Matrices and Determinants
I1.1. Introduction
In many applications analysis, variables are assumed to be related by sets of linear
equations. Matrix of algebra provides a clear and concise notation for the formulation and
solution of such problems, many of which would be complicated in convention of algebraic

notation.

11.2. Matrix

A set of mn numbers (real or complex) arranged in rectangular formation (array or table)
having m rows and n columns and enclosed by a square bracket [ ] is called mxn matrix (read

m by n matrix).

An mxn matrix is expressed as:

a1 Q12 -+ Q4p
a1 Aq1 -+ dq1
m1 Am2 Amn

Matrices are usually denoted by capital letter A,B,C and it’s elements by small letters a,b,c...

1) Order of a Matrix:
(3,2) or (2,3), (m,n)
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are matrices of orders (2x3) , (3x1) and (4x4) respectively.
2) Null or Zero Matrix

For example:

000
B=| 0 0 0] isazero matrix of order 2x4
000

The Matrix Bmn has the property that for every matrix Amn.



A+B=B+A=A
3) Square Matrix

A Matrix A having same numbers of rows and column is called a square matrix.
ap c
The [i g] and [ d e f] are square matrices of order 2 and 3.
g h i
4) Diagonal matrix

1 2 3
The diagonal of [ 4 6] consists of elements 1,5 and 9 in that order.
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5) Scalar Matrix

30 k0O
[0 3] and | 0 k 0] are scalar matrices.
0 0 k

6) ldentity Matrix or Unit Matrix

100
Thus |1=[(1) (1)] , 2= [ 01 0] are the identity matrices of order 2 and 3.

001

7) Equal Matrices
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A =B if it has a same order and ajj = bjj

By the definition of quality of matrices, we have:

A=B
x+3=2
y=5
z=3
a=4

8) The Negative of Matrix
3 -1 -3 1
If A3x2: 2 —2 then 'A3x2: —2 2
—4 5 4 =5

For every matrix Amxn, the matrix -Amxn has the property that:

A+(-A)=(-A)+A=0



11.3. Operation on Matrices

1) Multiplication of a matrix by a scalar

1 2 k 2k
If A=|3 4] then for ascalark, kA=| 3k 4k]
50 5k 0
-1 20 -5 10 O
For example: 5[ 3 5 2] :[ 15 25 10]
1 0 4 5 0 20

2) Addition and subtraction of Matrices
A, B two matrices have a same order mxn (Amxn ,Bmxn )

[2 5 _[4 -5
A‘[1 0 ’B‘[3 2
[2+4 54+ (-51_16 0
A*B=l143 042 ‘[4 |
2—4 5—( 5) 10
A-B= [1—3 |= [_ —2
Note:
1) A+B=B+A
2) (A+B)+C=A+(B+0C)

3) The same or difference of two matrices of different order is not defined.

3) Product of matrices
Two matrices A and B with  Amxp , Bpxn (p) the columns equal the rows.
The product of Amxp and Bpxn is the matrix (AB)mxn

112 o_[21
A_[— 3] ’B_[1 1
AxB_[ 1 2 ” x*2+2x1 1x1+2x1 ] 242 1+2H4 3
- (—1%2)+3%1 (=1x1)+3=1]"1-2+3 —-1+3/7[1 2
BXA=[2 1”1 2]:[(2*1)+(1*—1) (2x2)+(1%3) =[2_1 4+3]=[1
1 T+ +(x-1) @=*2)+@=3)l1-1 2+31lo
Note:

- AxB #BxA

!



- AXA=A? AXAZ=A3 AZxAZ=A*

312 -1
Example A:[ ] ,B=12 1] ,Find AB

101 3 1

Solution: AB:[3 t2+46 —3+1+ 2] [11 0

1+0+3 -1+0+1
4) Determinants
- The determinant of a matrix is scalar (number)
- The determinant of a matrix is defined only for square matrix

- Itis denoted by (det A) or | A | for square matrix A

Example 01:
_[3 1 .
A—[_Z 3] ,Find [A].
_[3 11_ _ -
A= 5y 3_—(3)X(3)-(1)><(-2)- 9+2=11
Example 02:
3 2 17
A=[0 1 -2| ,Find [A].
1 3 4.
3 2
|A|_2 é _2] 3[3 4] 2[ ] [
=3(4+6)-2(0+2)+1(0-1)
=30-4-1
=25
|A|=|0 ]_ 3
01 2|3} ol a4
= 3(4+6)-0(6-3)+1(-4-1)
=30+(-5)
=25

- If |A | =0, the A is singular.
11.4. Solution of linear equations by determinants

- Use Cramer’s rule

- Use matrices



1) Transpose of a matrix

1 2 3 1 4 7
IfA=[4 5 6] then A‘:[z 5 8]
7 8 9 3 69
2) Symmetric Matrix:
A square matrix A is called symmetric if A=A"
a p C a p C
A=|b d e|, A=[b 4 e| =A
C e f c e f
Thus, A is symmetric.
3) Adjoint of a Matrix:
1 0 -1
=1 3 1
01 2
Cofactor of A are:
5 -2 1 5 -1 3
C=|-1 2 -1 ,C=l-2 2 =2
3 -2 3 1 -1 3

Hence adjA=C!
Note: the adjoint of 2*2 matrix of A= [(Cl Z] is ade:[_dc _ab]

4) Invers of a Matrix:
adjA

If A nonsingular square matrix, then A= -

3 4

A=[1 2

adia=[ 2 Y |A]=64=2

hence A'1=§[ _21 _34]

Note:
AB =BA=| , Anxn ,ann

B=A1l or A=B1!



Example 01:

A, el

ae= 5, Fll 3 o

o=l A THD S

And

Hence AB=BA=I

And therefore B= A= [7 3]

2 1

Example 02: find the inverse, if it exists, of the matrix

0 -2 -3
A=l 1 3 3
-1 -2 =2

Solution:
| A | =0+2(-2+3)-3(-2+3)=2-3= -1

| A |=-1, so the solution exists.

Cofactor of A are
A11=0 A =-1 Ai=1
A1 =2 A =-3 Axz=2
Az=3 Az =-3 Aszz=2

Matrix of transpose of the cofactors is

0 2 3
adjA=C=[ -1 -3 -3
1 2 2

now, Al=— adjA=—
|al -1

0 2 3 1 -2 -3
1 -3 =3|F|-1 3 3
1 2 2 -1 -2 =2
Example 03: Use matrices to find the solution set of
X+y-2z=3

3X-y+z=5
3x+3y-6z=9



Solution ;

1 1 -2
LetA=|3 -1 1
3 3 6

Since | A |=3+21-24=0
Hence the solution of the given linear equations does not exist.

Example 04: use the matrices to find the solution set of

4x+8y+z=-6
2x-3y+2z=0
X+7y-32=-8
4 8 17rx —6
2 -3 2 [J’l= 0
1 7 =31tz -8
4 8 1
LetA=|[2 -3 2|, |A]|=-32+48+17=61
1 7 =3
Hence A exists.
L L -5 31 19
A- TaTadjA=5| 8 —13 -16
17 -20 -28

Now since X= A'B, we have

xp  [-5 31 19][—6] [ 30+152 -2
M =—| 8 -13 -16[| 0 |=—| —48+48 |=| 0
z 17 —20 —28ll-8 —102 + 224 2

the solution set {(x,y,2)}={(-2,0,2)}.
Exercise 01

A. Find the inverse of matrix A:

+ -+
-2 -6 2
Al s -1 3
2 4 -3

_41 —33]'('6) [—52 —31]+2[—52 _41]

= -4(3-12+6(-15+6)+2(20-2)

1) Det = -4[



= -4(-9)+6(-9)+2(18)

= 36-54+36
det=18
-1 3 5 3
, 6 2 — 2
2) adjA=? |- t+ - [ [ ]
+ - + 4 —2 3
-6 ] 4 2
—1 5 3
- —-10 -16
adjA = 9 -8 22]
18 4 34
. -9 —-10 -16
1
A Torh ad]A—E 9 -8 22
18 4 34
_1 _5 _8
9 9
14| 1 _4 1
A= 2 9 9
1 2 17
1
B. We must find the inverse of the matrix A
1 -1 3 .
A=l 2 1 2| = A'lzmade
-2 -2 1

|A| =2

1 -1 3|1 -1
2 1 2| 2 1
-2 =2 1L-2 -2

5= —7—(=12) = [(D + (&) + (-12)] = [(-2) + (-4 + (~6)]

|lA] =1

adj A =?

-1
4
—6
4
—6
-1



[1 2] [2 2] [2 1]
—2 =21 -2 2 (D+4 244 (—4)+2
[[; ﬂ [_12 ﬂ [_12 —;] = :;ig ;ig _12+_22
P I P I A
5 —6 —2
=|-5 7 +4
|5 +4 3
5 =5 -5
adjA=]1-6 7 4]
-2 4 3
1 -1 -1
J° > 3 |2e oz
A'1=E -6 7 4]=I 5 5 5
+2 4 3 _2z 4 3
5 5 5

C. Find the value of x given that:

1 2 070
1 2 1][2 0 1”2]=0
1 0 21Llx

[1x3][3x3]=[1x3]

1 2 0
[1 2 1][2 0 1]=[1+4+1 24+04+0 0+2+2]
1 0 2
=[6 2 4]

0
6 2 4][2]=[O+4+4x]=4+4x=0
X

[1x3][3x1] =[1x1]

4x = —4, x=-1
Exercise 02

1) Solving a system of equation with matrix inverse method, the number of variables
must equal the number of equations
both equal 3 here

xX—y+3z=2
2x+y+2z=2
—x—2y+z=3



By the matrix inverse method in three distinct steps, as follows:

1- Write the given system (above) as a single matrix equation
% 2 k)L
— —2 1

2- Solve the matrix equation obtained in step [1] above, finding X
We solve for the matrix variable X by left multiplying both sides of the above
matrix equation ( AX = B) By Al

Al A X =Al B
. X = A1,
-3

H[}:

5
3- Using step [2] above , write the solution to the original system

Original system solution to original system
x—y+3z=2 x = —3
2x+y+2z=2 =) y=2

—x—2y+z=3 z=13



