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Chapter III : Stress Analysis

1TV. Stresses in 3 dimensions
"1 The stress vector
1 Stresses in 1 dimension

] Stresses in 2 dimensions
] Stress plane law transformation
[ Principal stresses; maximum shearing stress

IV. Stresses in 3 dimensions:

IV.1 Stresses under general loading conditions; stress components:
Let we consider a body subjected to several loads Py, P, etc. (Fig.28).

To understand the stress condition created by these loads at a point Q of
the body, we will first cut through a fictitious section through Q, using a
plane parallel to the X;X; plane.

The part of the body at the left of the section is subjected to some of the
original loads, the normal and shear loads distributed over the section.
We denote by AFx, and AVx; respectively the normal and shear loads
acting on a small surface AA surrounding the point Q (Fig.29a). Note that
the subscript X; is used to indicate that the forces AFx, and AVx; act on a
surface perpendicular to the X, axis.

X

@ Figure .29. 0
x -
Although the normal load AFx; has a well-defined direction, the shear load
AVx; can have any direction in the plane of the section. We therefore solve ﬁ
AVx3 in two load components, AVi5? and AVEZ in directions parallel to d
X2 X1 and X;X3, respectively (Fig. 29b). Now dividing the magnitude of each
load by the area AA, we define the three stress components as shown in

Fig.30. and Fig.31. :
Xz
X1

Figure .30.
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In Fig.31., we notice that there is three principal facets denoted

D,@and ® ;

Figure .31.
_ AFX2 q- _ AVRE _AVRE g
Ox2 = —p,— and: Tyax1 =~ > Txax3 = 5, »

These stresses are determined in the case of a plane perpendicular to the X, axis (é,).

= . .
The stress vector Tz, will be composed with a normal stress Gy, and two shear stresses Txzx1 > Tx2x3»
noted as :

o

. X2 «

Tz, ={Tx2x1(;
Tx2x3

In the same way, we choose a plane passing through the point Q
perpendicular to X illustrated in Fig.32.

G, = AFXL 4L _AV,?‘Z{T AVl
X1 = T DTxaxz = T4, S TX1X3 T 408
These stresses are determined in the case of a plane perpendicular to the X; . Xz
. X Figure .32.
axis (€).

The stress vector Tg; will be composed with a normal stress Gy, and two shear stresses Txi1x2 » Tx1x3»

noted as :
-
Ox1
Tz ={Tx1x2¢;
Tx1x3

and so for the last axis X3.

AFX3 4. _AvgE g X1 Figure .33.
Ox3 = —p, and: Tysx1 = > Tx3x2 = 5, >

These stresses are determined in the case of a plane perpendicular to the Xj; axis (€3).
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= . .
The stress vector Tz will be composed with a normal stress Gy3 and two shear stresses Tyzxz » Txax1s

noted as :
Ox3
5
Tsz ={Tx3x2(;
Tx3x1

Finally, we can say that to define the state of stress 6;; in the point Q, we must consider an elementary

cube of unit as edge subjected to the following stress tensor:

Tx2x1 Ox2  Tx2x3

[ Ox1 Txixz TX1X3]
Cij =
Tx3x1 Tx3x2 Oxs3

With the diagonal stresses oyq,0x,,Ox3 they are called normal stresses, and the other stresses
Tx1ix2 Txix3 Txixz» Tx2x1 Tx2x3 Txaxis Txsxz they are called as “shear” stresses.

The stress tensor o;; is called as “3D Cauchy stress tensor” at point Q, the tensor is symmetric, i.e.;

Tx1x2 = Tx2x1> Tx1x3 = Tx3x1 > Tx2x3 = Tx3x2-

The component 6;; of the Cauchy stress tensor, it represents the component along the direction e; of the
vector stress on the facet of normal é; [1].

IV.2 The stress vector in 3D:

The relationship between the stress tensor 6;; at a point P and the stress

vector Tﬁ on a plane of arbitrary orientation (facet) at that point by:

— O-n
Tz =101
T2

Figure .34.

But in general case the stresses state is defined by an elementary cube with three facets, for each facet we
have a stress vector and an elementary direction (Fig.35.);

The vector Tﬁ depends linearly with 71 , therefore

exists a linear application, moving from Tﬁ to 1
with :

Tz =oc.n=>

Figure .35.

Tiq 611 T12 T13](M1 G11Mq + T1pNy + T3N3
Tizt =1T21 O22 T23|{N2; ={T21Ny + OppNy + Tp3Ng

T31 T3z O33|\ns T31Nq + T3, + O33M3
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The component 6;; of the Cauchy stress tensor, it represents the component along the direction €; of the

vector stress on the facet of normal &; [1].

IV. 3D Stress transformation law:

At the point P let the rectangular Cartesian coordinate systems (0, X;, X, X3) et (O, &4, %5, %'3) of Fig.36.
be related to one another by the table of direction cosines:

X aip | Q12 | (g3

XZ az1 | 22 | d23

=
X3 a31 | A3z | 433

Figure .36.

The stress vector in the two bases can be written: T';; = a;;T5.

T'hze =321 a2 a3

!

Ty [an aiz a3
!

T 3 as1 daszz dass

Tn1
Tnz
Tn3

= The stress tensor components in the two systems are related by : 6';; = a;, 6pqa, P o' = Ac A"

J ! !

G611 Ti12 Ti13 a1 A1z Qg3 011 T13][%11 Q21 Q31

T'y1 O'yy Tyg|=|021 Q22 a3 022 Q12 Az 43zp
! !/ 1

T'31 T3y O's3 a3z 4z T31 033 a3z; Qdz3 4z

IV.3 Principal stresses, stress invariants, stress ellipsoid :

By using the «Analytical method "; the symmetry of the stress tensor means that it has three eigenvalues
G;,0,0;, real, called principal stresses. By taking these three vectors (principal directions) as a
coordinate system (principal coordinate system) (Figure .37.), the stress tensor becomes diagonal.

e Any coordinate system :

G11 Ti2 Ti3
0jj = |T21 ©O22 T23

T31 132 O3z3 t
Xs T “m
e Principal coordinate system: |
“n
(o3 0 0 . o >

;= [0 oy O ] ! ;
0 0 Oy 2

Xi Figure .37.
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The knowledge of principal stresses is very important and essentially concerns the calculation of
structures in RDM. An important example is the application of the criterion for the appearance of the
rupture.

And We can find a particle containing the point (P) and oriented i
in such a way that these facets will only be subject to the normal
stresses (principal stresses) in exclusion of all shear stresses.

As conclusion: we find a particle oriented as the stress vector

of the faﬁe)ts is the same as the normal-principal- stresses. o, —o T
T*,—i = Gl]?l] = Gi'ﬁi with '?ll' = Sl]?l] < :_b - 72
Than: (o, — §;.0;) nj = 0 -T._Il? %
= = . . .. . . HZ
For n; = 0 the solution is trivial, and since (Gij — §;;.0;) is a Figure .38.

matrix where the unknowns are the principal stresses o;; this allows us to say that its determinant must be
Zero.

G11 — O T12 T13
2> T21 G2 — O T23 =0,
731 132 G33 — O

We will obtain a polynomial equation of order three called the characteristic equation:
ol—Ic*+llc—1II=0
In convention, the values of the principal constraints are ordered as follows: 6; > &;; > Gy

Where I, II and III are called respectively the first, second and third stress invariant, with:

I = trace(c;;) = 6;; = G171 + Oz + O33
Il = l( - = + + — T4y — 133 — 1%
= 5 0ii Gjj GijGij) = 011022 T 011033 T 022033 — T1p — T3 — T13

— — — 2 2 2
HI = |Gij| = det(cij) = 011022033 T 2T13Tp3Ty3 — T12033 — 753011 — 73022

The three roots of the characteristic equation are the principal stress values; each value of the principal
stresses is associated with a principal direction for which the direction cosines are the solutions of the
equations:

ny
(Gij - 6ij-6i) {nz} = 6
n3
In the principal stress space where the axes are the principal directions, the stress vector will have the
following three components:
. T"n =opm
T"s = {T*nz = Gu-nz}
T"p3 = oy 13
We take into consideration the orthogonality condition: n;.m; = 1 or: (ny)? + (ny)? + (n3)? =1,
The stress vector must satisfy:

2 2 2
(Tna)” | (Tn2)” | (Tna)” _

@2 "o et

This equation is known as the Lamé’s stress ellipsoid [3].
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Maximum shear stress:

_ (a1—oyup)

The equation: T,,4, = gives the maximum shear value, which is equal to half the difference of the

largest and smallest principal stresses.

IV.3 MOHR’s circles for 3D stress state:

Where the state of stress at a point P is given by the following stress
tensor:

G117 T12 T13
Gijj = |T21 O22 Tz23

T31 T32 Os3

Each line represents the state of stresses on each facet of elementary Xl/ Figure .39.
cube as showed which will be described in each circle.

The stress vector has normal and shear components whose magnitudes satisfy the equations:
oy = on? + o,n3 + oni
And
02 + 1% = 0,°n? + 0,,2n3 + 0y,2n3;

Combining these two expressions with the orthogonality condition: n;n; = 1 and solving for the direction
cosine n;, results in the equations:

2 _ (on—o)(oy—on)+(0)?
(n1) (o1—o1(or—oqp) ,

2 _ (on—op)(on—op)+(1)*,
(n2) (o11—o(o—oy) ,

2 _ (on-ap(on—0)+(@)*
(23) (or1—op)(or1—01r)

These equations serve as the basis for Mohr’s stress circles, as discussed in the “stress plane “section, for
which the g,, axis is the abscissa, and the 7 axis is the ordinate.

To develop this graphical interpretation of the three-dimensional stress state in terms of ¢,, and 7, we note
that the denominators of the above equations are positive also that n? > 0 , all of which tells us that

(oy — o) (oy — o) + (1)> 2 0
For the case where the equality sign holds, this equation may be rewritten, after some simple algebraic
manipulations, to read

1 2. L, n 2
[UN —5 (o + 0111)] +1° = [5 (o — 0111)] Can

Which is the equation of a circle in the g,,, T plane,
with its center at the point on the o, axis, and

a1 7 o

having a radius %(0,, — 0y1) - We label this circle
C1 and display it in Fig.40.

Tn

We observe that conjugate pairs of values of o,
and 7 which satisfy this relationship result in stress
points having coordinates exterior to circle C1.

Figure .40.
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Same work for the second and the third equations is done.
The three circles defined above, and shown in Fig.38, are called Mohr’s circles for stress.

In order to relate a typical stress point having coordinates g,, and 7 in the stress plane of Fig. 40.
to the orientation of the area element AS upon which the stress components g,, and T act, we consider a
small spherical portion of the continuum body centered at P. As the unit normal n; assumes all possible
directions at P, the point of intersection of its line of action with the sphere will move over the surface of
the sphere.

Accordingly, we may restrict our attention to the first octant
of the spherical body, as shown in Fig.41. (Octant of small spherical
portion of body together with plane at P with normal n; referred to
principal axes (0, x7, x5, x3 ).

Let Q be the point of intersection of the line of action of n;
with the spherical surface ABC in Fig.41, and note that

n=cos@.é; +cosfB.e; + cosb.ée;

The Fig.42 shows the reference angles ¢ and  for intersection point Q on
surface of body octant.

Figure .44.

In summary, for a specific at point P in the body, point Q, where the line of action of intersects the
spherical octant of the body (Fig. 43.), is located at the common point of circle arcs KD and EG, and at
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the same time, the corresponding stress point q (having coordinates oN and 7) is located at the
intersection of circle arcs kd and eg, in the stress plane of Fig.44. The following example provides details
of the procedure.

Example:
The state of stress at point P is given in MPa with respect to axes PxiXoX3 by the matrix:

25 0 0
O-ij =10 -30 —60
0 —-60 5

1/ determine the stress vector on the plane whose normal is 71 = §(2 8, +6, +2.8;)?

2/ determine the normal stress component oy and shear component T on the same plane?
3/ Verify the results of part (2) by the Mohr’s circle construction?

Solution:
1/ using the equation of the stress vector we find: Fﬁ = ;. 1;

@\
Ty [25 0 0|3 1( 50
Tie=10 -30 —60 <§>=§—150
\3/

2/ the normal stress oy is determinate by :

(%)
L A28 00 |§| 150
“N:{E : _} 0 -30 —60 {ﬁ: ~ = —16.67MPa;
0 —-60 5 gJ
3

—_—

The shear stress we use:

12 =T7.T; — 02 = g((so % 50) + (150 = 150) + (50 = 50)) — (16.67)2 = 2777;
Finally ; T = 52.7 MPa

3/ we can verify that for the stress tensor o;; given here the q(-16.7,527) .
principal stress values are 6; = 50, 6;; = 25 and 6;;; = —75.
Therefore, ¢ = cos™?! (3) =70.53°; 8= =cos™! (2) =
48.19°, so that — following the procedure outlined for
construction of Fig.44. — we obtain Fig.45., from which we

may measure the coordinates of the stress point q and confirm
the values oy =—16.7 and T = 52.7, both in MPa.

Figure .45.

Deviator and Spherical Stress State:

The arithmetic mean of the normal stresses,

oy = 5(011 + 0y, +033) = 3 Y

The state of stress having all three principal stresses equal (and therefore equal to gy,) is called a
spherical state of stress, represented by the diagonal matrix
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oy 0 O
Uij=[0 Oy 0]

0 0 oy

for which all directions are principal directions.
Every state of stress 0;; may be decomposed into a spherical portion S;; and a portion D;; known as the
deviator stress in accordance with the equation

1
O-ij = Dl] + 6ij0-M = DU + §6ijo-kk
We notice immediately that the first invariant of the deviator stress is (the deviator diagonal is null)=»

D;j = oy —§5ii0kk =0
Example :
Decompose the following stress tensor:
57 0 24
24 0 43

into its deviator and spherical portions and determine the principal stress values of the deviator portion?
The arithmetic of mean normal stress is

1 1 1
oy :§(0'11+0'22+0'33) :§O-ii 25(57+50+43) =50

50 O 0

0 0 50

The spherical state of stress

The deviator stress
O—ij = Dl] + 5119 Dl] = O-ij + aijO—M

57 0 24 50 0 O 7 0 24
0 50 O]—[O 50 0]=[0 0 0]
24 0 43 0 50

0 24 0 -7

Dij ==

A convenient two-dimensional graphical representation of three-dimensional state of stress at a point is
provided by the well-known Mohr’s stress circles.
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