿11𝑉1 + 𝛿12𝑉2 + 𝛿13𝑉3 = 𝑉1    (𝑖 = 1)
𝛿21𝑉1 + 𝛿22𝑉2 + 𝛿23𝑉3 = 𝑉2    (𝑖 = 2)
𝛿31𝑉1 + 𝛿32𝑉2 + 𝛿33𝑉3 = 𝑉3    (𝑖 = 3)

 

  𝛿11𝑉1 + 𝛿22𝑉2 + 𝛿33𝑉3 = 𝑉1 + 𝑉2 + 𝑉3 

  𝛿𝑖𝑗𝑉𝑗 = 𝑉𝑖 

5.  𝜹𝒑𝒒𝑽𝒑𝑾𝒒 = 𝑽𝒍𝑾𝒍 

------------------------------ 

Sachant que :  𝛿𝑝𝑞𝑉𝑞 = 𝑉𝑝 (Voir Ex. 4)  

  𝛿𝑝𝑞𝑉𝑝𝑊𝑞 = (𝛿𝑝𝑞𝑉𝑝)𝑊𝑞 = 𝑉𝑞𝑊𝑞   

  𝛿𝑝𝑞𝑉𝑝𝑊𝑞 = 𝑉𝑙𝑊𝑙    

6.  𝜹𝒊𝒊 = 𝜹𝒊𝒑𝜹𝒑𝒊 = 𝜹𝒊𝒑𝜹𝒑𝒒𝜹𝒒𝒊 = 𝟑 

-------------------------------------------- 

Sachant que :  𝛿𝑖𝑗 = 𝛿𝑗𝑖   (Le tenseur unité est symétrique) 

  𝛿𝑖𝑗𝛿𝑖𝑗 = 𝛿𝑖𝑗𝛿𝑗𝑖 = 𝛿𝑖𝑖 = 3  

  𝛿𝑖𝑝𝛿𝑝𝑞𝛿𝑞𝑖 = (𝛿𝑖𝑝𝛿𝑝𝑞)𝛿𝑞𝑖 = 𝛿𝑖𝑞𝛿𝑞𝑖 = 𝛿𝑖𝑖 = 3 

 

 

Ex. 5 Soit la fonction scalaire suivante : 𝜑(𝑥̅) = 𝑥̅2 

On demande de calculer : 

1. 𝑔𝑟𝑎𝑑̅̅ ̅̅ ̅̅ ̅(𝜑) = 𝑉̅ 

2. ∆(𝜑) = 𝑑𝑖𝑣(𝑉̅) 

3. 𝑟𝑜𝑡̅̅ ̅̅ (𝑉̅) 

4. 𝑔𝑟𝑎𝑑̿̿ ̿̿ ̿̿ ̿(𝑉̅) 

Rép. 5 

• Sachant que :  𝑥̅ = 𝑥𝑖𝑒𝑖̅ = 𝑥1𝑒1̅ + 𝑥2𝑒2̅ + 𝑥3𝑒3̅  &  𝑒𝑖̅ ∙ 𝑒𝑗̅ = {
1 𝑠𝑖 𝑖 = 𝑗
0 𝑠𝑖 𝑖 ≠ 𝑗

 

   𝜑(𝑥̅) = 𝑥̅2 = (𝑥𝑖𝑒𝑖̅)
2 = (𝑥1𝑒1̅ + 𝑥2𝑒2̅ + 𝑥3𝑒3̅)

2 = 𝑥1
2 + 𝑥2

2 + 𝑥3
2 

1. 𝒈𝒓𝒂𝒅̅̅ ̅̅ ̅̅ ̅̅ (𝝋) =
𝝏𝝋

𝝏𝒙𝒊
𝒆̅𝒊 =

𝝏𝝋

𝝏𝒙𝟏
𝒆̅𝟏 +

𝝏𝝋

𝝏𝒙𝟐
𝒆̅𝟐 +

𝝏𝝋

𝝏𝒙𝟑
𝒆̅𝟑 = 2𝑥1𝑒1̅ + 2𝑥2𝑒2̅ + 2𝑥3𝑒3̅ = 2𝑥̅ = {

2𝑥1
2𝑥2
2𝑥3

}   / (𝑒1̅, 𝑒2̅, 𝑒3̅ ) 

2. ∆(𝝋) =
𝝏𝟐𝝋

𝝏𝒙𝒊
𝟐 =

𝝏𝟐𝝋

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝝋

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝝋

𝝏𝒙𝟑
𝟐 = 2 + 2 + 2 = 6 
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Posons :  𝑉̅ = 𝑔𝑟𝑎𝑑̅̅ ̅̅ ̅̅ ̅(𝜑) = 2𝑥̅   𝒅𝒊𝒗(𝑽̅) =
𝝏𝑽𝒊

𝝏𝒙𝒊
=

𝝏𝑽𝟏

𝝏𝒙𝟏
+
𝝏𝑽𝟐

𝝏𝒙𝟐
+
𝝏𝑽𝟑

𝝏𝒙𝟑
= 2 + 2 + 2 = 6 

           𝒅𝒊𝒗[𝒈𝒓𝒂𝒅̅̅ ̅̅ ̅̅ ̅̅ (𝝋)] = ∆(𝝋) 

3. 𝒓𝒐𝒕̅̅ ̅̅ ̅(𝑽̅) = {
𝝏𝑽𝟑

𝝏𝒙𝟐
−
𝝏𝑽𝟐

𝝏𝒙𝟑
 ,

𝝏𝑽𝟏

𝝏𝒙𝟑
−
𝝏𝑽𝟑

𝝏𝒙𝟏
 ,

𝝏𝑽𝟐

𝝏𝒙𝟏
−
𝝏𝑽𝟏

𝝏𝒙𝟐
}

𝒕

= {0 , 0 , 0}𝑡 = 0̅ 

4. 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑽̅) =
𝝏𝑽𝒊

𝝏𝒙𝒋
𝒆̅𝒊⨂𝒆̅𝒋 =

[
 
 
 
 
𝝏𝑽𝟏

𝝏𝒙𝟏

𝝏𝑽𝟏

𝝏𝒙𝟐

𝝏𝑽𝟏

𝝏𝒙𝟑
𝝏𝑽𝟐

𝝏𝒙𝟏

𝝏𝑽𝟐

𝝏𝒙𝟐

𝝏𝑽𝟐

𝝏𝒙𝟑
𝝏𝑽𝟑

𝝏𝒙𝟏

𝝏𝑽𝟑

𝝏𝒙𝟐

𝝏𝑽𝟑

𝝏𝒙𝟑]
 
 
 
 

= [
2 0 0
0 2 0
0 0 2

] = 2 [
1 0 0
0 1 0
0 0 1

] = 2𝛿̿ 

 

 
Ex. 6 Soit les deux vecteurs suivants : 𝑈̅ = 𝑥̅   et 𝑉̅ = 2𝑥̅ 

On demande de calculer : 

1. 𝑔𝑟𝑎𝑑̿̿ ̿̿ ̿̿ ̿(𝑉̅) = 𝑀̿ 

2. 𝑈̅ ∙ 𝑔𝑟𝑎𝑑̿̿ ̿̿ ̿̿ ̿(𝑉̅)  

3. 𝑔𝑟𝑎𝑑̿̿ ̿̿ ̿̿ ̿(𝑉̅) ∙ 𝑈̅ 

4. 𝑑𝑖𝑣̅̅̅̅̅(𝑀̿) 

5. ∆(𝑉̅) 

Rép. 6 

• 𝑈̅ = 𝑥̅ = 𝑥𝑖𝑒𝑖̅ = 𝑥1𝑒1̅ + 𝑥2𝑒2̅ + 𝑥3𝑒3̅ = {

𝑥1
𝑥2
𝑥3
}  / (𝑒1̅, 𝑒2̅, 𝑒3̅ ) 

• 𝑉̅ = 2𝑥̅ = 2𝑥𝑖𝑒𝑖̅ = 2𝑥1𝑒1̅ + 2𝑥2𝑒2̅ + 2𝑥3𝑒3̅ = {
2𝑥1
2𝑥2
2𝑥3

}  / (𝑒1̅, 𝑒2̅, 𝑒3̅ ) 

1. 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑽̅) =
𝝏𝑽𝒊

𝝏𝒙𝒋
𝒆̅𝒊⨂𝒆̅𝒋 =

[
 
 
 
 
𝝏𝑽𝟏

𝝏𝒙𝟏

𝝏𝑽𝟏

𝝏𝒙𝟐

𝝏𝑽𝟏

𝝏𝒙𝟑
𝝏𝑽𝟐

𝝏𝒙𝟏

𝝏𝑽𝟐

𝝏𝒙𝟐

𝝏𝑽𝟐

𝝏𝒙𝟑
𝝏𝑽𝟑

𝝏𝒙𝟏

𝝏𝑽𝟑

𝝏𝒙𝟐

𝝏𝑽𝟑

𝝏𝒙𝟑]
 
 
 
 

= [
2 0 0
0 2 0
0 0 2

] = 2 [
1 0 0
0 1 0
0 0 1

] = 2𝛿̿ = 𝑀̿ 

2. 𝑼̅ ∙ 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑽̅) = 𝑼̅ ∙ 𝑀̿ = {𝑥1 , 𝑥2 , 𝑥3}
𝑡 [

2 0 0
0 2 0
0 0 2

] = {
2𝑥1
2𝑥2
2𝑥3

} = 2𝑥̅ 

3. 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑽̅) ∙ 𝑼̅ = 𝑀̿ ∙ 𝑼̅ = [
2 0 0
0 2 0
0 0 2

] {

𝑥1
𝑥2
𝑥3
} = {

2𝑥1
2𝑥2
2𝑥3

} = 2𝑥̅   

   𝑼̅ ∙ 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑽̅) = 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑽̅) ∙ 𝑼̅ 
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4. 𝒅𝒊𝒗̅̅ ̅̅ ̅(𝑴̿) =
𝝏𝑴𝒊𝒋

𝝏𝒙𝒋
𝒆̅𝒊 =

{
 
 

 
 
𝝏𝑴𝟏𝟏

𝝏𝒙𝟏
+
𝝏𝑴𝟏𝟐

𝝏𝒙𝟐
+
𝝏𝑴𝟏𝟑

𝝏𝒙𝟑
𝝏𝑴𝟐𝟏

𝝏𝒙𝟏
+
𝝏𝑴𝟐𝟐

𝝏𝒙𝟐
+
𝝏𝑴𝟐𝟑

𝝏𝒙𝟑
𝝏𝑴𝟑𝟏

𝝏𝒙𝟏
+
𝝏𝑴𝟑𝟐

𝝏𝒙𝟐
+
𝝏𝑴𝟑𝟑

𝝏𝒙𝟑 }
 
 

 
 

= {
0 + 0 + 0
0 + 0 + 0
0 + 0 + 0

} = {
0
0
0
} = 0̅ 

5. ∆(𝑽̅) =
𝝏𝟐𝑽𝒊

𝝏𝒙𝒊
𝟐 𝒆̅𝒊 =

{
 
 

 
 
𝝏𝟐𝑽𝟏

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝑽𝟏

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝑽𝟏

𝝏𝒙𝟑
𝟐

𝝏𝟐𝑽𝟐

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝑽𝟐

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝑽𝟐

𝝏𝒙𝟑
𝟐

𝝏𝟐𝑽𝟑

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝑽𝟏

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝑽𝟏

𝝏𝒙𝟑
𝟐 }
 
 

 
 

= {
0 + 0 + 0
0 + 0 + 0
0 + 0 + 0

} = {
0
0
0
} = 0̅ 

 

Ex. 7 Soit les tenseurs suivants : 𝑀̿ = 𝑥̅⨂𝑒1̅  et  𝑁 = 𝑒1̅⨂𝑥̅ 

On demande de calculer : 

1. 𝑑𝑖𝑣(𝑀̿) 

2. 𝑑𝑖𝑣(𝑁) 

Rép. 7 

• Sachant que :   𝑥̅ = 𝑥𝑖𝑒𝑖̅ = {

𝑥1
𝑥2
𝑥3
}    &     𝑒1̅ = {

𝑒1
𝑒2
𝑒3
} = {

1
0
0
}      / (𝑒1̅, 𝑒2̅, 𝑒3̅ ) 

  𝑴̿ = 𝒙̅⨂𝒆̅𝟏 = [

𝒙𝟏𝒆𝟏 𝒙𝟏𝒆𝟐 𝒙𝟏𝒆𝟑
𝒙𝟐𝒆𝟏 𝒙𝟐𝒆𝟐 𝒙𝟐𝒆𝟑
𝒙𝟑𝒆𝟏 𝒙𝟑𝒆𝟐 𝒙𝟑𝒆𝟑

] = [
𝑥1 0 0
𝑥2 0 0
𝑥3 0 0

]  

  𝑵̿ = 𝒆̅𝟏⨂𝒙̅ = [

𝒆𝟏𝒙𝟏 𝒆𝟏𝒙𝟐 𝒆𝟏𝒙𝟑
𝒆𝟐𝒙𝟏 𝒆𝟐𝒙𝟐 𝒆𝟐𝒙𝟑
𝒆𝟑𝒙𝟏 𝒆𝟑𝒙𝟐 𝒆𝟑𝒙𝟑

] = [
𝑥1 𝑥2 𝑥3
0 0 0
0 0 0

] 

1. 𝒅𝒊𝒗̅̅ ̅̅ ̅(𝑴̿) =
𝝏𝑴𝒊𝒋

𝝏𝒙𝒋
𝒆̅𝒊 =

{
 
 

 
 
𝝏𝑴𝟏𝟏

𝝏𝒙𝟏
+
𝝏𝑴𝟏𝟐

𝝏𝒙𝟐
+
𝝏𝑴𝟏𝟑

𝝏𝒙𝟑
𝝏𝑴𝟐𝟏

𝝏𝒙𝟏
+
𝝏𝑴𝟐𝟐

𝝏𝒙𝟐
+
𝝏𝑴𝟐𝟑

𝝏𝒙𝟑
𝝏𝑴𝟑𝟏

𝝏𝒙𝟏
+
𝝏𝑴𝟑𝟐

𝝏𝒙𝟐
+
𝝏𝑴𝟑𝟑

𝝏𝒙𝟑 }
 
 

 
 

= {
1 + 0 + 0
0 + 0 + 0
0 + 0 + 0

} = {
1
0
0
} = 𝑒1̅ 

2. 𝒅𝒊𝒗̅̅ ̅̅ ̅(𝑵̿) =
𝝏𝑵𝒊𝒋

𝝏𝒙𝒋
𝒆̅𝒊 =

{
 
 

 
 
𝝏𝑵𝟏𝟏

𝝏𝒙𝟏
+
𝝏𝑵𝟏𝟐

𝝏𝒙𝟐
+
𝝏𝑵𝟏𝟑

𝝏𝒙𝟑
𝝏𝑵𝟐𝟏

𝝏𝒙𝟏
+
𝝏𝑵𝟐𝟐

𝝏𝒙𝟐
+
𝝏𝑵𝟐𝟑

𝝏𝒙𝟑
𝝏𝑵𝟑𝟏

𝝏𝒙𝟏
+
𝝏𝑵𝟑𝟐

𝝏𝒙𝟐
+
𝝏𝑵𝟑𝟑

𝝏𝒙𝟑 }
 
 

 
 

= {
1 + 1 + 1
0 + 0 + 0
0 + 0 + 0

} = {
3
0
0
} = 3𝑒1̅ 
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Ex. 8 Posons :  𝜑(𝑥̅) = 𝑥̅2 

      𝑈̅ = 𝑥̅ 

      𝑉̅ = 2𝑥̅ 

On demande de calculer : 

1. 𝑑𝑖𝑣(𝜑𝑉̅) 

2. 𝑑𝑖𝑣̅̅̅̅̅(𝑈̅⨂𝑉̅) 

3. 𝑟𝑜𝑡̅̅ ̅̅ [𝑟𝑜𝑡̅̅ ̅̅ (𝑉̅)] 

Rép. 8 

1. 𝒅𝒊𝒗(𝝋𝑽̅) = 𝝋𝒅𝒊𝒗̅̅ ̅̅ ̅(𝑽̅) + 𝑽̅ ∙ 𝒈𝒓𝒂𝒅̅̅ ̅̅ ̅̅ ̅̅ (𝝋) 

 Sachant que : 

• 𝒅𝒊𝒗(𝑽̅) = 𝝏𝑽𝒊

𝝏𝒙𝒊
=

𝝏𝑽𝟏

𝝏𝒙𝟏
+
𝝏𝑽𝟐

𝝏𝒙𝟐
+
𝝏𝑽𝟑

𝝏𝒙𝟑
= 2 + 2 + 2 = 6 

• 𝒈𝒓𝒂𝒅̅̅ ̅̅ ̅̅ ̅̅ (𝝋) = 𝑽̅ =
𝝏𝝋

𝝏𝒙𝒊
𝒆̅𝒊 =

𝝏𝝋

𝝏𝒙𝟏
𝒆̅𝟏 +

𝝏𝝋

𝝏𝒙𝟐
𝒆̅𝟐 +

𝝏𝝋

𝝏𝒙𝟑
𝒆̅𝟑 = 2𝑥1𝑒1̅ + 2𝑥2𝑒2̅ + 2𝑥3𝑒3̅ = 2𝑥̅  

  𝑑𝑖𝑣(𝜑𝑉̅) = (𝑥̅2)(6) + (2𝑥̅)(2𝑥̅) = 6𝑥̅2 + 4𝑥̅2 = 10𝑥̅2 

2. 𝒅𝒊𝒗̅̅ ̅̅ ̅(𝑼̅⨂𝑽̅) = 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑼̅) ∙ 𝑽̅ + 𝒅𝒊𝒗(𝑽̅)𝑼̅ 

 Sachant que : 

• 𝒅𝒊𝒗(𝑽̅) = 𝝏𝑽𝒊

𝝏𝒙𝒊
=

𝝏𝑽𝟏

𝝏𝒙𝟏
+
𝝏𝑽𝟐

𝝏𝒙𝟐
+
𝝏𝑽𝟑

𝝏𝒙𝟑
= 2 + 2 + 2 = 6 

• 𝒈𝒓𝒂𝒅̿̿ ̿̿ ̿̿ ̿̿ (𝑼̅) =
𝝏𝑼𝒊

𝝏𝒙𝒋
𝒆̅𝒊⨂𝒆̅𝒋 =

[
 
 
 
 
𝝏𝑼𝟏

𝝏𝒙𝟏

𝝏𝑼𝟏

𝝏𝒙𝟐

𝝏𝑼𝟏

𝝏𝒙𝟑
𝝏𝑼𝟐

𝝏𝒙𝟏

𝝏𝑼𝟐

𝝏𝒙𝟐

𝝏𝑼𝟐

𝝏𝒙𝟑
𝝏𝑼𝟑

𝝏𝒙𝟏

𝝏𝑼𝟑

𝝏𝒙𝟐

𝝏𝑼𝟑

𝝏𝒙𝟑]
 
 
 
 

= [
1 0 0
0 1 0
0 0 1

] = 𝛿̿ 

  𝑑𝑖𝑣̅̅̅̅̅(𝑈̅⨂𝑉̅) = 𝑉̅ ∙ 𝛿̿𝑡 + 𝑑𝑖𝑣(𝑉̅)𝑈̅ 

                                = {2 , 2 , 2}𝑡 [
1 0 0
0 1 0
0 0 1

] + 6 {
1
1
1
} = {

2
2
2
} + {

6
6
6
} = {

8
8
8
}  / (𝑒1̅, 𝑒2̅, 𝑒3̅ ) 

                                = 8𝑥̅    

Vérification : 

𝑊̅ = 𝑈̅⨂𝑉̅ = [
𝑈1𝑉1 𝑈1𝑉2 𝑈1𝑉3
𝑈2𝑉1 𝑈2𝑉2 𝑈2𝑉3
𝑈3𝑉1 𝑈3𝑉2 𝑈3𝑉3

] = [
𝑥1 × 2𝑥1 𝑥1 × 2𝑥2 𝑥1 × 2𝑥3
𝑥2 × 2𝑥1 𝑥2 × 2𝑥2 𝑥2 × 2𝑥3
𝑥3 × 2𝑥1 𝑥3 × 2𝑥2 𝑥3 × 2𝑥3

] 

               = [

2𝑥1
2 2𝑥1𝑥2 2𝑥1𝑥3

2𝑥1𝑥2 2𝑥2
2 2𝑥2𝑥3

2𝑥1𝑥3 2𝑥2𝑥3 2𝑥3
2

] = 2 [

𝑥1
2 𝑥1𝑥2 𝑥1𝑥3

𝑥1𝑥2 𝑥2
2 𝑥2𝑥3

𝑥1𝑥3 𝑥2𝑥3 𝑥3
2

] 
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  𝑑𝑖𝑣̅̅̅̅̅(𝑊̅) = 𝑑𝑖𝑣̅̅̅̅̅(𝑈̅⨂𝑉̅) =

{
 
 

 
 
𝜕𝑊11

𝜕𝑥1
+
𝜕𝑊12

𝜕𝑥2
+
𝜕𝑊13

𝜕𝑥3
𝜕𝑊21

𝜕𝑥1
+
𝜕𝑊22

𝜕𝑥2
+
𝜕𝑊23

𝜕𝑥3
𝜕𝑊31

𝜕𝑥1
+
𝜕𝑊32

𝜕𝑥2
+
𝜕𝑊33

𝜕𝑥3 }
 
 

 
 

= 2 {
2𝑥1 + 𝑥1 + 𝑥1
𝑥2 + 2𝑥2 + 𝑥2
𝑥3 + 𝑥3 + 2𝑥3

} = 8 {

𝑥1
𝑥2
𝑥3
} = 8𝑥̅ 

3. 𝒓𝒐𝒕̅̅ ̅̅ ̅[𝒓𝒐𝒕̅̅ ̅̅ ̅(𝑽̅)] = 𝒈𝒓𝒂𝒅̅̅ ̅̅ ̅̅ ̅̅ [𝒅𝒊𝒗(𝑽̅)] − ∆̅(𝑽̅) 

 Sachant que : 

• 𝒅𝒊𝒗(𝑽̅) = 𝝏𝑽𝒊

𝝏𝒙𝒊
=

𝝏𝑽𝟏

𝝏𝒙𝟏
+
𝝏𝑽𝟐

𝝏𝒙𝟐
+
𝝏𝑽𝟑

𝝏𝒙𝟑
= 2 + 2 + 2 = 6 

   𝑔𝑟𝑎𝑑̅̅ ̅̅ ̅̅ ̅[𝑑𝑖𝑣(𝑉̅)] = 𝑔𝑟𝑎𝑑̅̅ ̅̅ ̅̅ ̅(6) = {0 , 0 , 0}𝑡 = 0̅ 

• ∆̅(𝑽̅) = 𝝏𝟐𝑽𝒊

𝝏𝒙𝒋
𝟐 𝒆̅𝒊 =

{
 
 

 
 
𝝏𝟐𝑽𝟏

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝑽𝟏

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝑽𝟏

𝝏𝒙𝟑
𝟐

𝝏𝟐𝑽𝟐

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝑽𝟐

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝑽𝟐

𝝏𝒙𝟑
𝟐

𝝏𝟐𝑽𝟑

𝝏𝒙𝟏
𝟐 +

𝝏𝟐𝑽𝟑

𝝏𝒙𝟐
𝟐 +

𝝏𝟐𝑽𝟑

𝝏𝒙𝟑
𝟐 }
 
 

 
 

= {
0
0
0
} = 0̅ 

    𝑟𝑜𝑡̅̅ ̅̅ [𝑟𝑜𝑡̅̅ ̅̅ (𝑉̅)] = 0̅ + 0̅ = 0̅ 

 


