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Ex. 1 (12 points) Considérons les vecteurs  𝑈̅ = {5 5 0}𝑡   et  𝑉̅ = {5 −5 0}𝑡   définis dans le 

repère orthonormé (𝑥̅1, 𝑥̅2, 𝑥̅3). On demande de calculer les opérations suivantes et de commenter 

éventuellement les résultats correspondants : 

- Les normes 𝑟𝑈̅ et 𝑟𝑉̅ 

- Le produit scalaire 𝑈̅ ∙ 𝑉̅ 

- Le produit vectoriel 𝑊̅ = 𝑈̅ ∧ 𝑉̅ 

- Le produit mixte (𝑈̅, 𝑉̅, 𝑊̅) 

- Le produit tensoriel 𝑇̿ = 𝑈̅⨂𝑉̅ 

- Le déterminant du tenseur 𝑇̿ 

- La trace du tenseur 𝑇̿ 

- La transposée du tenseur 𝑇̿ 

- La partie symétrique 𝑇̿𝑠 

- La partie antisymétrique 𝑇̿𝑎 

 

Ex. 2 (8 points)  Soit le tenseur suivant : 

          𝑀̿ = (
1 0 0
−1 2 3
2 1 −1

) 

On demande de calculer : 

- 𝑇𝑟(𝑀̿) = 𝑀𝑝𝑝 =? 

- [𝑇𝑟(𝑀̿)]
2
= 𝑀𝑝𝑝𝑀𝑞𝑞 =? 

- 𝑇𝑟(𝑀̿2) = 𝑀𝑝𝑞𝑀𝑞𝑝 =? 

- 𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = 𝑀𝑝𝑞𝑀𝑝𝑞 =? 

 

N.B. : Seules les notes de cours sont autorisées. Ne pas oublier d’encadrer les résultats. 

 

Bonne chance 

Prof. Mohamed Khemissa  
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Mécanique des milieux continus – Interro. N° : 1 (30/11/2025) 

Corrigé 

Exercice 1 

Les vecteurs considérés sont :  

► 𝑈̅ = {5 5 0}𝑡 = {
5
5
0
}  / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

► 𝑉̅ = {5 −5 0}𝑡 = {
5
−5
0
}  / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

• Normes :  

Norme du vecteur 𝑨̅ :   𝒓 = ‖𝑨̅‖ = √𝑨𝒑𝑨𝒑     |     𝒑 = 𝟏, 𝟐, 𝟑 

  𝑟𝑈̅ = ‖𝑈̅‖ = √𝑈1
2 + 𝑈2

2 + 𝑈3
2 = √52 + 52 + 02 = 5√2  1 

  𝑟𝑉̅ = ‖𝑉̅‖ = √𝑉1
2 + 𝑉2

2 + 𝑉3
2 = √52 + (−5)2 + 02 = 5√2  1 

Remarque :  

 𝑟𝑈̅ = 𝑟𝑉̅ = 5√2       Les deux vecteurs sont orthogonaux et de même longueur. 

• Produit scalaire : 𝑼̅ ∙ 𝑽̅ 

 𝑼̅ ∙ 𝑽̅ = 𝑼𝒑𝑽𝒑    𝑈̅ ∙ 𝑉̅ = 𝑈1𝑉1 + 𝑈2𝑉2 + 𝑈3𝑉3 = 5 × 5 + 5 × (−5) + 0 × 0 = 0  1 

Vérification 1 :  

 𝑼̅ ∙ 𝑽̅ =
𝟏

𝟒
(‖𝑼̅ + 𝑽̅‖𝟐 − ‖𝑼̅ − 𝑽̅‖𝟐)   |    𝑈̅ + 𝑉̅ = {10 0 0}𝑡     et    𝑈̅ − 𝑉̅ = {0 10 0}𝑡  

   𝑈̅ ∙ 𝑉̅ =
1

4
× [(√102 + 02 + 02)

2
− (√02 + 102 + 02)

2
] =

1

4
(100 − 100) = 0   Ok. 

 Vérification 2 :  

 𝑼̅ ∙ 𝑽̅ = ‖𝑼̅‖ × ‖𝑽̅‖ × 𝒄𝒐𝒔(𝜶)   |  𝛼 = 𝐴𝑛𝑔𝑙𝑒(𝑈̅, 𝑉̅)  &  𝑈̅ ⊥ 𝑉̅   𝛼 = 𝜋 2⁄  

   𝑐𝑜𝑠(𝛼) =
𝑈̅∙𝑉̅

‖𝑈̅‖×‖𝑉̅‖
=

0

5√2×5√2
= 0       𝛼 = 𝜋 2⁄   Ok. 

• Produit vectoriel : 𝑾̅̅̅ = 𝑼̅ ∧ 𝑽̅ 

  𝑾̅̅̅ = 𝑼̅ ∧ 𝑽̅ = |

𝒙𝟏 𝒙̅𝟐 𝒙̅𝟑
𝑼𝟏 𝑼𝟐 𝑼𝟑
𝑽𝟏 𝑽𝟐 𝑽𝟑

| = {
𝑾𝟏

𝑾𝟐

𝑾𝟑

} = {𝑾𝟏 𝑾𝟐 𝑾𝟑}
𝒕   / (𝑥̅1, 𝑥̅2, 𝑥̅3) 

    𝑊̅ = 𝑈̅ ∧ 𝑉̅ = |
𝑥̅1 𝑥̅2 𝑥̅3
5 5 0
5 −5 0

| = |
5 0
−5 0

| 𝑥̅1 − |
5 0
5 0

| 𝑥̅2 + |
5 5
5 −5

| 𝑥̅3 

         = 0𝑥̅1 + 0𝑥̅2 − 50𝑥̅3 

   𝑊̅ = {
0
0
−50

} = {0 0 −50}𝑡  / (𝑥̅1, 𝑥̅2, 𝑥̅3)  1 
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Vérification : 

 𝑾̅̅̅ = 𝑼̅ ∧ 𝑽̅ 

    𝑾𝒊 = 𝝐𝒊𝒋𝒌𝑼𝒋𝑽𝒌  |  𝝐𝒊𝒋𝒌 = {
+𝟏  𝒔𝒊 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒑𝒂𝒊𝒓𝒆 ∶ 𝟏, 𝟐, 𝟑 / 𝟐, 𝟑, 𝟏 / 𝟑, 𝟏, 𝟐      
−𝟏  𝒔𝒊 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒊𝒎𝒑𝒂𝒊𝒓𝒆 ∶ 𝟏, 𝟑, 𝟐 / 𝟐, 𝟏, 𝟑 / 𝟑, 𝟐, 𝟏 

 

     {

𝑊1 = 𝜖123𝑈2𝑉3 + 𝜖132𝑈3𝑉2 = +1 × 5 × 0 − 1 × 0 × (−5) = 0      
𝑊2 = 𝜖231𝑈3𝑉1 + 𝜖213𝑈1𝑉3 = +1 × 0 × 5 − 1 × 5 × 0 = 0             

𝑊3 = 𝜖312𝑈1𝑉2 + 𝜖321𝑈2𝑉1 = +1 × 5 × (−5) − 1 × 5 × 5 = −50
    Ok. 

• Produit mixte : (𝑼̅, 𝑽̅, 𝑾̅̅̅) 

  (𝑼̅, 𝑽̅, 𝑾̅̅̅) = |
𝑼𝟏 𝑼𝟐 𝑼𝟑
𝑽𝟏 𝑽𝟐 𝑽𝟑
𝑾𝟏 𝑾𝟐 𝑾𝟑

|   

     (𝑈̅, 𝑉̅, 𝑊̅) = |
5 5 0
5 −5 0
0 0 −50

|  

           = 5 × |
−5 0
0 −50

| − 5 × |
5 0
0 −50

| + 0 × |
5 −5
0 0

| 

       = 5 × (−5) × (−50) − 5 × 5 × (−50) + 0 

       = 2500  1 

 Vérification :  𝑽 = |(𝑼̅, 𝑽̅, 𝑾̅̅̅)| = 𝑺 × 𝒉   

 ℎ = |𝑊3| = 50 

  𝑆 = ‖𝑉̅‖ × ‖𝑊̅‖ × 𝑠𝑖𝑛(𝛼) = 5√2 × 5√2 × 𝑠𝑖𝑛 (
𝜋

2
) = 50   

    𝑉 = 50 × 50 = 2500  Ok. 

• Produit tensoriel : 𝑻̿ = 𝑼̅⨂𝑽̅ 

  𝑻̿ = 𝑼̅⨂𝑽̅    𝑻̿ = [𝒕𝒊𝒋] = [𝑼𝒊𝑽𝒋] = [
𝑼𝟏𝑽𝟏 𝑼𝟏𝑽𝟐 𝑼𝟏𝑽𝟑
𝑼𝟐𝑽𝟏 𝑼𝟐𝑽𝟐 𝑼𝟐𝑽𝟑
𝑼𝟑𝑽𝟏 𝑼𝟑𝑽𝟐 𝑼𝟑𝑽𝟑

]   

         𝑇̿ = [
5 × 5 5 × (−5) 5 × 0
5 × 5 5 × (−5) 5 × 0
0 × 5 0 × (−5) 0 × 0

] 

             = 25 × [
1 −1 0
1 −1 0
0 0 0

]  1 

• Trace du tenseur 𝑻̿ 

  𝑻𝒓(𝑻̿) = 𝒕𝒊𝒋   𝒕𝒊𝒊 = 𝒕𝟏𝟏 + 𝒕𝟐𝟐 + 𝒕𝟑𝟑   

         𝑡𝑖𝑖 = 25 × (1 − 1 + 0) = 0  1 

         C’est un tenseur déviatorique  1 

  

Symbole de permutation 
𝜖123 = 𝜖231 = 𝜖312 = +1 

𝜖132 = 𝜖213 = 𝜖321 = −1 
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• Déterminant du tenseur 𝑻̿ 

  𝒅𝒆𝒕(𝑻̿) = |𝒕𝒊𝒋| = |

𝒕𝟏𝟏 𝒕𝟏𝟐 𝒕𝟏𝟑
𝒕𝟐𝟏 𝒕𝟐𝟐 𝒕𝟐𝟑
𝒕𝟑𝟏 𝒕𝟑𝟐 𝒕𝟑𝟑

| 

    𝑑𝑒𝑡(𝑇̿) = 25 × |
1 −1 0
1 −1 0
0 0 0

| = 25 × [1 × |
−1 0
0 0

| − (−1) × |
1 0
0 0

| + 0 × |
1 −1
0 0

|] = 0  1 

 Vérification : 

  𝒅𝒆𝒕(𝑻̿) =
𝟏

𝟔
𝝐𝒊𝒋𝒌𝝐𝒑𝒒𝒓𝒕𝒊𝒑𝒕𝒋𝒒𝒕𝒌𝒓  

   𝑑𝑒𝑡(𝑇̿) =
1

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜖123𝜖123𝑡11𝑡22𝑡33 + 𝜖123𝜖231𝑡12𝑡23𝑡31 + 𝜖123𝜖312𝑡13𝑡21𝑡32
+

𝜖123𝜖132𝑡11𝑡23𝑡32 + 𝜖123𝜖213𝑡12𝑡21𝑡33 + 𝜖123𝜖321𝑡13𝑡22𝑡31
+

𝜖231𝜖123𝑡21𝑡32𝑡13 + 𝜖231𝜖231𝑡22𝑡33𝑡11 + 𝜖231𝜖312𝑡23𝑡31𝑡12
+

𝜖231𝜖132𝑡21𝑡33𝑡12 + 𝜖231𝜖213𝑡22𝑡31𝑡13 + 𝜖231𝜖321𝑡23𝑡32𝑡11
+

𝜖312𝜖123𝑡31𝑡12𝑡23 + 𝜖312𝜖231𝑡32𝑡13𝑡21 + 𝜖312𝜖312𝑡33𝑡11𝑡22
+

𝜖312𝜖132𝑡31𝑡13𝑡22 + 𝜖312𝜖213𝑡32𝑡11𝑡23 + 𝜖312𝜖321𝑡33𝑡12𝑡21
+

𝜖132𝜖123𝑡11𝑡32𝑡23 + 𝜖132𝜖231𝑡12𝑡33𝑡21 + 𝜖132𝜖312𝑡13𝑡31𝑡22
+

𝜖132𝜖132𝑡11𝑡33𝑡22 + 𝜖132𝜖213𝑡12𝑡31𝑡23 + 𝜖132𝜖321𝑡13𝑡32𝑡21
+

𝜖213𝜖123𝑡21𝑡12𝑡33 + 𝜖213𝜖231𝑡22𝑡13𝑡31 + 𝜖213𝜖312𝑡23𝑡11𝑡32
+

𝜖213𝜖132𝑡21𝑡13𝑡32 + 𝜖213𝜖213𝑡22𝑡11𝑡33 + 𝜖213𝜖321𝑡23𝑡12𝑡31
+

𝜖321𝜖123𝑡31𝑡22𝑡13 + 𝜖321𝜖231𝑡32𝑡23𝑡11 + 𝜖321𝜖312𝑡33𝑡21𝑡12
+

𝜖321𝜖132𝑡31𝑡23𝑡12 + 𝜖321𝜖213𝑡32𝑡21𝑡13 + 𝜖321𝜖321𝑡33𝑡22𝑡11)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

   𝑑𝑒𝑡(𝑇̿) =
25

6

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(+1) × (+1) × 1 × (−1) × 0 + (+1) × (+1) × (−1) × 0 × 0 + (+1) × (+1) × 0 × 1 × 0
+

(+1) × (−1) × 1 × 0 × 0 + (+1) × (−1) × (−1) × 1 × 0 + (+1) × (−1) × 0 × (−1) × 0
+

(+1) × (+1) × 1 × 0 × 0 + (+1) × (+1) × (−1) × 0 × 1 + (+1) × (+1) × 0 × 0 × (−1)
+

(+1) × (−1) × 1 × 0 × (−1) + (+1) × (−1) × (−1) × 0 × 0 + (+1) × (−1) × 0 × 0 × 1
+

(+1) × (+1) × 0 × (−1) × 0 + (+1) × 0 × 0 × 0 × 1 + (+1) × (+1) × 0 × 1 × (−1)
+

(+1) × (−1) × 0 × 0 × (−1) + (+1) × (−1) × 0 × 1 × 0 + (+1) × (−1) × 0 × (−1) × 1
+

(−1) × (+1) × 1 × 0 × 0 + (−1) × (+1) × (−1) × 0 × 1 + (−1) × (+1) × 0 × 0 × (−1)
+

(−1) × (−1) × 1 × 0 × (−1) + (−1) × (−1) × (−1) × 0 × 0 + (−1) × (−1) × 0 × 0 × 1
+

(−1) × (+1) × 1 × (−1) × 0 + (−1) × (+1) × (−1) × 0 × 0 + (−1) × (+1) × 0 × 1 × 0
+

(−1) × (+1) × 1 × 0 × 0 + (−1) × (+1) × (−1) × 1 × 0 + (−1) × (+1) × 0 × (−1) × 0
+

(−1) × (+1) × 0 × (−1) × 0 + (−1) × (−1) × 0 × 0 × 1 + (−1) × (−1) × 0 × 1 × (−1)
+

(−1) × (−1) × 0 × 0 × (−1) + (−1) × (−1) × 0 × 1 × 0 + (−1) × (−1) × 0 × (−1) × 1)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

    𝑑𝑒𝑡(𝑇̿) = 0  Ok. 
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• Transposée du tenseur 𝑻̿ 

  𝑻̿ = [𝒕𝒊𝒋]   𝑻̿𝒕 = [𝒕𝒋𝒊]  

        𝑇̿ = [𝑡𝑖𝑗] = 25 × (
1 −1 0
1 −1 0
0 0 0

)     𝑇̿𝑡 = [𝑡𝑗𝑖] = 25 × (
1 1 0
−1 −1 0
0 0 0

)  1 

• Partie symétrique 𝑻̿𝒔 du tenseur 𝑻̿ 

  𝑻̿𝒔 =
𝟏

𝟐
(𝑻̿ + 𝑻̿𝒕 )    (𝒕𝒔)𝒊𝒋 =

𝟏

𝟐
(𝒕𝒊𝒋 + 𝒕𝒋𝒊)  

           𝑇̿𝑠 =
25

2
× [(

1 −1 0
1 −1 0
0 0 0

) + (
1 1 0
−1 −1 0
0 0 0

)] = 25 × (
1 0 0
0 −1 0
0 0 0

) 1 

• Partie antisymétrique 𝑻̿𝒂 du tenseur 𝑻̿ 

  𝑻̿𝒂 =
𝟏

𝟐
(𝑻̿ − 𝑻̿𝒕 )    (𝒕𝒂)𝒊𝒋 =

𝟏

𝟐
(𝒕𝒊𝒋 − 𝒕𝒋𝒊)  

           𝑇̿𝑎 =
25

2
× [(

1 −1 0
1 −1 0
0 0 0

) − (
1 1 0
−1 −1 0
0 0 0

)] = 25 × (
0 −1 0
1 0 0
0 0 0

) 1 

Exercice 2 

• 𝑻𝒓(𝑴̿) = 𝑴𝒑𝒑 

  𝑇𝑟(𝑀̿) = 𝑀𝑝𝑝 = 𝑀11 +𝑀22 +𝑀33 = 1 + 2 − 1 = 2  2 

• [𝑻𝒓(𝑴̿)]
𝟐
= 𝑴𝒑𝒑𝑴𝒒𝒒 

   [𝑇𝑟(𝑀̿)]
2
= 𝑀𝑝𝑝𝑀𝑞𝑞 = (𝑀11 +𝑀22 +𝑀33)(𝑀11 +𝑀22 +𝑀33) 

   [𝑇𝑟(𝑀̿)]
2
= (1 + 2 − 1) × (1 + 2 − 1) = 2 × 2 = 4   2 

 Vérification : 

  𝑇𝑟(𝑀̿) = 2    [𝑇𝑟(𝑀̿)]
2
= 22 = 4   Ok. 

• 𝑻𝒓(𝑴̿𝟐) = 𝑴𝒑𝒒𝑴𝒒𝒑 

   𝑇𝑟(𝑀̿2) = 𝑀𝑝𝑞𝑀𝑞𝑝 = 𝑀11
2 +𝑀22

2 +𝑀33
2 + 2(𝑀12𝑀21 +𝑀23𝑀32 +𝑀13𝑀31) 

   𝑇𝑟(𝑀̿2) = 𝑀𝑝𝑞𝑀𝑞𝑝 = 1
2 + 22 + (−1)2 + 2 × [0 × (−1) + 3 × 1 + 0 × 2] = 12  2 

 Vérification : 

 𝑀̿ = (
1 0 0
−1 2 3
2 1 −1

)        𝑀̿2 = (
1 0 0
−1 2 3
2 1 −1

) × (
1 0 0
−1 2 3
2 1 −1

) 

  𝑀̿2 = (
1 × 1 + 0 × (−1) + 0 × 2 1 × 0 + 0 × 2 + 0 × 1 1 × 0 + 0 × 3 + 0 × (−1)

(−1) × 1 + 2 × (−1) + 3 × 2 (−1) × 0 + 2 × 2 + 3 × 1 (−1) × 0 + 2 × 3 + 3 × (−1)

2 × 1 + 1 × (−1) + (−1) × 2 2 × 0 + 1 × 2 + (−1) × 1 2 × 0 + 1 × 3 + (−1) × (−1)
) 
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   𝑀̿2 = (
1 0 0
3 7 3
−1 1 4

)    𝑇𝑟(𝑀̿2) = (𝑀̿2)
𝑖𝑖
= 1 + 7 + 4 = 12   Ok. 

• 𝑻𝒓(𝑴̿ 𝑴̿𝒕 ) = 𝑴𝒑𝒒𝑴𝒑𝒒 = 𝑻𝒓( 𝑴̿𝒕 𝑴̿)  

  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = 𝑀𝑝𝑞𝑀𝑝𝑞 = 𝑀11𝑀11 +𝑀12𝑀12 +𝑀13𝑀13 +𝑀21𝑀21 +𝑀22𝑀22 +𝑀23𝑀23 + 

          +𝑀31𝑀31 +𝑀32𝑀32 +𝑀33𝑀33 

  𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = 𝑀𝑝𝑞𝑀𝑝𝑞 = 1 × 1 + 0 × 0 + 0 × 0 + (−1) × (−1) + 2 × 2 + 3 × 3 + 

          +2 × 2 + 1 × 1 + (−1) × (−1) = 21   2 

Vérification : 

 𝑀̿ = (
1 0 0
−1 2 3
2 1 −1

)    𝑀̿𝑡 = (
1 −1 2
0 2 1
0 3 −1

) 

    𝑀̿ 𝑀̿𝑡 = (
1 × 1 + 0 × 0 + 0 × 0 1 × (−1) + 0 × 2 + 0 × 3 1 × 2 + 0 × 1 + 0 × (−1)

(−1) × 1 + 2 × 0 + 3 × 0 (−1) × (−1) + 2 × 2 + 3 × 3 (−1) × 2 + 2 × 1 + 3 × (−1)

2 × 1 + 1 × 0 + (−1) × 0 2 × (−1) + 1 × 2 + (−1) × 3 2 × 2 + 1 × 1 + (−1) × (−1)
) 

   𝑀̿ 𝑀̿𝑡 = (
1 −1 2
−1 14 −3
2 −3 6

)     

   𝑇𝑟(𝑀̿ 𝑀̿𝑡 ) = (𝑀̿ 𝑀̿𝑡 )
𝑖𝑖
= 1 + 14 + 6 = 21   Ok. 

 

  


