Chapter 04: Supervised Classification
Bl Introduction to Supervised Classification

A supervised classification model is a mathematical function that maps input features to discrete

categories (classes) based on labeled data. .

Example:

* Email spam detection:

s Input: features extracted from email (number of links, words like "buy”, etc.)
e Output: class label — 0 (not spam) or 1 (spam)

*« Medical diagnosis:
e |[nput: patient symptoms

o Output: disease class
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Bl Components of a Supervised Classification Model
1. Input Features (X'): numeric values describing each sample

=[xy, 29,...,2,4]

2. Output Labels (y): class identifiers

y € {0,1} (binary), ye {1,2,...,K} (multi-class)
3. Model (f(x; @)): a function with parameters @ (weights, biases)

§ = f(z;0)
4. Loss Function {E[y, *j}]l}: measures the difference between true labels and predictions

&. Training: process of adjusting @ to minimize the loss function.
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E) Mathematical Theory: Logistic Regression (Binary Example)

The simplest supervised classification model is the logistic regression model.

3.1 Linear Function

z=w'z+b=wiz +wars + -+ wyxq + b

3.2 Sigmoid Function

Converts z to a probability:

1
_l-l—ez

a(z)

3.3 Prediction Rule
o J1 a(z) =05
Yo a(z) < 0.5

3.4 Loss Function (Binary Log-Loss)

For a single sample:
L(y.4) = —[yn(g) + (1 — y) In(1 — )]

For IV samples (average loss):

N
1 .
'I(w?b] = ﬁ E ﬂ(?!h%]
i=1

3.5 Training

min J(w, b)

wr b

* Solved using gradient descent

aJ

W= u — 1,15—',
w?

Example 1: DC Motor State Classification (ON / OFF)
El Problem Definition

We want to classify a DC motor state:

« Class 0 — Motor OFF
« Class 1 — Motor ON

We measure:

s 1] = Armature voltage (V)

« 19 = Armature current (A)
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Dataset:

Voltage (V) Current (A) State
0.5 1 0
1.0 0.2 W]
2.0 0.8 1
3.0 1.2 1

Bl Mathematical Model

We use Logistic Regression.

Linear Model

z = wyx] +wszs + b

Sigmoid Function

=) =
o(x) = 17

This gives probability:
Py = 1|z) = o(2)

Decision rule:

A 1 ifeo(z) = 0.5
,y_{ (2)

0 otherwise

EJ Cost Function (Log-Loss)

For mm samples:
1 m ) » . "
J(w,b) = ——= ['.u{":' log(3") + (1 — ') log(1 — §'*)

T =
i=1

This measures classification error probabilistically.
EJ Gradient Descent Optimization

We minimize J(w, b).
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Partial derivatives:

Update rule:

Where:

» (¥ = learning rate

B2 Dataset Reminder

Mumber of samples:

Learning rate:

bi=b— o—

0.5 0.1

1.0 0.2
X = 2.0 0.8

3.0 1.2

y=[0,0,1,1]

m =4

r = (1.1

lteration 0 (Initialization)

Son

for all samples.

uny = [], g — [], b=10
z=10
§=05
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First Iteration (Already Done Before)

We computed:
dw; = —0.4375
dw, = —0.2125
db =0
Update:
w!? = 0—0.1(—0.4375) = 0.04375

wl? = 0 —0.1(—0.2125) = 0.02125

b =0
SECOND ITERATION

Mow we compute everything using:
uy = 0.04375
we = (0.02125

b=0
El Compute z for each sample

Sample 1 (0.5, 0.1)
z1 = 0.04375(0.5) + 0.02125(0.1)
z; = 0.021875 + 0.002125

z, = 0.024
Sample 2 (1, 0.2)

zo = 0.04375(1) + 0.02125(0.2)
2o = 0.04375 + 0.00425

29 = 0.048
Sample 3 (2, 0.8)

zg = 0.0875 + 0.017

zg = 0.1045
Sample 4 (3, 1.2)

zy = 0L13125 + 0.0255

z4 = 0.15675
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B Apply Sigmoid

Approximations:
i1 = (0.024) = 0.506
ijp = o(0.048) = 0.512
i3 = 0(0.1045) = 0.526

g1 — o(0.15675) ~ 0.539
EJ Compute Errors (§ - y)

Sample y y y-y
1 0.506 0 0.506
2 0.512 0 0.512
3 0.526 1 -0.474
4 0.539 1 -0.481

EJ Compute Gradients
1
dwy = 1 Z(:ﬁ — y)x

1
dw, = 2[0.506(0.5) + 0.512(1) — 0.474(2) — 0.461(3)

Compute:
1 . .
= E[[].?ﬁj + 0.512 — (0.948 — I.ESJ]
1
= E[—l.ﬁﬁﬁ]
duy = —0.3915
Mow:
1
dus = L—}[[].Sﬂﬁ[ﬂ.l] + [].512{[].2} — [].4?4{[].3} — {].451{1.2]]

Compute:

[0.0506 + 0.1024 — 0.3792 — 0.5532] dw, = —0.19485

M | =
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Bias:

db = =(0.506 + 0.512 — 0.474 — 0.461)

B | =

1
db = —(0.083
1(0.083)

db = 0.02075

Bl Update Parameters (Second Iteration)
w® = 0.04375 — 0.1(—0.3915)
(2

w," = 0.04375 + 0.03915

wi® = 0.0829
ws? = 0.02125 — 0.1(—0.19485)

wi? = 0.02125 + 0.019485

wi? = 0.040735

b = 0 — 0.1(0.02075)

b = —0.002075
@ Final Result After Second Iteration

wy — 0.0829
we = (.0407
b = —0.0021

2. SVM (Support Vector Machine)
Bl Introduction

SWM is a supervised machine learning algorithm used for:

« Classification
* Regression (SVR — Support Vector Regression)

= Anomaly detection

Key idea: Find the best boundary (hyperplane) that separates data points of different classes.
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B} Intuitive Idea

Suppose we have two classes of points:
o @ Class +1
o @ Class -1

We want a line (in 2D) or a hyperplane (in higher dimensions) to separate them.

There can be many lines that separate the points.
5VM chooses the one that maximizes the margin - the distance between the line and the nearest points

from each class.

Support Vectors

* The closest points to the hyperplane

+ They define the hyperplane

Support Vector Machine (SVM)

Support vectors
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E}l Mathematical Formulation (Linear SVM)

Given dataset:
(1.'&'.'9'.5)'. i = {_J-:_J-}
We want a hyperplane:
sy d o
wxr+b=10
Constraint for correct classification:
yi(whz; +b) > 1

s« 1w is the weight vector

s bis the bias



€ Example: Fault Detection in an Electrical Grid
[l Objective
Classify a transmission line as:
+ +1 — Healthy
= -1 — Faulty
Based on measurements:

« Voltage V' (kV)
e Current I (&)
» Frequency [ (Hz)

[l sample Data

V (kV) I (&) f (Hz) Status
220 50 50 +1
230 35 50 +1
180 Q0 49.5 -1
170 95 49.5 -1
210 &0 50 +1
160 100 49 -1

Observation: Healthy lines — low current, stable voltage, stable frequency

Faulty lines — high current, low voltage, frequency drop

EJ SVM Formulation
Linear 5WVM:

Constraint for classification:
y;-{me.é +b) =1
s y; = +1 — Healthy
 y; — —1 — Faulty
[} Step-by-step Solution (Simplified)

Step 1: Select Support Vectors

+ Closest points to the decision boundary:
1. (210, 60, 50) — +1
2. (180, 90, 49.5) — -1
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Step 2: Build the equations
1 * (210w, + 60w, + 50w + b) = 1
—1 % (180w + 90ws + 49.5ws + b) =1
Subtracting and simplifying (for demonstration), we choose approximate solution:
wy; = 0.01, we = 0.02, ws=0.05
Then solving for b
210 = 0.01 + 60+ 0.02 4+ 50005 +b=1

b=—-48
B Final Model

0.01V +0.02I +0.05f — 4.8 =0

Decision rule:

s If = 0 — Healthy
« If < 0 = Faulty

import numpy as np
from sklearn.swm import SVC

# Dota: Voltoge, Current, Freguency

X = np.array([[228,508,58],
[23@,55,5@],
[182,9@,49.5],
[172,95,43.5],
[218,60,58],
[188,180,43]])

y = np.array([1,1,-1,-1,1,-1])

# Train 5WM
model = SVC{kernel="linear', C=1808@)
model. fit(x, y)

# Test new line measurement

new line = [[280,65,49.8]]

prediction = model.predict(new line)

print{"Prediction (l=Healthy, -1=Faulty):", prediction)

Prediction (1=Sane, -1=Fault): [1]
Homework (Nonlinear SVM — Kernel Trick: Example in the field of Electrical Engineering and python
program
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3. Decision Trees

Outlook -, *

Overcast

Humidity: High

Root Node ——

Internal Nodes 1

Branches

Leaf Nodeséf .

Bl Mathematical Theory of Decision Trees
A Decision Tree recursively splits the dataset to minimize impurity.
1.1 Dataset Definition

Let the dataset be:

D = {(zi, y:) s

Where:

o x; € B9 - feature vector

e y; £{1,2,..., K} = class label
1.2 Splitting Criterion

At each node, we choose the best feature X j and threshold t to split:
X; <t (left branch)

X; >t (right branch)

The goal is to minimize impurity.
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B Impurity Measures (Mathematical Form)
@ 2.1 Entropy (Information Gain)

Used in ID3 and C4.5.
K
Entropy(D) = — ) _ piloga(ps)
k=1

Where:

* py. = proportion of class k in node.

B Impurity Measures (Mathematical Form)
@ 2.1 Entropy (Information Gain)

Used in ID3 and C4.5.
K
Entropy(D) = — ) _ pi logy(p)
k=1

Where:
= . = proportion of class k in node,

Information Gain:

D
I1G = Entropy(parent) — Z %Entmpy{ﬂg}

We choose split maximizing 1G.

@ 2.2 Gini Index (CART)
K
Gini(D) =1— ) p;
k=1

Lower Gini = purer node.

We minimize:

D,
Ginigpiit = Y || D:|| Gini(D;)

[E)l Electrical Engineering Example

45 Fault Detection in a Power Transmission Line

We classify system state as:

« Class 0 — Normal

« (Class 1 — Fault
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3.1 Measured Features

Voltage (kV) Current (A) THD (%) State
220 100 2 Mormal
215 105 3 Morrmal
200 180 12 Fault
193 180 13 Fault
210 120 5 Morrmal
195 200 15 Fault

K} Step-by-Step Mathematical Solution (Using Gini)

Total samples = 6
Mormal = 3

Fault =3
4.1 Compute Root Gini

Prormal = :;.-Hrﬁ = 0.5
Pfault = :lJfﬁ = 0.5
Gindgot = 1 — (0.5)* — (0.5)*

~1-0.25-025=05
EJ How Does the Decision Tree Choose the Threshold?

The Decision Tree does not choose 150 randomly.
It performs the following steps:

1. Sorts the values in ascending order.

2. Tests the midpoint between each pair of consecutive values.

Possible candidate thresholds:
100 + 105

fp= —— 2~ 102.5
2
105 + 120
t— 21D 195
2
120 + 180
ty = + — 150

180 + 190
ty = — - 185

190 + 200

ol
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B Try Splitting on Current < 150 A

Left Node (<150A)

Samples:

« 1004 — Mormal
« 105A — Mormal

= 120A — Normal
Total number of samples in the left node:

Ny, =3
Mumber of Normal samples:
NNr..n'nw.ﬂ =3
Mumber of Fault samples:
NI“rruIl =10
[E}l Compute Class Probabilities
3
PNormal = q =1
0
Praut = 3 = 0

I Apply the Gini Formula

Ginip = 1 — (pNormat)” — (Praut)’
Substituting the values:
Ginip =1 — (1)® — (0)?
Ginip =1—-1—-10
Ginip =0
Right Node (>150A)

Samples:

« 180A — Fault
* 190A — Fault
« 200A — Fault

Pure Fault node.

Ginip=1—12=0
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5.1 Weighted Gini

3 3
i) i)
=1
Perfect Split!
The tree becomes:
| |
|  Current = 158 A ?
| |
|
| : |
| |
| | | |
| MORMAL | | FAULT |
| (Class = @) | | (Class = 1) |
| | | |

3 Mathematical Interpretation

The optimal split minimizes:

Here:
min Gini = (0
Meaning complete separation of classes.

] Mathematical Representation of This Diagram

Decision rule:

f(2) 0 if Current < 1504
T =
1 if Current = 1504

Where:

» [0 — Mormal state

» 1 — Fault state
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3y Python

import numpy as np

from sklearn.tree import DecisionTreeClassifier
import matplotlib.pyplot as plt

from sklearn import tree

# Dotaset

X = np.array([
[220,100,2],
[215,185,3],
[200,180,12],
[198,190,15],
[21@,120,5],
[195,200,18]

D

¥y = np.array([©,2,1,1,8,1])

# Model

model = DecisionTreeClassifier{criterion="gini")

model. Fit (X, yv)

# Plot

plt.figure(figsize=(8,5))

tree.plot_tree(model, feature_names=["Voltage","Current™,"THD"],
class_names=["Mormal”,"Fault"],
filled=True)

plt.show()
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