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1 Introduction

2 Discrete Uniform Distribution

Definition 1. A random variable X follows a discrete uniform distribution
on the set {x1,xa,...,x,} if:
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1. The image of the sample space is X () = {x1,za,...,2,}.

2. For allk € {x1,29,...,2,},

1
P(X=k)=—-.
(x=k=1
We denote this as X ~ U{x1,...,z,}.
Proposition 1 (Expectation and Variance).
E[X]:lix Var(X):li(ac‘fE[X])2
i ! "= Z '

Proof 1. Since all values have equal probability 1/n, E[X] is the arithmetic
mean of the support. Variance follows directly from the definition Var(X) =
E[(X — E[X])?] with uniform weights 1/n.

Exercice 1. Let X ~ U{1,2,3,4,5,6} (fair die). Compute P(X < 3).

3 1
PX<3)=-=-=-.
(X<3) 6 2
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3 Bernoulli Distribution

Definition 2. A random variable X follows a Bernoulli distribution with
parameter p if:

1. The image of the sample space is X (2) = {0,1}.
2. For all x € {0,1},

PX=1)=p, PX=0)=1-p.
We denote this as X ~ B(p).
Proposition 2 (Expectation and Variance).
EX]=p, Var(X)=p(-p)
Proof 2.
E[X]=0-(1-p)+1-p=p, E[X*]=0°(1-p)+1*p=p.

Thus Var(X) = BX?] - (E[X])? = p— p* = p(1 - p).

Exercice 2. Let X ~ B(0.7). Compute P(X = 0) and Var(X).
P(X =0)=03, Var(X)=0.7-0.3=0.21
PMF (p=0.7):
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4 Binomial Distribution

Definition 3. A random wvariable X follows a Binomial distribution with
parameters n,p if:

1. X(Q) =1{0,1,...,n}.
2.V ke{0,1,...,n},
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We denote this as X ~ Bin(n,p).

Proposition 3. For integersn > 1 and 1 < k <n, we have

(23) =+

Proof. Recall the definition of the binomial coefficient:

(1) = mr

Compute the left-hand side:

a(m 1y . (n—1)! B n!
E—1) 7 (E—=D!(n—k)! (E—D!(n—k)!
Compute the right-hand side:

n n! n!
k(k) =k Kl(n— k)~ (k—1)(n— k)
Thus both sides are equal:

n—1 n
=k .
(20) =+(3)
Proposition 4 (Expectation and Variance).

Let X ~ Bin(n,p) with q=1—p. Then

E[X]=np and Var(X)=npq.

Proof. We start from the definition

E[X] = kzn:_o k (Z)Mq"—k.

Since the term for k = 0 is zero, we can write

E[X] = ; k (Z)pkqn_k.

Use the identity k;(Z) = n(}:j), and factor out np:

" /n—1 1 (ne1)—(k—
E[X] = npz<k_1>p’“ Lg(n=h=(k=1),
k=1



Section 4

k

Var(X) = E[X?—(E[X])* = (n(n—1)p*+np)—n?p> = np—np® = np(1-p)

n

Let j=k—1. Then 5 =0,1,...,n— 1, and

n—1
n—1 S me1)—i e
X] = ”p2< j )P]q( V= mplp+q) "t = np.
§=0

For the variance, we use Var(X) = E[X?] — (E[X])2 Compute E[X?] as

-

Note that k? = k(k — 1) + k, hence

e B

For the first sum, use k(k — 1)(}) = n(n — 1)(}~}) and factor n(n — 1)p?

_ k n—k _ C1V2 — (n—2 k=2 (n—2)—(k—2) _ 12
Y RV Sl (A T = n(n-1)p

For the second sum we already have F[X] = np. Therefore

E[X?] = n(n—1)p* + np.
Finally,

Exercice 3. Let X ~ Bin(10,0.5). Compute P(X =5).

10 252
P(X =5)= ( . ) (0.5)! = Topq > 0-24609375.

PMF (n=10, p=0.5):

= npq.

(p+q)"

—2

n(n—1)p=~.
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5 Poisson Distribution

Definition 4. A random wvariable X follows a Poisson distribution with
parameter A > 0 if:

1. The image of the sample space is X(2) = {0,1,2,...}.
2. Forallk €{0,1,2,...},
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We denote this as X ~ Poisson(\).

Proposition 5 (Expectation and Variance).
Let X ~ Poisson(\), A > 0. Then

EX]=X and Var(X)= A

Proof. By definition of the Poisson pmf, for n =0,1,2,.. .,

A

P(X=n)=e o

Expectation.

E[X] = nz_%ne M = A;nm =c )‘;7(”_1)!.

n!

Let m =n — 1. Then

& )\m+1

EX] = e '
m=0 me m=0

Second factorial moment. Consider

= e Z A" = e e =

EX(X-1)] = Yonn-1e 2 = 6_/\Zn(n_1)%.

|
~ n!
AT A
Note that n(n —1)— = ———. Hence
n! (n—2)!
AN A" AN A 2 AN
EFIX(X—-1) = e = e = Ae”
R T P P

Variance. Since
E[X(X -1)] = E[X? - EX],
we obtain
E[X?] = M+ A\

Therefore,

Var(X) = E[X?] — (E[X])? = (A2 +A) =A% = A
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Exercice 4. Let X ~ Poisson(3). Compute P(X =0) and P(X =1).

P(X =0)=e?~0.049787, P(X =1) =3¢ ~0.149361.

PMF () = 3):
0.25
0.2
0.15
&
=
A
0.1
5-1072

CDF () = 3, cumulative up to k):
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6 Geometric Distribution

Definition 5. A random variable X follows a Geometric distribution with
parameter p € (0, 1] if:
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1. The image of the sample space is X(2) = {1,2,...}.
2. Forallk €{1,2,...},

We denote this as X ~ Geom(p).

Proposition 6 (Expectation and Variance). Let X ~ Geom(p), with parameter
p € (0,1]. Then

L—p
F[X]=-, Var = .
(X] , (X) e
Proof. By definition, for k =1,2,...,
P(X=k=1-p""p
Expectation.
E[X]=) k(1-p)*'p
k=1
Factor p:
E[X]=p) k(1-p*!
k=1
Recall the series identity
N 1
Z kr®Th = Ir| < 1.

k=1 (L=m)?

Here r =1 — p. Thus

Variance.
EIX?] =) k(1 -p)'p.
k=1
Write k% = k(k — 1) + k. Then

BX?|=p) k(k—1)(1—p)* " +p> k(1 —p) .
k=1 k=1

For the second sum we already know it equals 1/p. For the first sum, let’s
compute:

10
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oo

Dok(k=1)(1=p)* =1 —p) Y k(k—1)(1—p)*
k=1 k=2

Set j = k — 2. Then

[ee] (oo}
D okk=1)(1=p)2 =37 +2)(+ 1)1 -p).
k=2 j=0
But a simpler way: use the known identity
= 2r
k(k—1)rk—t = , 1.
Skt = o <

Here r =1 —p. So

= o, 21-p)
Zk(k—l)(l—p)k t= pg
k=1
Therefore
2(1 — 1 2(1 — 1
E[Xz]:p ( 3p)+p.72: ( 2p)+7.
p p p p
Variance.
Var(X) = E[X?] — (E[X])?
Substitute:
)= (20 1) (1
p? P p
Simplify:
20-p) 1 1 21—-p) »p 1 20—p)+p—-1 1-p
Var = +-——= = +=—-——== = .
<0 p? p P p? p?  p? p? p?
Thus
1-p
E[X]=-, Var(X)= PER

Exercice 5. Let X ~ Geom(0.5). Compute P(X < 3).

P(X<3)=1-(1-p)*=1-(05)°=1-0.125 = 0.875.
PMF (p=0.5):

11
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Properties of Common Probability Distributions

Distribution | Mean | Variance Support
Bernoulli(p) P p(1—p) xz € {0,1}
Binomial(n, p) np np(l—p) | x=0,1,...,n
Poisson(\) A A x=0,1,2,...
Geometric(p) % % xr=1,2,...

Uniform(a, b) ath (bzg)z x € [a,b]

12
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