University of M’sila academic year 2025/2026
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) Theoretical guestions(6pts)
Choose the correct answer(s):
1- The natural angular frequency w, of a Simple Harmonic Oscillator (SHO) (m, k) is:

a-vVkm, b- \/é c- \/%

2- A lightly damped SHO satisfies the condition: -0 <wgy, b-6>wy € 6=wg
3- The logarithmic decrement D of a lightly damped SHO is equal to: a-6T,, b- \/%, c- Sw,
4- At resonance, the amplitude of an oscillating system is: a- zero, b- maximum,  c¢- minimum
5- A two-degree-of-freedom system has:

a- one generalized coordinate, b- two generalized coordinates, c- three generalized coordinates
6- A two-degree-of-freedom vibrating system has:

a- one natural mode of vibration,  b- two natural modes of vibration, c- not available.
Exercise Nel(8pts)

A mass m = 10kg whose dimensions are negligible, is mounted on two vertical springs, each having a
stiffness k = 3500N /m, and a viscous damper with damping coefficient « = 30kg/s (fig.1). Att = 0, the
mass is displaced by 5¢m from its equilibrium position and then released without initial velocity. At
equilibrium, the two springs are compressed by the same amount Al (parallel arrangement).

1. Determine the equivalent spring stiffness k..

2. Derive the Lagrangian & of the system and the dissipation function D.

3. Study the damped free motion of the system. Then, determine the displacement x(t) (measured with
respect to the equilibrium position) as a function of time.

4. A vertical harmonic force F(t) = F, cos( wt) is applied to the mass. Determine the vibration amplitude
of m as a function of w. For which value of F, the vibration amplitude at resonance will not exceed
0.2m?

Note: Assume that at resonance w, ~ w.

Exercise Ne2(6pts)
Consider the circuit shown in fig.2.

1. Derive the differential equation governing the oscillations in the circuit in terms of the voltage V. across
the capacitor C.

2. Assume that e(t) = 0 (free oscillations). The two terminals of the capacitor are connected to the input
of an oscilloscope. The waveform shown in fig.3 is observed on the screen. Write the expression of
v.(t). Determine the values of w, and é (the damped angular frequency and the damping coefficient,
respectively). So, deduce the values of the inductance L and the resistance R, given that C = 0.1uF

3. Knowing that e(t) = E,, cos w,t, give the form of the oscillations in the steady-state regime and show
that resonance can occur in the circuit by calculating the damping ratio &.

4. Calculate the angular frequency wpy at resonance and the bandwidth Aw.
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Good Luck
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Model Answer of Resit Exam in Vibrations and Waves

Date: 15/06/2026

Theoretical Questions (6 pts)

1.00

1- b, 2- a, 3-aand b, 4- b, 5-b,
1.00 1.00 1.00 1.00 1.00
Exercise Nel (8 pts)
1. The two springs are connected in parallel so:
k, = k + k = 3500 x 2 = 7000 N/m. | 0-50 i m
The equivalent system is then represented in the fig opposite: F(©) x(t)
0.50 a
2. Expressions of L(x, x) and D: fig.1
2.. L,X)=T—-U= 1/2m** — 1/2kex* | 0.50
2.b. D = 1/2 (l?&z 0.50
3. For a damped free vibration, the Lagrange’s equation is:
d/dt(0L/0%) — dL/dx + dD/ox = 0 | 0.50
So, after deriving £ and D partially with respect to x and x we get :
X 4+ 26% + we’x = 0 | 0.50
with:
26 :%: 30/10 =3 = § = 1.5s7* | 050
Wi ==£=700 = wo = V700 ~ 265rad/s | 0-50
Since § < w,, then the system undergoes lightly damped oscillations:
Therefore :
x(t) = Ae % cos(wyt + @)  with we = w2 — 8% =264rad.s™! 1.00

Knowing thatat t = 0 :

x(0) = 5cm = x(0) = Acosp = 5cm

x(0) =0 = —AdScosp — Awysing =0
It’s a set of two equations of two unknowns A and ¢
One obtains:

¢ = —0.06 rad
A= 501cm
Finally:
x(t) = 5.01e 1tcos(26.4t — 0.06)

4. For a forced vibration the system admits the Lagrange’s equation of the form:

1.00

d/dt(0L/0x) — 0L/0x + 0D/0x = F, cos(wt)




Therefore:

X+ 26% + wix = (Fy/m) cos(wt) | 0-50
so x(t) is of the form:

x(t) = xgcos(wt + 0)
Using the complex method one obtains the amplitude x, as follows:
Amplitude:

xo = (Fo/m) /(0§ — w)? + (26w)°
assuming that w, = w, then at resonance, the amplitude is maximum and equal to :

_ Fo/m
(xo)max - 26(1)0

if we suppose that (x)max < 0.2m 0.50
one obtains:

0.50

0.50

odmax =/ m/zé‘wo <0.2 = F, <158.7N

Exercise Ne2 (6pts)
1- Kirchhoff’s voltage law gives:

_ Vo+Ve+Ve=cee() | 050
where: Vi = Ri = RCV; andV, = L = LCV,
SO, we get:

Vo + 28V + w2V, = wle(t) | 90

with:  25=R/, and wi= 1/LC 0.50

0.50

2-Ife(t) =0 = V. +28V.+ w3V, =0
the graph observed on the screen of the oscilloscope shows that the system undergoes lightly damped oscillations
and therefore the solution of the above differential equation is of the form:

Ve (t) = Vye % cos (wgt + @) | 0.50
From the graph we get: I

Vo = 1.2V
T, =0.14ms = w, = 27T/Ta = 44880rad.s™?

Algorithmic decrement D is given by:
D =6T, =In(1%/;) = &§=13023s71 | 0-50

0.50

The relationship between w, and w, is: we =Jwi =62 = wf=wi+8* = w,=44899rad.s™?
on the other hand, we have:  wf =1/, =L=1/. ,=5mH I
0

0.50

and: 26 =R/, = R=26L=13.020

3- In presence of e(t) (e.m.f) the circuit undergoes forced oscillations, so the angular frequency is the same as of
the external excitation e(t), then in steady state regime the form of V(t) is:

Ve (t) = Vycos (wet + 6) 0.50
The condition of resonance in the circuit is:
1
<
§</ NG 0.50
however
=0/, =003<1
_ _ § = w, vz [ os0
Therefore, the resonance is possible
The angular frequency at resonance is then:_ wr = woy/1 — 262 = 44823; 5rad.s™ ! 0.50
While the bandwidth is: Aw = 25 = 2604.6rad.s™?! '

End
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