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Chapter 1V:
Numerical Integration




V1. Introduction
In this chapter, we will attempt to cover some numerical methods for calculating integrals: the

trapezoidal rule, Simpson's rule, the generalized trapezoidal rule, and the generalized Simpson's rule.
In practice, we often resort to these methods because the function to be integrated is generally known
only at a finite number of points and is difficult to integrate analytically. These integration techniques
aim to approximate the value of the integral using several values of the function to be integrated.

We are therefore interested in estimating the value of an integral of the form:

J= fabf(x)dx

f is a continuous function defined on the interval [a, b]. The approximate value of the integral

corresponds to the area A under the curve of f(x).
VoA

ﬂ,.‘l ES

fla) +

i
'
1

\

\
' ‘
'

() d /)

L

Figure.approximation of the integral by a trapezoid surface

The area corresponds to the surface of the trapezoid given by:

b—
S===(f(a) + f(b)
We can divide the interval [a, b] into n parts and consider the areas of the trapezoids.
Let's take n=4 small intervals:
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Approximation of the integral by fourt trapezoid surface.
h=x;,1—x;withi=0,3
We sum the areas of the 4 trapezoids:

h
S = E(f(xi) - f(xiz1)

A=Y S =2(f(x0) +2f(x:) + 2f (x2) + 2f (%) + f(xa))

In general, the integral f: f(x)dxcan be written as:

n

b
[ reax =Y aseo
a i=0
where a;are the coefficients to be determined.

4.2. Trapezoidal and Simpson's Method

Forn = 1: f(x)zl:f:f(x)dx=b—a=a0*1+a1*1
b

fo=x= [ xax = (@9/2) - (@)/2) = aora+as+b
a
Solving this system of 2 equations gives: ao, =a; = ((b—a)/2)

Thus, we obtain the formula of the trapezoidal rule:

b
| r@ax~ - wla/2)r@ + @)

The trapezoidal rule can be obtained by approximating f(x) with the straight line segment joining the
two points (a, f(a)) and(b, f(b)).
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Forn=2:f(x)=1=> ffldx=b—a=a0*1+a1*1+a2*1

b 2 2
f(x)=x=>f xdx =(b?)—(a?)=a°*a+a1*<(a;b)>+a2*b

b
fx) =x*= j x*dx = ((b*)/3) - ((@*)/3) = ao*a® + a, * (((a + b)/2))* + a, = b*

Solving this system of 3 equations gives: ap = a, = ((b—a)/6) eta, = 4((b—a)/6)
Thus, we obtain Simpson's formula:

[[reote=0-w[tr@+5r(432) + 110

Simpson's formula can also be obtained by approximating f(x) with the parabola passing through the
points (a, f(a)), f(((a + b)/2))) et (b, f(b)

3. Generalized Trapezoidal Rule

We divide the interval [a, b] into n equal parts of length h = ((b — a)/n). The resulting subintervals
are: [xo, x1], [x1, X2], .- ... y [Xn—1,%5]

By applying the trapezoidal rule to each subinterval, we get:

b n-1 Xit1 n-1 h
[ reoax = D, e =3 U0+ )

We observe that all the terms f(x;)are repeated twice, except the first and the last.

We conclude that:

b
f fx)dx = g[f(xo) + f(x,) + Z(f(xl) + f(x3) + ---..+f(xn))]

a
This formula is called the generalized trapezoidal rule.
4. Generalized Simpson's Rule

We can improve the accuracy of Simpson's rule by applying it in a composite way.Since Simpson's
rule requires an even number of intervals, we divide the integration interval [a, b] into n =
2m subintervals of length h = (b — a)/n, and we use the simple Simpson’'s method in each pair of
subintervals [x,;, X2;42x {20+ 2}],i = 0,2,...,m — 1. Then:

b X2i+2 m-1 h
[Fax=" [T rwax =Y 20 +4f () + FCrui2)]
a i= i=0
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Note that the odd-indexed terms are multiplied by 4, while the even-indexed terms, except the first

and the last, are multiplied by 2. Therefore, we conclude that:

b h
[ Feax = S 1700 + £ + 4G + F )+ 4 G )
+2(F(x2) + f(xg) + .. +f(xp-2))]

This formula is called the .generalized Simpson's formula

5. Error Formulas
It is shown that:

Trapezoidal Error

h3

|RT|S Enax =EM
where

h=b—aand M = Max{|f"({)|}, { € [a,b]

Generalized Trapezoidal Error
h3
|RTG|S Emax =111_2M
where
b—a "
h = ,and M = Max{|f"({)|}, { € [a,b]
Simpson's Error
h5
|RS|S Enax :%M
where
b—a
h = 5 ,and M = Max{|f® (0|}, { € [a,b]
Generalized Simpson's Error
h5
|RSG‘S Emax :;WM
where
= b—a _n
“2m >’ M2

M = Max{|f® @}, ¢ € [a,b].

34




Example: Consider the following integral:
1
J= f In(x + 1)dx, h=0.25
0

1. Calculate the integral using Simpson's method.
2. What is the value of h such that the error< 107°

1
j In(x + 1) dx = g [£(0) + f(1) + 2£(0.5) + 4(£(0.75) + £(0.25)) ~ 0.3862
0

2 Eppe =222 M where M = Max{|[f® ()]}, ¢ € [a,b].

180
where
B = b—a n
- Zm ” m= 2
-6 6
f )= In(xr1)= |fO ) |=| = e max| P )] = 6

4
E<10® = 1’;—0.6 <107% = h* < 30.1073

h <0.4161
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