Tutorial N.o6

Exercise 1Given the three points (0, 1), (1,0.5), and (3,0.25) for the function f(x) :
1. Determine the Lagrange polynomial that passes through these points.
2. Find an approximation of f(1.5) .
3. Knowing that f(x) = 1 — (x + 1), calculate the maximum error when approximating
f(x) with the Lagrange polynomial P(x) , and compare it with the exact error.
Exercise 2:

Given the polynomials P(x) and Q(x) defined as follows:

0 0 1 2
P(x) |-6 3 21
Q(x) |10 15 40

Find the points of intersection using the Lagrange interpolation method.

Exercise 3: Using the following data, find an approximation of f(4.5) with a Newton
polynomial of degree 2:

x 1.0 3.0 5.0 7.0
f(x) |0.0000 1.2528 | 1.6094 | 1.9456

Exercise 4:

1. Using Newton’s interpolation method, calculate an approximation of v1.6. Take x0=1 x;
=1, x, =2, and x3=3.
2. Calculate the error committed

Exercise 5 (Supplementary):

Determine the Lagrange polynomial for the function f(x) =| x | that passes through the points
with x-coordinates —1,—0.5,0,0.5,and 1 1.
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Solution of Tutorial N.o6

Exercise 1:
X Xg = 0 x1=1 x2:2
f(x)=yi Yo=1 y; = 0.5 y,=0.25

1. Lagrange Polynomial Passing Through the 3 Points:

We have 3 points, so the degree of the polynomial is n < 2.

O L) L L) L
Po(x) = e Ly (xk) Yk = Lo (xo) Yo Ly(xq) Nt Ly(x3) %
For K = 0:
L)  (x—x)(x—x) @-Dx=-3) 1
Lot~ o= x)(0—x)  (0-D©-3) 3FD*=3)
ForK = 1:
L) _ (x)=x)  G-0G=3)_ 1 .
Li(x))  (t1—x)(x—x) (1-0)(1-3) 2
For K = 2:
L) _ (-x)-x)  G-06-D 1.
Ly(x3) - (xz — x0) (X2 — x7) - B-03B-1) 6
Thus,

P(x)=; (x — 1)(x — 3) — > x(x — 3) +=x(x — 1) = 0.125x2 — 0.625x + 1.

2. Approximation of £(1.5)

Using the Lagrange polynomial P, (x), we find:
y(x) = P,(1.5) = 0.125(1.5%) — 0.625(1.5) + 1
y(1.5) =~ 0.344
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3. Calculation of the Maximum Error:
[f(x) — P(x)]| < Epgyx (%)

Where:

Epax(x) =

M 2
n+1)! l_L:OIx — X

M = Max{|f®©]}, ¢€[03]

1 2 6

f@=-wm [ = =y
6 6

M= M“"ﬂ‘m J= M“"ﬂm J cels)

Vv x; € [0,3], v x, € [0,3],

1 1

6 6

X1 <% 2x+1<x+1=20+D*<(x,+1D*=>

= If" )P G2 ]

(x1+D* (p+1)*

The maximum is obtained for x = 0. Thus,

6
o0+t 6,

6
Enyax(x) = mlxllx —1llx—-3]|, x€1[0,3]

Forx = 1.5, Epqac(1.5) = |1.5]|1.5 — 1]|1.5 — 3]

Epax(1.5) = 1.125
Eexace = |f(1.5) — P,(1.5)]|0.4 — 0.344|
Eexact = 0.056

Comparison:
We observe that E,.00:< Epax-

(x1+1D* (x+1)*
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Exercise 2:
Lagrange Polynomial

a. P(x)
X Xg = 0 x1=1 x2:2
fx)=y; Yo=-6 y1 =3 y,=21

We have 3 points, so the degree of the polynomial is n < 2.

O L) L) L) L
P (x) = e Ly (xk) YK = Lo (xo) Yo Lq(xq) it Ly(x3) Y2
For K = 0:
L)  (r—x)@E-x) (x-DE-2) 1
Lot~ (o—x)(—x) O-D—2) 2 D&~
ForK = 1:
L) _ (ox)=x) _E=0G=2_
Li(x)  (t1—x9)(x —x) (1-0)(1-2)
For K = 2:
L) _ (-x)-x)  G-0G-D L
Ly(x3) - (xz — x0)(xz — x7) - B-03B-1) 2
Thus,

P ()= (x — 1)(x — 2)(=6) — x(x — 2)(3) + 5 x(x — 1)(21)

Pz(x):% = gxz +§x — 6.

b. Q(x)
Xi X9 =0 x1=1 X,=2
f(x)=y; ¥o=10 y1 =15 y2=40

We have 3 points, so the degree of the polynomial is n < 2.

D) L) L LX)
P Lk (xxk) Yk = Lo(x0) Yo Ly(x1) T Lp(x2) Y2

Q,(x) =




For K = 0:
Lo(x)  (x—x)x—x) (x—1(x—-2) 1

Lo(io)  (o—x)0—x) (0—D(0—2) 2& D=2

ForK = 1:

L) | @omor) -0G=2)

Lqi(x1) - (x1 —x0)(x1 — x3) - (1-0)(1-2) B
For K = 2:

L) G-wE-m) _G-0-D 1

L0 —x)m-x) G-0@-1 2°¢ D
Thus,

Q2(0)=> (x — 1) (x — 2)(10) — x(x — 2)(15) + > x(x — 1)(40)

Q,(x) = 10x% — 5x + 10.

Exercise 3:

Approximation of f(4.5):

Since the polynomial is of degree 2, we need only 3 points. We choose points with abscissas close to 4.5.

These points are presented in the following table:

Xi Xo =3 X1=5 x,=1

£ (x)=y; ,=1.2528 y, = 1.6094 v,=1.9459

We have 3 points, so the degree of the polynomial is n = 2. The Newton polynomial passing through
these 3 points is:

A A?
Po(x)=yo + % (x — %)+ 523 (X = %) (X — %)

where: h=x; -xy=x, — x;=2
Xo =3y, =1.2528
Ay, = y; —yo, = 0.3566
x; =5-y; =1.6094
A%y, = Ay, — Ay, = —0.0201
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Ayl = yl - yO = 0.3566




X, =7-y,=1.9459

Thus:

0.3566 —0.0201

Pz(x)=1.2528+T(x = 3)+t—5

(x =3)(x = 5)
P,(x) = 1.2528 + 0.1783 (x — 3) — 0.0025 (x — 3)(x — 5)

The approximation of f(4.5) is:

f(4.5) ~ P,(45) = 1.2528 + 0.1783 (4.5 — 3) — 0.0025 (4.5 — 3)(45 — 5)

P,(4.5) =1.5221

Exercise 4:

1. Calculation of the Approximation of v1.6

X; X =1 x1=2 xX,=3

The Newton polynomial passing through these 3 points is:

A A?
P,(x)=y, + %(x — Xg)* 2”3:3 (x —x0)(x — x1)

where: h=x; -xy=x, —x,=2

Xg=1-y,=1
Ayo =y, — Yo = 0.4142
X1 =2-y;,=14142

Ayl = yl - yo = 03178
x, =3-y,=17320

Thus:

0.4142 —0.0946

T X - Dr—o— (- D(x - 2)
Py(x) = 1 + 04142 (x — 1) — 0.0482 (x — 1)(x — 2)

P,(x)=1+

The approximation of f(v1.6) is:
f(1.6)==1+ 04142 (1.6 — 1) — 0.0482 (1.6 — 1)(1.6 — 2)

A%y, = Ay, — Ay, = —0.0964
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P,(1.6) =1.2601

2. Error Committed:

The error committed in approximating v1.6 byP, (1.6) is:

Eoxact = |f(1.6)—P,(x)| = |V1.6 — 1.2601| = 0.0048.

Exercise 5 (Supplementary):

X Xg = -1 X1:'O.5 XZZO x2:0.5 x2:l

fx)=y; Yo=1 y1 = 0.5 y2=0 y,=0.5 y2=1

1. Lagrange Interpolation Polynomial of the Function f(x) Passing Through the Above Points:

We have 5 points, so the degree of the polynomial is n < 4.

J L@ Lo L) L) L@ L
Lk Ce) T LoGe0) 0 T L) T LG L) T LG

P4(x) =
k

For K = 0:

Lo(x) (o —x)(x — x2) (x — x3) (x — x)

Lo (x0) Bl (xg — x1) (xg — x2) (%9 — x3) (X9 — x4)
B (x+05)x—-0)(x—-0)(x—-0)
(-1+05)(-1-0)(-1-0.5)(-1-1)

- %(x +0.5)x(x = 0.5)(x — 1)

ForK = 1:
Ly (x) _ (o — ) (x — x2) (x — x3) (x — x4)
Li(xy)  (xo — x1)(xp — x2) (0 — x3) (0 — x4)
B x+1D)x-0)(x—-05)(x—-1)
(-0.5+1)(0.5-0)(—-0.5-0.5)(—-0.5—-1)

= —g(x + Dx(x—0.5)(x—1)
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For K = 2:
Ly(x) (= x0)(x — xy)(x — x3) (x — x4)
Ly(x3) B (X3 — x0) (3 — x1) (x5 — x3) (x5 — x4)
B (x+1D(x+05)(x—-05)(x—-1)
~ (04 0.5)(0+ 0.5)(0—0.5)(0 — 1)

=4(x+ 1D(x+05)x—-05)(x—-1)

For K = 3:
L3(x) _ (x = x)(x — x1) (x — x3) (x — x4)
L3(x3) - (x5 — x0) (x3 — x1) (3 — x3) (X3 — x4)

B x+1Dx+05)x—-0)(x—-1)

~ (0.5+1)(0.5+ 0.5)(—0.5—1)(0.5 — 1)

= —g(x + 1) (x+ 0.5)x(x —1)

For K = 4:
Ly(x) _ (x = x0) (x — 21) (x — x5) (x — x3)
Ly(xg) (g — x0) (g — x1) (4 — x2) (x4 — x3)
B (x+1)(x+0.5)(x—0)(x—0.5)
T (1+1)A+0501-0(1-0.5)

= %(x + 1)x(x + 0.5)x(x — 0.5)

Thus,

P4(x):§ (x + 0.5)x(x — 0.5)(x — 1)(1) — g (x + Dx(x — 0.5)(x — 1)(0.5) + 4(x + 1) (x + 0.5) (x —

0.5)(x — 1)(0) =2 (x + 1)(x + 0.5)x(x — 1)(0.5)+ % (x + )x(x + 0.5)x(x — 0.5)(1)

P,(x) = —§x4 + gxz.




