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Chapter 111 :
Solving Systemsof Linear

Equations (Iterative Methods)




I11.1. Introduction

We are interested in solving the linear system:
AX=bh

A is a matrix of order n. The methods we present below are generalizations to the n- dimensional

case of the resolution methods of £ (x) = 0 studied in the one-dimensional case in Chapter 1. These
methods involve using an initial vector X © and generating a sequence of vectors: X, XM .

X™ that converge as quickly as possible to the solution vector.
3.2 Principle We want to solve the linear system:
AX=b
Writing A inthe form A = M — N where A and M must be regular, the system can be
rewritten as:  (M-N) X=b or MX=NX+b
Thus, X=M~INX+M~1b
Starting from the initial vector X(®we obtain the iterations X ®as follows:
X=M"INX+M~'b  k=0,1,2,......
3.3 Decomposition of Matrix
We define the matrices D, L, and U as follows:
- D Diagonal matrix where / d;;=a;;, Vi.

li=—a; if i>]

- L : Lower triangular matrix where : {lu —0 if i<

uij:—aij lf]>l

-U : Upper triangular matrix where:L : { wg=0 if j<i
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From this, we obtain the relation:
A=D-L-U
3.4 Jacobi Method
Since matrix A is decomposed as:
A=M-—-N
Taking M =D and N =L + U , relation (1) becomes:
X6AD=p=-1(L + NX®+ p-1p  (2)
which can be expanded as follows:

(k) > (k) x)

> (k+1) - —
|( X1 = (by —a2X;  —ag3Xs  —r—apX, )/ag
- (k+1) - (k) - (k) - (k)
4 X, = (by —axX, —axXs ——ayX, )/ax
|
> (k+1) > (k) - (k) - (k)
an = (bp —amXy,  —apXs  — v —appXn-1 )/ann

3.5 .Gauss-Seidel Method

Since matrix A is decomposedas: A =M — N

Taking M =D — L and N = U, relation (1) becomes:
XUtD=(p — [)"1lyX®+ (D — L)"1p

Since computing the inverse of (D — L) can be complex, we prefer to write the system as

follows:

XU+D=p-1LX(+Dt p=1y X + D=1p  (3)
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By expanding this vector recurrence, we obtain:

> (k+1) (k) - (k) - (k)

|( X1 =(by —apX;  —ai3Xs ——apX, )/an
> (k+1) - (k+1) > (k) > (k)
4 X = (by — a1 X; —Ap3X3  — o —apXy, )/ax;
| )
5 (k+1) S (k+1) L (k+1) L (k+D)
an = (bn — ap1X; — Ap2 X3 — = AppXp—q )/ann

The Gauss-Seidel method is thus an improved variant of the Jacobi method. In fact, at

R R R - (k+1) R R - (k)
iteration k + 1, when computingX, , we already have a better approximation of X; “than

- (k+1) R L. R - (k+1)

X, , as we have just computed . Similarly, when computing X, , We can use the newly
- (k+1) - (k+1) ; - (k+1)

computed X, andX, . More generally, for computingX; , We can use

> (k+1) > (k+1) - (k+1) . . ;

X, 1X5 yeeny Xj from the previous iteration.

stopping test:

= (n) = (n—1) .
|X; = —X; | < e ,Vi=1n

convergence condition

It can be shown that if A is a strictly diagonally dominant matrix (a sufficient condition), the

Jacobi and Gauss-Seidel methods are convergent

?=1|al-j| < Iail-l, Vi= 1,Tl
Jj#i
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Example 1 : Solve the system

X1+6X2—3X3=4‘

{5X1+2X2—X3 =6
2X1+X2+4‘X3=7

of equations using the Jacobi and Gausse Seidal methods from X = (0,0,0)¢~doonly the

first 3 iterations).

5 2 -1
wehave A={1 6 -3,

2 1 4

It can be shown that if A is a strictly diagonally dominant matrix : -, |a;;| < lay| , vi=1,n
Jj#Ei

(2] + 111 < |I5], 11|+ | =3 =<16], 12| +|1] < |4]), The condition is satisfied, and

therefore the matrix A is diagonally dominant.

1.method Jacobi

(%% =1 (6 22,% + 7,
5X1+2X2—X3:6 I 1k K .
X1+ 6X; —3x3 =4 > 4552( = (4 X ( )4 3X3 ( )) Tapez une équation ici.
2X1+ X, +4x3 =7 | (k+1) S (k) s (k)

kxs = 2(7 —2x; =X )

When k =0, X(©=(0,0,0)¢

(1,9 =1(6-22," +%,) =2 = 1200
5 5
4 P22 (42, +38,7) =2 = 0.667
|
2.0 _1 20 _ 2 ) _7_
W =1(7-22, - %) =1=1750
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(2% =2(6 - 22, + %,7) = 1 (6 - 2(0.667) + 1.750) = 1.283
@4' %7 =2 (4 -2, +3%,) = 6( —1.200 + 3(1.750)) = 1.342

%@ =1(7- 29?1(1) #,1) = (7 - 2(1.200) - 0.667) = 0.983
When k = 2,

(2,9 =1(6- 22, +2,%) =1(6 - 2(1.342) + 0.983) = 0.860
(:{ %% =2 (4- %" +3%%) = 2 (4 - 1.283 + 3(0.983)) = 0.994
(%% =1(7-28,% - %) =1(7 - 2(1.283) - 1342) = 0.773

0.860
X=| 0.994
0.773

2. Gausse Seidal method

(g G+ _ (6 2%, k) | 2 (k))
5X1+2X2—X3—6 I 1k K .
X1 + 6X; — 3x3 = 4 ﬁz( = 4 — X ( oy 3X3 ( )) Tapez une équation ici.
2X1 + X +4%3 = 7 | (k+1) _ L (k+1) o (k+1)

k 3 (7 2x; - X2 )

When k =0, X(©=(0,0,0)¢

( 7 =1(6-2%,7 + %) =2=1200
@{ %, =2(4-2" +3% “’)) =(4—1.200+3(0)) = 0.467
%W =1(7 28, - %,Y) =2 (7 - 2(1.200) - 0.467) = 1.033
0.860
XM=( 0.994

0.773
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Whenk =1,

(% =21(6-25," +%,7) = 1 (6 - 2(0.467) + 1.033) = 1.220
@4' %7 =2 (4 -2 +3%,") =2 (4 - 1.220 + 3(1.033)) = 0.980,
(8™ =1(7-28,? - %,?) =1 (7 - 2(1.220) - 0.980) = 0895

1.220

X@=|0.980

0.895

When k = 2,

(2,7 =2(6 - 22, + 2,%) = 1 (6 - 2(0.980) + 0.895) = 0.987
@{ #,% =2(4 -2, +3%,%) =2 (4 - 0987 + 3(0.895)) = 0.950,
(%% =1(7-28,% - %) =1 (7 - 2(0.987) - 0.950) = 1.019

0.987
X®=(0.950

1.019

Example 2 : Solve the system

2X1+4‘X2 =0

[6X1+X2+X3: 12
X1+2X2+6X3:6

of equations using the Jacobi and Gausse Seidal methods from X = (2,2,2)¢~doonly the

first 3 iterations).

6 1 1

we have A= (2 4 0), It can be shown that if A is a strictly diagonally dominant matrix
1 2 6

Yieilag] < lagl  visln

JES
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(2] + 111 < |I5], 11|+ | =3 <16], 12| +|1] < |4]), The condition is satisfied, and
therefore the matrix A is diagonally dominant.

1.method Jacobi

A=D—-FE—-F
6 0 O 0 0 O 0o -1 -1
A={0 4 0], E={-2 0 0], FF|{0 4 0
0 0 6 -1 =2 0 0 O 6
(L (k+) 1 LK) o
x1 = 6(12 - xZ - X3 )
6x' + 2x% +x3 = 12 1
2x1 +4%, =0 = 2,0 = Z(zzl(k))
X1+ X, + 6X3 =6 1
> (k+1 - (k+1 - (k+1
\X3( ) — g(6 _ xl( ) 2x2( ))

Whenk =0, X(©=(2,2,2)¢

S (1) _ 1 NOEFYONE

Ifxl =g(12—x2 — X3 )=§
S _1(5O)_
@4' Xy _z(xl )— 1

7 =2(6-%-22,)=0

13 52
27

| xo=| -2

12
\ 31
36
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Example 3 : Solve the system

—x;+2x3=1 ,e=10"=0.1,X9 = (0,0,0)¢

{ 2x1—X2=1
—X1+2x2—X3=0

2 -1 0

we have A= ( 0o -1 2 ) It can be shown that if A is a strictly diagonally dominant
-1 2 -1

matrix ¥j=1|a;;| < lagl , vi=1,n.

]-'.tl

(F1H0[<2l,  12]+0[<-1], |2]*+-1|<-1]), The condition is not satisfied, and therefore the
matrix A is diagonally dominant.

1.method Jacobi

( }_E (k+1) 14+% - (k)
2x1— %=1 [ 1 ( )
{—xl +2x,—x3=0 = 4 2(k+1) (% (k) + X (k)) Tapez une équation ici.
—X, +2x3 =1 | .
2 3 k 3(k+1) (1 + 2% (k))

Whenk =0, X®=(0,0,0)¢

#Y =2(1+0)=3=0500

(
|
@4 X (1) (0 +0) =
|
L

%% =2(1+0) == 0500

(

X(Z):l

\

\

1
2
L,
1
2

—
—

X(l):

NIRr ONI|R
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=
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>

N

1
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=
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|£i(k+1) 'D_C)i(k)|§ e ,I=1,n
(|f1<8)—*(7)=|§—§|=0<g
%® -2 <e i=Tn 4 1%, - 2,7 = | | =0,05<¢15
|
e —fg(”=|3—1—6|=o<s

Example 4 Solve the system with Gausse Seidal method

2%, + 7%+ %3 =19 , e =101 = 0.1 , X© = (0,0,0)*

{ 4x, + X, —x3 =3
x1_3x2+12X3 =31

4 -1 -1

we have A= (2 7 1 ) It can be shown that if A is a strictly diagonally dominant
1 -3 12

matrix ¥7=q|a;;| < lag| , vi=1,n.

]il

(12[+[-11<4l,  12[+H11€7], |1[+-3]<|12[), The condition is satisfied, and therefore the matrix

A is diagonally dominant.

Gausse Seidal method

S (k+1) _1(5 5 (K, 5 (0
X =3 (3 Xy + X3 )

N — (k+1) R
Y =1(19-2¢,  -3%,")

2x,+7x,+x3=19 = =
7,0 = L (31 - 2,% 433,47

(
4x, + X, —x3 =3 j
X1 — 3x, + 12x3 = 31 |k

Whenk =1, X(©=(0,0,0)¢

#n P =2(3-2"+ 923(0)) ~0+0)=2=075

3
o1 %Y =1(19- 77,0 3z, =2(19-2(0.75) - 0) = 2.5, , XM= '
2.5

|
7,2 = ( _z W13z m) %(31 —0.75 + 3(2.5)) = 3.15 3.1
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0.75
X(1>:< 2.5 )
3.15

Whenk =1,
(5% =:(3-%"+%Y)=16-25+315 =091
—s (2
@4' 2,? = ;(19 ~ 2%, Y - 3% “)) = -(19 —2(0.91) — 3.15) = 2.00
%@ =2(31-%% +3%%) =2 (31— 091 + 3(2.00)) = 3.01

0.91
X@=(2.00
3.01

( 59=1(6-%%+%%)=2(3-200+3.01) =100
—s (3)
@4' %% =2(19- 7%, — 3% ;?) =2(19 - 2(1.00) - 3.01) = 2.00
%59 =2(31-%% +3%%) =2 (31— 1.00 + 3(2.00)) = 3.00

1.00
X®=(2.00
3.00

When k = 3,
[ 2@ = %(3 - fz("“) +%,%) = %(3 —2.00 4 (3.01)) = 1,00
A ;( - 3323(3)) = ;(19 — 2(1.00) — 3.00) = 2.00
7@ iz( -5®+3%Y) = %(31 — 1.00 + 3(2.00)) = 3.00

1.00
X®=|2.00
3.00

1.00
so the approximate solution X(“):(Z.OO)
3.00

29




	Introduction
	III.1. Introduction


