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Chapter 3- Deformation: Displacements and Strains
3.1. Introduction

We begin development of the basic field equations of elasticity theory by first investigating the kinematics of material deformation. As a result of applied
loadings, elastic solids will change shape or deform, and these deformations can be quantified by knowing the displacements of material points in the body.
The continuum hypothesis establishes a displacement field at all points within the elastic solid. Using appropriate geometry, particular measures of
deformation can be constructed leading to the development of the strain tensor. As expected, the strain components are related to the displacement field.
The purpose of this chapter is to introduce the basic definitions of displacement and strain, establish relations between these two field quantities, and
finally investigate requirements to ensure single-valued, continuous displacement fields. As appropriate for linear elasticity, these kinematical results are
developed under the conditions of small deformation theory. Developments in this chapter lead to two fundamental sets of field equations: the strain-
displacement relations and the compatibility equations.

3.2. General Deformations

Under the application of external loading, elastic solids deform. A simple two-dimensional cantilever beam example is shown in Figure 3-1. The undeformed
configuration is taken with the rectangular beam in the vertical position, and the end loading displaces material points to the deformed shape as shown. As
is typical in most problems, the deformation varies from point to point and is thus said to be nonhomogenous. A superimposed square mesh is shown in the
two configurations, and this indicates how elements within the material deform locally. It is apparent that elements within the mesh undergo extensional
and shearing deformation. An elastic solid is said to be deformed or strained when the relative displacements between points in the body are changed. This
is in contrast to rigid-body motion where the distance between points remains the same.
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Figure 3-1 Two-dimensional deformation example.

In order to quantify deformation, consider the general example shown in Figure 3-2. In the undeformed configuration, we identify two neighboring material

points P’y and P connected with the relative position vector r as shown. Through a general deformation, these points are mapped to locations P’y and P'in
the deformed configuration. For finite or large deformation theory, the undeformed and deformed configurations can be significantly different, and a
distinction between these two configurations must be maintained leading to Lagrangian and Eulerian descriptions. However, since we are developing linear
elasticity, which uses only small deformation theory, the distinction between undeformed and deformed configurations can be dropped.
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Figure 3-2 General deformation between two neighboring points.

Using Cartesian coordinates, define the displacement vectors of points Po and P to be u® and u, respectively. Since P and P, are neighboring points, we can

use a Taylor series expansion around point P, to express the components of u as
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Note that the higher-order terms of the expansion have been dropped since the components of r are small. The change in the relative position vector r can
be written as
Ar=r'—r=u-u° (3.2)

and using (3.1) gives
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or in index notation
ari=u;;r; (3.4)

The tensor U; j is called the displacement gradient tensor, and may be written out as

rdu  du  Ju
dx 0dy 0z
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This tensor can be decomposed into symmetric and antisymmetric parts as
ui,j = e wy (3 6)
Where
1
eij = 5 (i + ) (3.7)

1
@i =3 (-

The tensor e;; is called the strain tensor, while @;; is referred to as the rotation tensor. Relations (3.4) and (3.6) thus imply that for small deformation
theory, the change in the relative position vector between neighboring points can be expressed in terms of a sum of strain and rotation components.

Combining relations (3.2), (3.4), and (3.6), and choosing r; = dX;, we can also write the general result in the form

u, = U,'o+ €ij de + Ct)ijde (3.8)
Because we are considering a general displacement field, these results include both strain deformation and rigid-body motion. That a dual vector w; can be

associated with the rotation tensor such that @; = (—1/2)8ijk @; . Using this definition, it is found that

¥R T2\ 0x, O
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which can be expressed collectively in vector format as @ = (1/2)(V x u). As is shown in the next section, these components represent rigid-body rotation of
material elements about the coordinate axes. These general results indicate that the strain deformation is related to the strain tensor e;;, which in turn is a
related to the displacement gradients. We next pursue a more geometric approach and determine specific connections between the strain tensor
components and geometric deformation of material elements.

3.3. Geometric Construction of Small Deformation Theory

Although the previous section developed general relations for small deformation theory, we now wish to establish a more geometrical interpretation of
these results. Typically, elasticity variables and equations are field quantities defined at each point in the material continuum. However, particular field
equations are often developed by first investigating the behavior of infinitesimal elements (with coordinate boundaries), and then a limiting process is
invoked that allows the element to shrink to a point. Thus, consider the common deformational behavior of a rectangular element as shown in Figure 3-3.
The usual types of motion include rigid-body rotation and extensional and shearing deformations as illustrated. Rigid-body motion does not contribute to
the strain field, and thus also does not affect the stresses. We therefore focus our study primarily on the extensional and shearing deformation.

(Undeformed Element)

_______

(Horizontal Extension) (Vertical Extension)

(Shearing Deformation)

Figure 3-3 Typical deformations of a rectangular element.
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Figure 3-4 illustrates the two-dimensional deformation of a rectangular element with original dimensions dx by dy. After deformation, the element takes a
rhombus form as shown in the dotted outline. The displacements of various corner reference points are indicated in the figure. Reference point A is taken at
location (x,y), and the displacement components of this point are thus u(x,y) and v(x,y). The corresponding displacements of point B are u(x + dx, y) and v(x +
dx, y), and the displacements of the other corner points are defined in an analogous manner. According to small deformation theory, u(x + dx, y) ~u(x, y)+
(cu=ck) dx, with similar expansions for all other terms.
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Figure 3-4 Two-dimensional geometric strain deformation.

The normal or extensional strain component in a direction n is defined as the change in length per unit length of fibers oriented in the n-direction. Normal
strain is positive if fibers increase in length and negative if the fiber is shortened. In Figure 3-4, the normal strain in the x direction can thus be defined by
A'B' — AB

&x AB

From the geometry in Figure 3-4,

B’ = %02 + (P dx)? = Ou L 2 4 (9205 & (1422
A'B' = J(dx + axdx) + (axdx) —\/1 + Zax + (ax) + (ax) dx = (1+6x ) dx
where, consistent with small deformation theory, we have dropped the higher-order terms.

Using these results and the fact that AB = dx, the normal strain in the x-direction reduces to

= ou 3.10
Sx - ax ( . )
In similar fashion, the normal strain in the y-direction becomes
ov
=— 3.11
gy ay ( )

A second type of strain is shearing deformation, which involves angles changes (see Figure 3-3). Shear strain is defined as the change in angle between two
originally orthogonal directions in the continuum material. This definition is actually referred to as the engineering shear strain. Theory of elasticity
applications generally use a tensor formalism that requires a shear strain definition corresponding to one-half the angle change between orthogonal axes;
see previous relation (3.7). Measured in radians, shear strain is positive if the right angle between the positive directions of the two axes decreases. Thus,
the sign of the shear strain depends on the coordinate system. In Figure 3-4, the engineering shear strain with respect to the x- and y-directions can be
defined as

Vs S
Yoy =5 = CAB =a+p

For small deformations, a.=tan o and = tan 3, and the shear strain can then be expressed as

dv du 1.
i e dx. g I” O v 44
oA Ou v By ¥ e (3.12)
dx+——dx dy+—dy ™
dx Ty

where we have again neglected higher-order terms in the displacement gradients. Note that each derivative term is positive if lines AB and AC rotate inward
as shown in the figure. By simple interchange of x and y and u and v, it is apparent that yy,, = 4.

By considering similar behaviors in the y-z and x-z planes, these results can be easily extended to the general three-dimensional case, giving the results:

du v | Ow

S L 5
_ du v . v Ow . ow  Ou

DTy T e T ez 9y T o Bz
Thus, we define three normal and three shearing strain components leading to a total of six independent components that completely describe small

deformation theory. This set of equations is normally referred to as the strain-displacement relations. However, these results are written in terms of the
engineering strain components, and tensorial elasticity theory prefers to use the strain tensor eij defined by (3.7). This represents only a minor change

because the normal strains are identical and shearing strains differ by a factor of one-half; for example, e11 = ex = exand e1; = ey, = (1/2) %y, and so forth.

Therefore, using the strain tensor ej;, the strain-displacement relations can be expressed in component form as
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Using the more compact tensor notation, these relations are written as
1

ey = ;(Hf,j + i) (3-15)

while in direct vector/matrix notation as the form reads:
1
- [Vu - ('\_f'u)T] (3.16)

where e is the strain matrix and Vu is the displacement gradient matrix and (Vu) is its transpose.

The strain is a symmetric second-order tensor (ej; = ej)) and is commonly written in matrix format:

= e
e =|e] &y € €y (3.17)
€x Cy: €:

Before we conclude this geometric presentation, consider the rigid-body rotation of our two-dimensional element in the x-y plane, as shown in Figure 3-5. If
the element is rotated through a small rigid-body angular displacement about the z-axis, using the bottom element edge, the rotation angle is determined
asov/ox, while using the left edge, the angle is given by -du/dy. These two expressions are of course the same; that is, ov/0x = -0u/dy and note that this

would imply ey, = 0. The rotation can then be expressed as w, = [(Ov/0x) - (Ou/dy)]/2, which matches with the expression given earlier in (3. 9). The other
components of rotation follow in an analogous manner.
Relations for the constant rotation m, can be integrated to give the result:

u* = u, —w.y

(3.18)
vE =y, +w.x

where ug and vg are arbitrary constant translations in the x- and y-directions. This result then specifies the general form of the displacement field for two-
dimensional rigid-body motion. We can easily verify that the displacement field given by (3.18) yields zero strain.

Figure 3-5 Two-dimensional rigid-body rotation.
For the three-dimensional case, the most general form of rigid-body displacement can be expressed as
w* = Uy — w:y + wyz

vE = 1, — Wz + wex (3.19)

w¥ = w, — WX+ wy

As shown later, integrating the strain-displacement relations to determine the displacement field produces arbitrary constants and functions of integration,

which are equivalent to rigid-body motion terms of the form given by (3.18) or (3.19). Thus, it is important to recognize such terms because we normally
want to drop them from the analysis since they do not contribute to the strain or stress fields.

3.4. Strain Transformation
Because the strains are components of a second-order tensor, the transformation theory discussed in Section 1can be applied. Transformation relation (1.1)
is applicable for second-order tensors, and applying this to the strain gives

where the rotation matrix Q;j = cos (x';, xj). Thus, given the strain in one coordinate system, we can determine the new components in any other rotated
system. For the general three-dimensional case, define the rotation matrix as

L m m
Qr‘j =1L m m (3.21)
[y ms ns

Using this notational scheme, the specific transformation relations from equation (3.20) become

14



Chapter 3. "Elasticity”, L3 S5, Mechanical Construction, University of M'sila
Dr: Debih Ali mail: ali.debih@univ-msila.dz 2024/2025

7. 2 ¥
ei = exly + eymy + e:ny + 2(elymy + ep.myny + e ly)
e;, = e_J% + e}.n:% + e:n% + 2(exylamy + ey-mon; + e ls)
2 2 2
e, = exly + eym3 + e:n3 + 2(exylsms + eymianz + emls)

(3.22)

eiy = exlilr + eymymy + e.mny + e (hma + my ) + ey.(myny + myn) + ex(mly + Linz)
e.;.: = exlyly + eymoyms + e;nanz + ey (loms + mpl3) + ey.(mans + nams) + ex(malz + bhnz)

e:x = exl3ly + eymzmy + e.n3my + ey (Iamy + msly) + ey(m3ny + n3my) + e (n3hy + L)
For the two-dimensional case shown in Figure 3-6, the transformation matrix can be expressed as
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Figure 3-5 Two-dimensional rotational transformation.

Under this transformation, the in-plane strain components transform according to

e:_ = e, cos’ 0 + ey sin® 0 + 2eyy sinl) cos 0

e;_ = e, sin 0 + ey cos? 0 — 2eyy sinl cos 0 3.249)

e\, = —e,sinfcos 0 + ey sin0cos 0 + ey cos” 0 — sin® )

which is commonly rewritten in terms of the double angle:

ex+e, ex—e,
:__ Cx ¥ X ¥ -9 o9
== T cos 20 + ey, sin 20
ex+e, ex—ey : 32
f =X Y X Y0520 — e..sin2 (3.25)
B W= = cos 20 — ey, sin20
€y — €y .
e =2 - X sin 20 + ey, cos 20

Transformation relations (3.25) can be directly applied to establish transformations between Cartesian and polar coordinate systems. Additional
applications of these results can be found when dealing with experimental strain gage measurement systems. For example, standard experimental methods
using a rosette strain gage allow the determination of extensional strains in three different directions on the surface of a structure. Using this type of data,

relation (3.25) can be repeatedly used to establish three independent equations that can be solved for the state of strain (e, ey, exy) at the surface point
under study.

3.5. Principal Strains
From the previous discussion ,it follows that because the strain is a symmetric second-order tensor, we can identify and determine its principal axes and

values. According to this theory, for any given strain tensor we can establish the principal value problem and solve the characteristic equation to explicitly
determine the principal values and directions. The general characteristic equation for the strain tensor can be written as

det[ej — edj] = —€* + 916° — e+ 93 =0 (3.26)

where e is the principal strain and the fundamental invariants of the strain tensor can be expressed in terms of the three principal strains ey, e, e3 as
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Hh=e +e +es
Jr = e1e2 + ere3 +e3e) 627

93 = €162€3
The first invariant 3, = 3 is normally called the cubical dilatation, because it is related to the change in volume of material elements-

The strain matrix in the principal coordinate system takes the special diagonal form

epc 0 0
ei=|0 e 0 (3.28)
0 0 €3

Notice that for this principal coordinate system, the deformation does not produce any shearing and thus is only extensional. Therefore, a rectangular
element oriented along principal axes of strain will retain its orthogonal shape and undergo only extensional deformation of its sides.
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