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Chapter | : Numerical Series




1.1 Generalities

Let u,, be a sequence of real numbers. We set:

So= Ug,
Si=up+ uy,
So=ug + uq +uy,
Sp=Ug + U+ Upp + UEX R Uk
Definition 1
* The sequence (S,,),, is called the sequence of partial sums.
* The limit of (S,,) is called a series with general term .

Notation. A series with general term w,, is denoted: Y.+, u,, or Y50 uy, or simply X u,

1.1.1 Convergence
Definition 2 (Convergence).

If (S,,)n converges to S the series Y. %, u,, is said to be convergent, and

+o00

S=1limS§, = z Uy,
n—-0o

n=0
is its sum.

A series which is not convergent is said to be divergent.
The number r, =S - S, = Uppq + UpiUt....... is called the remainder of order n.

Example 1
(a) Geometric Series.

The general term of a geometric series is u,=a.r™ ,a # 0.

1_pn+l

The partial sum is S, = {ac'l(rllﬂ), ::11




The series Y+ %, u,is convergent if |r| < 1, and divergent if |r| > 1.

a

In the case of convergence: %52 u,, = P

b) Harmonic Series

. . . 1
The general term of a harmonic series is u,, = ~, nE N*

. 1. . . . 1
The series Z,J;S’O; is a divergent series. We write Zf;fo; = 400

1 1 1 . .
Q) XUy, Up = nD —n T Its partial sum is

S +u, + <1 1>+(1 1)+ +
n=U FuU, +ug = > 273 .

(1 1) 1 1
n n+1 n+1

We have

lim S,=1, thus the series Y.+ %, u,, is convergent and its sumis S = 1. We write >} % u,, =1

n—-co

Necessary Condition for Convergence

If ). u,is convergent, then lim u,=0
n—-oo

Remark

a) The condition lim u,,=0 is not sufficient.

n—-oo

b) If lim u,, # 0then ) u, is divergent.
n—-oo

Definition
If lim u,, # 0 the series }; u,, is said to be grossly divergent.
n—oo
Example 2
a) We have lim ——0 but the series >} - diverges (not grossly).

n-oon

b) The series Y42 cos is grossly divergent because lim cos— =1+ 0.

n—oo




1.1.2 Properties

If the series ), u,, differ only by a finite number of terms, then both series have the same nature. In the
case of convergence, they do not necessarily have the same sum.

Proposition

If X ¥ u,=Uand X v,=V are convergent, then Y7, (au,, + Bv,) foralla, B € R, converges and

+ o0
Z(aun + pv,) =alU + pV
n=0

Example

2
nn+1)

. . 3 . . . .
Consider the series: Y+, T ). This series is convergent because the series

+oo 3 +oo _ 2 -
n=05m and 2.2, D both converge. Moreover, we have:

400 3 2 _ 400 3 +00 2 _ _
n=0(2n + n(n+1))_3 n=05m T 2 2n=0 n(n+1) 3x1+2x1=5

Series with Positive Terms
Definition

A series ), u,, is called a series with positive terms if u,, > 0 for all n > N,, where N,, € N.

Example

. n->5. . . .
The series: X2 —- is a series with positive terms.

Proposition

A series with positive terms ; u,, converges if and only if the sequence of partial sums (S,,),is bounded
above.




Comparison Rules
Theorem (Comparison).

Let Y u, and }; v,be two series with positive terms. Suppose that 0 < u,, < v, forall n € N .Then:

*|f )} v, converges,= ), u, CONverges.

*If ) u,diverges, then ), v, diverges.

Example .

- - . + . 1 + 1
Consider the series : nZ’O sin(;) and anoz—n :

We have 0 < sm(—) < — and Y42 o — is a convergent geometric series, it follows that Y% sm(—)
converges.

Theorem (equivalence criterion).

Let ) u,, and }; v, be two series with strictly positive terms. Suppose that

lim 2= l,l+0,l+# 4+

n—oo Un

So, the two series Y u, and Y, v,, are of the some nature.

Example .

1. Let the series Y. *%, u,, and Y.1%, v, be such that u,=log (1 + 2%) and v, = 2

2n

We have lim -2 =3 > and since Y+ vp is convergent, it follows that Y%, w,, is also convergent.

n—oo 17n

2. Let the series )% u,, and Y. +%, v, be such that u, ——andv log(l +%)

We have lim =2= 1. The series ¥+%, u,, is the harmonic series, which is divergent. Therefore, Y+% v,

n—oo Un

is also divergent.




Theorem 15 (Comparison with an Integral)
Let f: [1,4+0c[ » R bea continuous, decreasing, and positive function.
We setu, = f(n) forn € N*. Then

¥ u,, converges & [.7 f(x) exists

Example

1. Consider the function f : [1,+oo[ — R*defined by f(x) :%
We have ff% = logt and lim ff% = +oo . Therefore Z,J{Sl%diverges.

2. Consider the function f : [1,4+co[ » R* defined by f(x) =

x(x +1)

The function f(x) is continuous, decreasing, and positive.

We have f fx)=log —— log— and since llm f “ f(x)dx = log(2) < +oo . Therefore

t+1

+o is convergent.

n=1n(n +1)

1.2.2 Riemann Series
Definition

We call Riemann series Y%, u,, is any series whose general term is of the form

U, =—, n=1land a € R.
na

Proposition
The Riemann series Z;{fl:—a converges if and only if a > 1.
Example

The series X%, — and Y7 v/n are divergent Riemann series.

nl\/—




D'Alembert criterion
Proposition

(D'Alembert criterion) Let ), u,, be a series with strictly positive terms., and set

. u
lim 22 = [,

n-oo Un

*|f [ < 1, then }; u, converges.
*If 1 >1,then ) u, diverges.

*If Il = 1, we can't conclude anything.

Example

1. Let the series Y72 u,with general term w,, = (a + n—lp)”, wherea >0and p > 0

We have lim 3/u,=lim n/ (a+ i)" = lim (a + i)” =q,
n-oo n—-oo nb n—-oo nb

Thus, the series converges for a < 1 and diverges for a > 1.

If a = 1, nothing can be concluded by using Cauchy’s criterion.
But we have

. P ni-p 1 ifp>1
lim w, = lim (1 + —=)=lim [(1+—) ] e ifp=1,
n—-oo n n—-oco npb n—oo nb .

+oo if0<p<1

Since the general term does not tend to zero, the series is divergent.




Series with arbitrary terms
Definition

A series with arbitrary terms is a series }; u,, whose terms may be positive or negative depending on the
values taken byn.

Example

The series Y1 % cosn and %%, cos(ng ) are series with arbitrary terms.

1.3.1 Abel’s criterion
Proposition (Abel’s criterion).

Let ) u, be a series with arbitrary terms. Suppose that u,, = a,,b,,, with _b,, > 0, such that:

* The sequence (b,,),, is decreasing and tends to 0. (b,,;1 < b)) Vn € Nand lim b, =0

n—-oco

* There exists M > 0 such that forall p,q EN:p>¢q = |aq +ag4q t+ +ap| < M, then

Then, the series }; u,, is convergent.

Example

Show that the series Y.t D7

n20 ey Is convergent.

n

Let a, = (—=1)" and b”:m' (u, W = a,b,)

=0.

* The sequence (b,,),, is decreasing, and b,, = hm —

* Moreover, |a; + ageq + .. +ay| = [(-D9+ (- + o H(-DP|<1=M
q q+1 (4

+oo (D"

Therefore, the series }.7 %, N

is convergent.

10




1.3.2 Alternating Series
Definition
A series is said to be alternating if
Uy Up1 <0
The general term wu,,0f an alternating series can be written in the form
Uy = (D", or u, = (-1)"1y,
withv, >0

In general, an alternating series is often denoted as

> (=Dl

Leibniz’s Criterion

Proposition (Leibniz’s criterion).

Let Y u, be an alternating series. Suppose that the sequence (|u,|),, is decreasing and that
lim |u,| =0
n—oo

Then the series Y} u,, is convergent. Moreover, for every integer n € N, we have

+00 +00
Zun < luy| and Z U | < lupqgql
n=0 k=n+1

Example

Consider the alternating harmonic series
i(—nn“ PN
n 2 3 4 )
n=1

Here,

_(_1)n+1 _ 1
Up= n , and ulHJ)n_(;)n

which is decreasing and tends to 0.

Therefore, the series

+oo C_l)n+1
2
n=1

is convergent. Moreover,

+oo C_l)n+1
2
n=1

+ oo

(—1)k+1
2

k=n+1

1

<lu =—0
[unal n+1

< |lugl and

11




The series Y+, % is conditionally convergent.
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