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Chapter 4

Frequency responses of linear systems

4.1 Introduction

The study of frequency response concerns the study of the response of the system when it is
subjected to sinusoidal inputs of different frequencies. The frequency response can be viewed

in two ways: through the Bode diagram or Nyquist diagram.
4.2 Frequency response (harmonic) linear systems

Rather than performing a mathematical decomposition of the input and output signals into
elementary sinusoidal functions, it appeared simpler to apply a harmonic input to the system
input and to record the corresponding output, once the steady state has been established. This
operation is repeated starting from the lowest frequencies up to frequencies high enough for the
system output to be negligible.

In fact, from a certain frequency the system no longer "follows" the oscillations that we would
like to impose on it, exactly like the eardrum which no longer vibrates beyond a certain

frequency.
4.3 Bode diagram

The Bode diagram allows us to study the frequency response of a linear system with a transfer

function(G( p). To do this, we replace p by j& , which allows the transfer function to be written

in the following form:
G(jo)=A(0)e’™” (4.1)

In this expression, we consider the module A4 (@) and the argument ¢ @) of the complex function

parameterized by the pulsation @ . The Bode plot is obtained by plotting (asymptotically) the
following functions of 4(@) And @(w)on logarithmic scales on the abscissaw (Fig.4.1). The

Bode diagram consists of plotting the open-loop transfer function7'( j@), a gain curve for the
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module and a phase curve for the argument.

Ay =201og,, |T(Ja’)|

(4.2)
p=arg(7(w))
4 25=20log IT(;’&J)|
: L 0.7 0! 7 9, n w0 .
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Fig.4.1: Example of a three-decade semi-logarithmic scale.

Remarks:
) Term: 7 (p)=K p*

I'(jw)=K.(jw)

Ay, =20log o [T (jw)|=20log,, |K.(jw)“

Ay =20log (Kw)" =20log,, K +20.c.l0g,,
A, = alog,, ()+b
Q= arctg(®)

A, = ax+b: astraight line.

» We plot the function 4, depending onlog, the decibel (dB), it is the umit of gain.

» To draw the line, you will need to choose the slope in decades or octaves.

Decade it 1s the difference between in a logarithmic scale 10w And @ .

Apyae = A(100) — A(w) = 20.10g,, K +20.ax.10g,,(10w)—[20.10g,, K + 20.ax.log,, ()]
Ay =20.a.1og, (10w) —20.a.10g,, (®)

A, . =g B dblde
)

Octave it is the difference between in a logarithmic scale 2w And @ .
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Ao = A(2@)— A(w)=20.log,, K +20.c.log,, (20)—[20.10g,, K +20.cz.10g, ()]
A =20.a.log,,(2w)—20.a.log, ()

dbloct

A4

dbloct

2
=20.a.log,, 22 —6a dbioct
@

}(x
=0=Kao"=l=e’ = —1 = |, = —1 . Is called the cutoff frequency where the line
4, q ¥
g ‘ : K ‘ K

intersects the axis of y .
1) Term: 7' (p) = (1+ z'p)ﬁ
We will study this function with f=1And f=-1

P =1, Let us consider a system with a transfer function:
T(p)= (1+ rp):> T(jo)= (1+rja))
[7'(jo)|=N1+7%0"

@ = arctg(tw)

I
=0=wn =—

A, =20log,, |T( j@.) -

Note that one of the advantages of the Bode plot is that the overall diagram is the algebraic sum

of the partial diagrams. Some examples of plots of Bode curves will be given.
Example 4.1:
We consider an open-loop transfer function system:
G(p)=p (4.2)

To study the frequency response of this system, we replace p by j@,To use the Bode

representation, we look for the expressions for the gain and phase of the transfer function.
4.3.1 Bode diagram of a first-order system

We consider the transfer function system:

G(p)= (4.6)

I+zp

T 1s a positive constant (the time constant)

The asymptotic diagram is obtained by the following reasoning. We study the gain at low

frequencies and high frequencies. The low and high frequencies are determined relative to a
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L 1
cut-off frequency @ which is defined by: 0, =—.
4

» Ko <<o,, the low frequency gain is: G, =—10log,, (l) =0dB.So in low frequencies:
=0 until @_the decibel gain is zero.
» Iw>>a@,, the high frequency gain 1s:G,, =—20log,, (m)) So in high frequencies

@ = @, until @ = o, the gain is asymptotically linear.
Likewise, for the phase shift:

» Ko << o, the phase shift at low frequencies is: @ = —arctg(0) = 0° .So in low frequencies:
@=0until @ = @, the decibel shift is practically zero.

» Ifo>>w,, the phase shift at high frequencies is: ¢ =—arcig(c)=-90°. So in high
frequencies @ = @, until @ = oo, the phase shift is asymptotically equal to 90°.

Having determined the asymptotic behavior, it remains to specify the values of the gain and the

phase shift in the vicinity of the cut-off frequency. This is obtained by settingw = w@_.
G, (0=wm,)=-10log, (2)=-3dB (4.10)
For the phase shift at the cutoff frequency, we have:

@ =—arctg(tm, )= —arctg(l) = —45° 4.11)

Example 4.2:

Plot the Bode diagram of the transfer function of a first-order system with a static gain equal to

1 and a time constant equal to 2 us :

1 1

H = =
(P) l+zp 1+2.10°p
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Fig.4.4: Bode locus of a first-order system.
4.3.2 Bode diagram of a 2nd order system
Let the transfer function system be:
a)2
Gip)= < , 0<é&<1 (4.12)

P +28w,p+ @)

We have already determined the expressions for gain and phase shift which are:

G )| = :
\/(1—@;) + 4520
(4.13)
@ ——arctan 200,

sy

Asymptotic behavior

The expression for the gain is:
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[N

G, =-20log,, [(1—”—2} +[2§£J ] (4.14)
. o,

» Inlow frequencies,ﬂ << 1, the gain is: G, = —-201log,, (1) ~ () dB3. The asymptote at low
@

i

frequencies is zero.

w
» In high frequencies,ﬂ >>1, the gain is:G, =~—20log,, (—JThe high frequency
w

I i

asymptote is a slope of -40 dB/decade.

1
» If the input signal pulse is @_, SO B 1, the gain 1s: G, =-20log,, |:( 295)2 }2

w

i

This gain for the cutoff frequency depends on the damping coefficient.
If we assume £ =1, the gain is—6dB.

A similar reasoning is carried out to determine the asymptotic diagram of the phase shift.

2
@ = —arctan 5%, (4.15)

(i=e)

» In low frequencies, 2. << 1, the gain 1s: —@ = 0° . The asymptote at low frequencies is
@

i

ZCro.

» In high frequencies, 2 51 , the gain is ¢p = —arctan ﬂ ~ — arctan (0) =-180°.

o, (l—a),f)

The high frequency asymptote is a horizontal line at —180°.

a)ﬂ

» If the input signal pulse is @ , SO—==1, the phase shift is: qp(a)c ) = —arctan(oo) =-90°.

w

In Figure 4.5, the Bode diagram (amplitude and phase) is given for:

1

G(p)=———.
(P) Pr+0,5p+1

(4.16)
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Bode Diagrams
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Fig.4.5: Asymptotic Bode diagram of a 2nd order system.

The resonance pulsation is the one that cuts the a}ds(OdB) at the pulsation: @w=@_, with: rthe

Iesonance.

Deriving equation (4.14) forw = w, :

%:0: ®, = @ \J1—2E7 if2E% < lorelse £ < 0,7
®
» If&very small: @, = @ and Case of G max = ; 1
®w .o
Lol Rt
2 w??
» If&<0.7: the module has passed through a Max G,; max = ; This maximum

21— &2

is obtained by: @ = @, = w,f1-£7 .
1

2efl-&

The resonance factor or surge factor: O =
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4.3.3 Phase margin
We call it phase margin, noted M/, , the deviation between the -180° value and the phase of the
zero gain point pulse point @, ;. :

M, = Arg (T (jo,,;))+180° (4.17)

The system 1s stable in closed loop if, for this pulsation, the corresponding phase is strictly
greater than -180°.

It 1s common to want a phase margin of 45°.
4.3.4 Profit margin

We call it the profit margin, notedM ., the gap between the pulse point gain® . the phase
point pulsation equal to -180° and the value 0 dB :

M, =-20l0g,, [T (jeo_,yy ) (4.18)

The system is closed-loop stable 1f, for this pulsation, the corresponding gain is strictly negative.

It 1s common to want a profit margin of10 dB .

4.3.5 Graphical interpretations

4 GdB [dB]
The critical
(-180°,0dB)
Mo
L

Fig.4.6: Phase Margin and Gain Margin of Bode Plot.

4.4 Nyquist Location

Gain and phase curves are not the only possible representation of the harmonic behavior of a
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transfer function system. G(p) . There is another representation which consists of decomposing

the transfer function into its real and imaginary part.

G( p) relative to an open loop system, the Nyquist diagram is the locus of the points defined:

e In polar coordinates: Defined by a radius vector equal to the value of the modulus of

G(jo)and a polar angle equal to the argument of G(jw). The location is graduated

relative to the frequency. o .
G(jw) =|G(jo)e™” =|G(jo)|(cosp+ jsing) (4.19)

e In rectangular coordinates: Defined by a curve giving the variation of the imaginary
part as a function of the real part of the transfer function.

G(w)=Re(w)+ jIm(w) (4.20)

This formulation is used by Nyquist to represent the harmonic response of a given system by

its transfer function, it is the plot of the polar coordinate curve G(@) And (@) when  varies

from 0 to +oo. This curve is called the Nyquist locus or polar locus. (Figure 4.7)

Imaginary

o=10°

Fig.4.7: Nyquist curve.

We generally complete this curve by symmetry with respect to the real axis to have its
representation when o varies from 0 to — co. This part of the curve has no physical meaning, but
it is necessary to plot it if we want to study mathematically the stability of the control.

We can thus complete the curve because the coefficients of the differential equation which
governs the phenomenon are assumed to be constant and real.

Like Bode plots, the Nyquist locus can be plotted either experimentally or from the transfer

function if it is known, which is why it is also called the "transfer locus in the Nyquist plane".
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4.4.1 Nyquist locus of a first-order system

K
1+1p

Let us consider a first-order system of transfer function: G(p) =

With 7" : the time constant. On the other hand, if we separate the real and imaginary parts of the

transfer function, we have:

K K(1- jTw) K —KTw
G(jo)= = = Re(w)=———, Im(w)=——— 421
(o) 1+jTo  1+71°0° @) 1+ 70’ @) 1+70’ (4.21)
It is easy to find the different points of this curve (Fig.4.8):
Re —
Re > K Re—0 2
©—0 . oo o1 I+d (422)
Im—>0 Im—0 -KT
Irn 2
1+7
Imaginary
o=-1/T
= =00 |
oW=o
Fig.4.8: Nyquist diagram of a first-order system.
Example 4.3:
) 1
Let the transfer function system be: G(p) = T g
P

To establish the Nyquist locus, we replace p by jo InG(p) and we break down G(jo)into a

real part and an imaginary part.
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4.4.2 Nyquist locus of a 2nd order system
Kao?

i1

P +2o pral

The transfer function of a 2nd order system: G(p) =

This time we trace G(jw) = |G( ja))|ef A4 in polar coordinates.

The shape of the curve (Fig. 4.10) can be deduced from the Bode curves. We see in particular
that:

m:O:{'G(mﬂ:K , m%w{lG(mﬂ:O (4.23)
o=0° @=—180°

It is difficult to equate the curve because it does not have a known classical shape.

e For a system with very little or no damping, resonance occurs for@, so fortgp=—wx,
eitherp=-90°.

e The larger £, the "smaller” the curve is and the closer it is to that of a first-order system
(semi-circle).

o Whenwm— oo, — —180°. The curves are therefore tangent to the real axis.



Regulation and control Chapter 4: Frequency responses of linear systems

Imagnay Axs

Fig.4.10: Nyquist locus of a 2nd order system.

Example 4.4:

Let the FT system be:

= pitees
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Nyquist Diagram

D3f 1

0D2f 1

Real Axis

Fig.4.11: Nyquist locus of the FT G(p) = ;by MATLARB.
1+ p)2+ p)
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