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Tutorial   N.o6 
 

 

Exercise 1Given the three points (0, 1), (1, 0.5), 𝑎𝑛𝑑 (3, 0.25) for the function 𝑓(𝑥) ∶ 

1. Determine the Lagrange polynomial that passes through these points. 

2. Find an approximation of 𝑓(1.5) . 
3. Knowing that 𝑓(𝑥) = 1 − (𝑥 + 1), calculate the maximum error when approximating 

𝑓(𝑥) with the Lagrange polynomial 𝑃(𝑥) , and compare it with the exact error. 

Exercise 2:   

Given the polynomials 𝑃(𝑥) 𝑎𝑛𝑑 𝑄(𝑥) defined as follows: 

0 0 1 2 

𝑃(𝑥) -6 3 21 

𝑄(𝑥) 10 15 40 

Find the points of intersection using the Lagrange interpolation method. 

Exercise 3: Using the following data, find an approximation of  𝑓(4.5) with a Newton 

polynomial of degree 2: 

𝑥 1.0 3.0 5.0 7.0 

𝑓(𝑥) 0.0000 1.2528 1.6094 1.9456 

Exercise 4: 

1. Using Newton’s interpolation method, calculate an approximation of √1.6. Take x0=1 𝑥1 

=1, 𝑥2 =2, and 𝑥3=3. 

2. Calculate the error committed 

Exercise 5 (Supplementary): 

Determine the Lagrange polynomial for the function  𝑓(𝑥) =∣ 𝑥 ∣ that passes through the points 

with  x-coordinates − 1 ,− 0.5 , 0 , 0.5 , 𝑎𝑛𝑑 1 1. 
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Solution of   Tutorial   N.o6 

 
Exercise 1: 

𝑥𝑖 𝑥0 = 0 𝑥1=1 𝑥2=2 

𝑓(𝑥𝑖)= 𝑦𝑖 𝑦0=1 𝑦1 = 0.5 𝑦2=0.25 

 

1. Lagrange Polynomial Passing Through the 3 Points: 

 

We have 3 points, so the degree of the polynomial is n ≤ 2. 

 

𝑃2(𝑥) = ∑
𝐿𝐾(𝑥)

𝐿𝐾(𝑥𝐾)
𝑦𝐾

2

𝑘=0

=
𝐿0(𝑥)

𝐿0(𝑥0)
𝑦0 +

𝐿1(𝑥)

𝐿1(𝑥1)
𝑦1 +

𝐿2(𝑥)

𝐿2(𝑥2)
𝑦2 

For 𝐾 = 0: 

𝐿0(𝑥)

𝐿0(𝑥0)
=
(𝑥 − 𝑥1)(𝑥 − 𝑥2)

(𝑥0 − 𝑥1)(0 − 𝑥2)
=
(𝑥 − 1)(𝑥 − 3)

(0 − 1)(0 − 3)
=
1

3
(𝑥 − 1)(𝑥 − 3) 

For 𝐾 = 1: 

𝐿1(𝑥)

𝐿1(𝑥1)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥2)

(𝑥1 − 𝑥0)(𝑥1 − 𝑥2)
=
(𝑥 − 0)(𝑥 − 3)

(1 − 0)(1 − 3)
= −

1

2
𝑥(𝑥 − 3) 

 

For 𝐾 = 2: 

𝐿2(𝑥)

𝐿2(𝑥2)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥1)

(𝑥2 − 𝑥0)(𝑥2 − 𝑥2)
=
(𝑥 − 0)(𝑥 − 1)

(3 − 0)(3 − 1)
=
1

6
𝑥(𝑥 − 1) 

 

Thus, 

𝑃2(𝑥)=
1

3
(𝑥 − 1)(𝑥 − 3) −

1

2
𝑥(𝑥 − 3) +

1

6
𝑥(𝑥 − 1) = 0.125𝑥2 − 0.625𝑥 + 1. 

 

 

2. Approximation of 𝒇(𝟏. 𝟓) 

Using the Lagrange polynomial𝑃2(𝑥), we find: 

𝑦(𝑥)  =  𝑃2(1.5)  =  0.125(1.5
2)  −  0.625(1.5) +  1  

𝑦(1.5)  ≈ 0.344 
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3. Calculation of the Maximum Error: 

|𝑓(𝑥)  −  𝑃2(𝑥)| ≤ 𝐸𝑀𝑎𝑥(𝑥) 

 

Where: 

𝐸𝑀𝑎𝑥(𝑥) =
𝑀

(𝑛 + 1)!
∏ |𝑥 − 𝑥𝑖|

2

𝑖=0
 

𝑀 = 𝑀𝑎𝑥{|𝑓(3)(𝜉)|},      𝜉 ∈ [0,3] 

𝑓(𝑥) = −
1

(𝑥+1)2
 ,      𝑓′′ =

2

(𝑥+1)3
,                 𝑓′′′ = −

6

(𝑥+1)4
 

𝑀 = 𝑀𝑎𝑥 {|−
6

(𝜉 + 1)4
|} = 𝑀𝑎𝑥 {|

6

(𝜉 + 1)4
|} ,      𝜉 ∈ [0,3], 

∀ 𝑥1 ∈ [0,3],                ∀ 𝑥2 ∈ [0,3],                    

𝑥1 < 𝑥2 ⇒ 𝑥1 + 1 < 𝑥2 + 1 ⇒ (𝑥1 + 1)
4 < (𝑥2 + 1)

4 ⇒
1

(𝑥1+1)
4>

1

(𝑥2+1)
4 ⇒

6

(𝑥1+1)
4>

6

(𝑥2+1)
4 

⇒ |𝑓′′′(𝑥1)|>|𝑓
′′′(𝑥2)|⇒|𝑓

′′′(𝑥)| ↘ 

The maximum is obtained for 𝑥 =  0. Thus, 

𝑀 =
6

(0+1)4
= 6, 

𝐸𝑀𝑎𝑥(𝑥) =
6

3 ∗ 2
|𝑥||𝑥 − 1||𝑥 − 3|,      𝑥 ∈ [0,3] 

For 𝑥 =  1.5,  𝐸𝑀𝑎𝑥(1.5) = |1.5||1.5 − 1||1.5 − 3|   

𝐸𝑀𝑎𝑥(1.5) = 1.125 

𝐸𝑒𝑥𝑎𝑐𝑡 = |𝑓(1.5) − 𝑃2(1.5)||0.4 − 0.344| 

𝐸𝑒𝑥𝑎𝑐𝑡 = 0.056 

    

Comparison: 

We observe that 𝐸𝑒𝑥𝑎𝑐𝑡< 𝐸𝑀𝑎𝑥 . 
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Exercise 2: 

Lagrange Polynomial 

a. 𝑷(𝒙) 

𝑥𝑖 𝑥0 = 0 𝑥1=1 𝑥2=2 

𝑓(𝑥𝑖)=𝑦𝑖 𝑦0=-6 𝑦1 = 3 𝑦2=21 

 

We have 3 points, so the degree of the polynomial is n ≤ 2. 

 

𝑃2(𝑥) = ∑
𝐿𝐾(𝑥)

𝐿𝐾(𝑥𝐾)
𝑦𝐾

2

𝑘=0

=
𝐿0(𝑥)

𝐿0(𝑥0)
𝑦0 +

𝐿1(𝑥)

𝐿1(𝑥1)
𝑦1 +

𝐿2(𝑥)

𝐿2(𝑥2)
𝑦2 

For 𝐾 = 0: 

𝐿0(𝑥)

𝐿0(𝑥0)
=

(𝑥 − 𝑥1)(𝑥 − 𝑥2)

(𝑥0 − 𝑥1)(𝑥0 − 𝑥2)
=
(𝑥 − 1)(𝑥 − 2)

(0 − 1)(0 − 2)
=
1

2
(𝑥 − 1)(𝑥 − 2) 

For 𝐾 = 1: 

𝐿1(𝑥)

𝐿1(𝑥1)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥2)

(𝑥1 − 𝑥0)(𝑥1 − 𝑥2)
=
(𝑥 − 0)(𝑥 − 2)

(1 − 0)(1 − 2)
= −𝑥(𝑥 − 2) 

 

For 𝐾 = 2: 

𝐿2(𝑥)

𝐿2(𝑥2)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥1)

(𝑥2 − 𝑥0)(𝑥2 − 𝑥2)
=
(𝑥 − 0)(𝑥 − 1)

(3 − 0)(3 − 1)
=
1

2
𝑥(𝑥 − 1) 

 

Thus, 

𝑃2(𝑥)=
1

2
(𝑥 − 1)(𝑥 − 2)(−6) − 𝑥(𝑥 − 2)(3) +

1

2
𝑥(𝑥 − 1)(21) 

𝑃2(𝑥)=
1

2
=

9

2
𝑥2 +

9

2
𝑥 − 6. 

b. Q(x) 

𝑥𝑖 𝑥0 = 0 𝑥1=1 𝑥2=2 

𝑓(𝑥𝑖)=𝑦𝑖 𝑦0=10 𝑦1 = 15 𝑦2=40 

 

We have 3 points, so the degree of the polynomial is n ≤ 2. 

 

𝑄2(𝑥) = ∑
𝐿𝐾(𝑥)

𝐿𝐾(𝑥𝐾)
𝑦𝐾

2

𝑘=0

=
𝐿0(𝑥)

𝐿0(𝑥0)
𝑦0 +

𝐿1(𝑥)

𝐿1(𝑥1)
𝑦1 +

𝐿2(𝑥)

𝐿2(𝑥2)
𝑦2 
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For 𝐾 = 0: 

𝐿0(𝑥)

𝐿0(𝑥0)
=
(𝑥 − 𝑥1)(𝑥 − 𝑥2)

(𝑥0 − 𝑥1)(0 − 𝑥2)
=
(𝑥 − 1)(𝑥 − 2)

(0 − 1)(0 − 2)
=
1

2
(𝑥 − 1)(𝑥 − 2) 

For 𝐾 = 1: 

𝐿1(𝑥)

𝐿1(𝑥1)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥2)

(𝑥1 − 𝑥0)(𝑥1 − 𝑥2)
=
(𝑥 − 0)(𝑥 − 2)

(1 − 0)(1 − 2)
= −𝑥(𝑥 − 2) 

 

For 𝐾 = 2: 

𝐿2(𝑥)

𝐿2(𝑥2)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥1)

(𝑥2 − 𝑥0)(𝑥2 − 𝑥2)
=
(𝑥 − 0)(𝑥 − 1)

(3 − 0)(3 − 1)
=
1

2
𝑥(𝑥 − 1) 

 

Thus, 

𝑄2(𝑥)=
1

2
(𝑥 − 1)(𝑥 − 2)(10) − 𝑥(𝑥 − 2)(15) +

1

2
𝑥(𝑥 − 1)(40) 

𝑄2(𝑥) = 10𝑥2 − 5𝑥 + 10. 

 

 

Exercise 3: 

Approximation of 𝒇(𝟒. 𝟓) : 

 

Since the polynomial is of degree 2, we need only 3 points. We choose points with abscissas close to 4.5. 

These points are presented in the following table: 

𝑥𝑖 𝑥0 = 3 𝑥1=5 𝑥2=7 

𝑓(𝑥𝑖)=𝑦𝑖 𝑦0=1.2528 𝑦1 = 1.6094 𝑦2=1.9459 

 

We have 3 points, so the degree of the polynomial is 𝑛 =  2. The Newton polynomial passing through 

these 3 points is: 

𝑃2(𝑥)=𝑦0 +
∆𝑦0

1!ℎ1
(𝑥 − 𝑥0)+ 

∆2𝑦0

2!ℎ2
(𝑥 − 𝑥0)( 𝑥 − 𝑥1) 

where:  h = 𝑥1 - 𝑥0 = 𝑥2 − 𝑥1= 2 

𝑥0 = 3 → 𝑦0 = 1.2528  

∆𝑦0 = 𝑦1 − 𝑦0 = 0.3566 

𝑥1 = 5 → 𝑦1 = 1.6094  

∆2𝑦0 = ∆𝑦1 − ∆𝑦0 = −0.0201 

∆𝑦1 = 𝑦1 − 𝑦0 = 0.3566 
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𝑥2 = 7 → 𝑦2 = 1.9459 

 

Thus: 

𝑃2(𝑥)=1.2528 + 
0.3566

2
 (𝑥 −  3) + 

−0.0201

2!22
 (𝑥 −  3) (𝑥 −  5)  

𝑃2(𝑥) =  1.2528 +  0.1783 (𝑥 −  3)  −  0.0025 (𝑥 −  3)(𝑥 −  5) 

 

The approximation of 𝑓(4.5) is: 

𝑓(4.5) ≈ 𝑃2(4.5) =  1.2528 +  0.1783 (4.5 −  3)  −  0.0025 (4.5 −  3)(4.5 −  5)  

𝑃2(4.5)  = 1.5221 

 

𝐄𝐱𝐞𝐫𝐜𝐢𝐬𝐞 𝟒: 

1. Calculation of the Approximation of √𝟏. 𝟔 

𝑥𝑖 𝑥0 = 1 𝑥1=2 𝑥2=3 

𝑓(𝑥𝑖)=𝑦𝑖 𝑦0=1 𝑦1 = 1.4142 𝑦2=1.7320 

 

The Newton polynomial passing through these 3 points is: 

𝑃2(𝑥)=𝑦0 +
∆𝑦0

1!ℎ1
(𝑥 − 𝑥0)+ 

∆2𝑦0

2!ℎ2
(𝑥 − 𝑥0)( 𝑥 − 𝑥1) 

 

where:  h = 𝑥1 - 𝑥0 = 𝑥2 − 𝑥1= 2 

 

𝑥0 = 1 → 𝑦0 = 1  

∆𝑦0 = 𝑦1 − 𝑦0 = 0.4142 

𝑥1 = 2 → 𝑦1 = 1.4142 

∆2𝑦0 = ∆𝑦1 − ∆𝑦0 = −0.0964 

∆𝑦1 = 𝑦1 − 𝑦0 = 03178 

𝑥2 = 3 → 𝑦2 = 1.7320 

 

Thus: 

𝑃2(𝑥)=1 + 
0.4142

1!11
 (𝑥 −  1) + 

−0.0946

2!12
 (𝑥 −  1) (𝑥 −  2)  

𝑃2(𝑥) =  1 +  0.4142 (𝑥 −  1)  −  0.0482 (𝑥 −  1)(𝑥 −  2) 

 

The approximation of 𝑓(√𝟏. 𝟔) is: 

𝑓(1.6) = =  1 +  0.4142 (1.6 −  1)  −  0.0482 (1.6 −  1)(1.6 −  2)  
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𝑃2(1.6)  = 1.2601 

 

 

2. Error Committed: 

The error committed in approximating √𝟏. 𝟔 by𝑃2 (1.6) is: 

 

𝐸𝑒𝑥𝑎𝑐𝑡 = |𝑓(1.6)−𝑃2(𝑥)| = |√1.6 − 1.2601| = 0.0048. 

 

Exercise 5 (Supplementary): 

𝑥𝑖 𝑥0 = −1 𝑥1=-0.5 𝑥2=0 𝑥2=0.5 𝑥2=1 

𝑓(𝑥𝑖)= 𝑦𝑖 𝑦0=1 𝑦1 = 0.5 𝑦2=0 𝑦2=0.5 𝑦2=1 

 

1. Lagrange Interpolation Polynomial of the Function 𝒇(𝒙) Passing Through the Above Points: 

 

We have 5 points, so the degree of the polynomial is 𝑛 ≤  4. 

𝑃4(𝑥) = ∑
𝐿𝐾(𝑥)

𝐿𝐾(𝑥𝐾)
𝑦𝐾

2

𝑘=0

=
𝐿0(𝑥)

𝐿0(𝑥0)
𝑦0 +

𝐿1(𝑥)

𝐿1(𝑥1)
𝑦1 +

𝐿2(𝑥)

𝐿2(𝑥2)
𝑦2 +

𝐿3(𝑥)

𝐿3(𝑥3)
𝑦3 +

𝐿4(𝑥)

𝐿4(𝑥4)
𝑦4 

For 𝐾 = 0: 

𝐿0(𝑥)

𝐿0(𝑥0)
=

(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥0 − 𝑥1)(𝑥0 − 𝑥2)(𝑥0 − 𝑥3)(𝑥0 − 𝑥4)
 

              =
(𝑥 + 0.5)(𝑥 − 0)(𝑥 − 0)(𝑥 − 0)

(−1 + 0.5)(−1 − 0)(−1 − 0.5)(−1 − 1)
 

              =
2

3
(𝑥 + 0.5)𝑥(𝑥 − 0.5)(𝑥 − 1) 

 

For 𝐾 = 1: 

𝐿1(𝑥)

𝐿1(𝑥1)
=

(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥0 − 𝑥1)(𝑥0 − 𝑥2)(𝑥0 − 𝑥3)(𝑥0 − 𝑥4)
 

              =
(𝑥 + 1)(𝑥 − 0)(𝑥 − 0.5)(𝑥 − 1)

(−0.5 + 1)(0.5 − 0)(−0.5 − 0.5)(−0.5 − 1)
 

              = −
8

3
(𝑥 + 1)𝑥(𝑥 − 0.5)(𝑥 − 1) 
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For 𝐾 = 2: 

𝐿2(𝑥)

𝐿2(𝑥2)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥1)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥2 − 𝑥0)(𝑥2 − 𝑥1)(𝑥2 − 𝑥3)(𝑥2 − 𝑥4)
 

             =
(𝑥 + 1)(𝑥 + 0.5)(𝑥 − 0.5)(𝑥 − 1)

(0 + 0.5)(0 + 0.5)(0 − 0.5)(0 − 1)
 

              

             = 4(𝑥 + 1)(𝑥 + 0.5)(𝑥 − 0.5)(𝑥 − 1) 

 

For 𝐾 = 3: 

𝐿3(𝑥)

𝐿3(𝑥3)
=

(𝑥 − 𝑥1)(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥4)

(𝑥3 − 𝑥0)(𝑥3 − 𝑥1)(𝑥3 − 𝑥2)(𝑥3 − 𝑥4)
 

              =
(𝑥 + 1)(𝑥 + 0.5)(𝑥 − 0)(𝑥 − 1)

(0.5 + 1)(0.5 + 0.5)(−0.5 − 1)(0.5 − 1)
 

              = −
8

3
(𝑥 + 1)(𝑥 + 0.5)𝑥(𝑥 − 1) 

 

For 𝐾 = 4: 

𝐿4(𝑥)

𝐿4(𝑥4)
=

(𝑥 − 𝑥0)(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3)

(𝑥4 − 𝑥0)(𝑥4 − 𝑥1)(𝑥4 − 𝑥2)(𝑥4 − 𝑥3)
 

              =
(𝑥 + 1)(𝑥 + 0.5)(𝑥 − 0)(𝑥 − 0.5)

(1 + 1)(1 + 0.5)(1 − 0)(1 − 0.5)
 

              =
2

3
(𝑥 + 1)𝑥(𝑥 + 0.5)𝑥(𝑥 − 0.5) 

 

 

Thus, 

𝑃4(𝑥)=
2

3
(𝑥 + 0.5)𝑥(𝑥 − 0.5)(𝑥 − 1)(1) −

8

3
(𝑥 + 1)𝑥(𝑥 − 0.5)(𝑥 − 1)(0.5) + 4(𝑥 + 1)(𝑥 + 0.5)(𝑥 −

0.5)(𝑥 − 1)(0) −
8

3
(𝑥 + 1)(𝑥 + 0.5)𝑥(𝑥 − 1)(0.5)+ 

2

3
(𝑥 + 1)𝑥(𝑥 + 0.5)𝑥(𝑥 − 0.5)(1) 

𝑃4(𝑥) = −
4

3
𝑥4 +

7

3
𝑥2. 

 

 

 

 


