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Normal Forms



Why Normal Forms?

We need systematic methods to:

Test satisfiability

Automate reasoning

Solution:

Normal Forms.
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Normal Forms
Basic Definitions

Definition

Literal: A literal is either an atom or its negation p or ¬p

Clause: A clause is a disjunction of literals l1 ∨ · · · ∨ ln

Monomial: A monomial is a conjunction of literals l1 ∧ · · · ∧ ln

Normal forms are built from literals.
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Normal Forms
Conjunctive Normal Form (CNF)

Definition

A formula is said to be in Conjunctive Normal Form if it is a conjunction
of clauses.

F = C1 ∧ C2 ∧ · · · ∧ Cn

where each Ci is a clause.

Example

(p1 ∨ p2 ∨ ¬p3) ∧ (¬p1 ∨ p4) ∧ (¬p1 ∨ p3 ∨ ¬p4)
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Normal Forms
Disjunctive Normal Form (DNF)

Definition

A formula is said to be in Disjunctive Normal Form if it is a monomial
disjunction.

F = M1 ∨M2 ∨ · · · ∨Mn

where each Mi is a monomial.

Example

(¬p1 ∧ p2 ∧ p4) ∨ (p2 ∧ ¬p3)
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Normal Forms
Properties

Properties of Normal Forms

Every formula is logically equivalent to its Normal Forms:
F ≡ CNF(F ) and F ≡ DNF(F ).

The conjunctive/disjunctive normal form representations of a formula
are not unique.

If a formula F is unsatisfiable (an antilogy), then CNF(F ) ≡ 0.

If a formula F is valid (a tautology), then DNF(F ) ≡ 1.
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Normal Forms
Transformation Methods

There are two techniques for determining a conjunctive or disjunctive
normal form of a given formula:

Use equivalence rules.

Use the minterms / maxterms method.
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Normal Forms
Transformation Methods : Equivalence Rules

We use equivalence chains by systematically applying the following rules:

Replacing the connectors ⇒ and ⇔ by ∧ Or ∨.

Get rid of double negations.

Distributivity: Convert p ∨ (q ∧ r) to (p ∨ q) ∧ (p ∨ r) for CNF or
inverse for DNF.
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Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF: F : ((p ∨ q)⇒ r) ∨ s

F ≡ (¬(p ∨ q) ∨ r) ∨ s Material implication

F ≡ ((¬p ∧ ¬q) ∨ r) ∨ s De Morgan’s Law

F ≡ ((¬p ∨ r) ∧ (¬q ∨ r)) ∨ s Distributivity (OR over AND)

F ≡ ((¬p ∨ r) ∨ s) ∧ ((¬q ∨ r) ∨ s) Distributivity (OR over AND)

Final CNF

(¬p ∨ r ∨ s) ∧ (¬q ∨ r ∨ s) Associativity of OR
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Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF/DNF: F : (¬p ⇒ q)⇒ r

F ≡ (¬¬p ∨ q)⇒ r Material implication

F ≡ (p ∨ q)⇒ r Double Negation

F ≡ ¬(p ∨ q) ∨ r Material implication

Final DNF
F ≡ (¬p ∧ ¬q) ∨ r De Morgan’s Law

Final CNF

F ≡ (¬p ∨ r) ∧ (¬q ∨ r) Distributivity (OR over AND)

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 11 / 28



Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF/DNF: F : (¬p ⇒ q)⇒ r

F ≡ (¬¬p ∨ q)⇒ r Material implication

F ≡ (p ∨ q)⇒ r Double Negation

F ≡ ¬(p ∨ q) ∨ r Material implication

Final DNF
F ≡ (¬p ∧ ¬q) ∨ r De Morgan’s Law

Final CNF

F ≡ (¬p ∨ r) ∧ (¬q ∨ r) Distributivity (OR over AND)

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 11 / 28



Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF/DNF: F : (¬p ⇒ q)⇒ r

F ≡ (¬¬p ∨ q)⇒ r Material implication

F ≡ (p ∨ q)⇒ r Double Negation

F ≡ ¬(p ∨ q) ∨ r Material implication

Final DNF
F ≡ (¬p ∧ ¬q) ∨ r De Morgan’s Law

Final CNF

F ≡ (¬p ∨ r) ∧ (¬q ∨ r) Distributivity (OR over AND)

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 11 / 28



Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF/DNF: F : (¬p ⇒ q)⇒ r

F ≡ (¬¬p ∨ q)⇒ r Material implication

F ≡ (p ∨ q)⇒ r Double Negation

F ≡ ¬(p ∨ q) ∨ r Material implication

Final DNF
F ≡ (¬p ∧ ¬q) ∨ r De Morgan’s Law

Final CNF

F ≡ (¬p ∨ r) ∧ (¬q ∨ r) Distributivity (OR over AND)

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 11 / 28



Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF/DNF: F : (¬p ⇒ q)⇒ r

F ≡ (¬¬p ∨ q)⇒ r Material implication

F ≡ (p ∨ q)⇒ r Double Negation

F ≡ ¬(p ∨ q) ∨ r Material implication

Final DNF
F ≡ (¬p ∧ ¬q) ∨ r De Morgan’s Law

Final CNF

F ≡ (¬p ∨ r) ∧ (¬q ∨ r) Distributivity (OR over AND)

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 11 / 28



Normal Forms
Transformation Methods : Equivalence Rules

Example

Convert the following formulas into CNF/DNF: F : (¬p ⇒ q)⇒ r

F ≡ (¬¬p ∨ q)⇒ r Material implication

F ≡ (p ∨ q)⇒ r Double Negation

F ≡ ¬(p ∨ q) ∨ r Material implication

Final DNF
F ≡ (¬p ∧ ¬q) ∨ r De Morgan’s Law

Final CNF

F ≡ (¬p ∨ r) ∧ (¬q ∨ r) Distributivity (OR over AND)

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 11 / 28



Normal Forms
Transformation Methods : minterms / maxterms method

Every truth table (Boolean function) can be written as either a conjunctive
normal form (CNF) or disjunctive normal form (DNF).

First, we must construct the truth table of the initial form.

Minterm: is a conjunction of literals which the interpretations
I (F ) = 1 (for each True line).

Maxterm: is a disjunction of negations of literals which the
interpretations I (F ) = 0 (for each False line).

DNF: Formula as a disjunction of minterms.

CNF: Formula as conjunction of maxterms.
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Normal Forms
Transformation Methods : minterms / maxterms method

Example

p q Formula Minterm Maxterm

0 0 1 ¬p ∧ ¬q

0 1 1 ¬p ∧ q

1 0 0 ¬(p ∧ ¬q) ≡ ¬p ∨ q

1 1 0 ¬(p ∧ q) ≡ ¬p ∨ ¬q

DNF : (¬p ∧ ¬q) ∨ (¬p ∧ q).
CNF : (¬p ∨ q) ∧ (¬p ∨ ¬q).
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Normal Forms
Transformation Methods : minterms / maxterms method

Example

Convert the following formula into CNF/DNF: F : ¬(p ∧ q).

Truth Table

p q p ∧ q F Minterm Maxterm

0 0 0 1 ¬p ∧ ¬q

0 1 0 1 ¬p ∧ q

1 0 0 1 p ∧ ¬q

1 1 1 0 ¬p ∨ ¬q

DNF : (¬p ∧ ¬q) ∨ (¬p ∧ q) ∨ (p ∧ ¬q).
CNF : (¬p) ∨ (¬q).
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p q p ∧ q F Minterm Maxterm

0 0 0 1 ¬p ∧ ¬q

0 1 0 1 ¬p ∧ q

1 0 0 1 p ∧ ¬q

1 1 1 0 ¬p ∨ ¬q

DNF : (¬p ∧ ¬q) ∨ (¬p ∧ q) ∨ (p ∧ ¬q).
CNF : (¬p) ∨ (¬q).
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Satisfiability of a Set of
Formulas



Satisfiability of a set of formulas
Definition

Definition

Let Σ = {P1,P2, . . . ,Pn} be a set of formulas.

A set Σ is said to be satisfiable if and only if given the truth table of
all formulas, there exists at least one row where all these formulas
P1,P2, . . . ,Pn are true simultaneously.

Σ is satisfiable iff : ∃I such that I (Pi ) = 1 ∀Pi ∈ Σ
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Satisfiability of a set of formulas
Examples

Example

Consider:
Σ = {p ⇒ q, p ∧ q, p ∨ q}

Truth table:

p q p ⇒ q p ∧ q p ∨ q

0 0 1 0 0
0 1 1 0 1
1 0 0 0 1
1 1 1 1 1

All formulas are true when:

I (p) = 1, I (q) = 1

⇒ Satisfiable
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Satisfiability of a set of formulas
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Logical Consequence



Logical Consequence
Definition

Definition

Q is said to be a semantic consequence of P if every model of P is a
model of Q.

We note: P |= Q.
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Logical Consequence
Example

Example

Show that:
p ∧ q |= p ∨ q

Truth table:

p q p ∧ q p ∨ q

0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 1

Whenever p ∧ q = 1, we also have p ∨ q = 1.

⇒ Valid consequence

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 21 / 28



Logical Consequence
Example

Example

Show that:
p ∧ q |= p ∨ q

Truth table:

p q p ∧ q p ∨ q

0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 1

Whenever p ∧ q = 1, we also have p ∨ q = 1.

⇒ Valid consequence

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 21 / 28



Logical Consequence
Example

Example

Show that:
p ∧ q |= p ∨ q

Truth table:

p q p ∧ q p ∨ q

0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 1

Whenever p ∧ q = 1, we also have p ∨ q = 1.

⇒ Valid consequence

Dr. CHOUDER R Mathematical Logic Department of Computer Science [0.3cm] Level: First Year LMD — Licence Computer Science [0.3cm] Academic Year 2025-2026 21 / 28



Logical Consequence
Property

Property

Let P |= Q be if and only if P ⇒ Q is valid.

Example

Show that:
p ∧ q |= p ∨ q

Truth table:

p q p ∧ q p ∨ q (p ∧ q)⇒ (p ∨ q)

0 0 0 0 1
0 1 0 1 1
1 0 0 1 1
1 1 1 1 1
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Logical Consequence
Definition

Definition

We say that Q is a semantic consequence of (or of the set
Σ = {P1,P2, . . . ,Pn}) if in the truth table of Q is true whenever
P1,P2, . . . ,Pn are true.

We note: {P1,P2, . . . ,Pn} |= Q or Σ |= Q.

To check the consequence, we must check the truth value of Q is true on
all lines where the formulas P1,P2, . . . ,Pn are simultaneously true.
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Logical Consequence
Example

Example

Show that:
{(p ⇒ ¬q), q} |= ¬p

Σ = {(p ⇒ ¬q), q}
Q : ¬p

Truth table:
p q p ⇒ ¬q ¬p

0 0 1 1
0 1 1 1
1 0 1 0
1 1 0 0

Whenever p ⇒ ¬q and q are simultaneously true, we also have ¬p is true.
⇒ Valid consequence
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Logical Consequence
Properties

Properties

Let Σ = {P1,P2, . . . ,Pn} be a set of formulas.

1

Σ |= Q if and only if (P1 ∧ · · · ∧ Pn ⇒ Q) is a tautology

2

Σ |= Q if and only if Σ ∪ {¬Q} is a is unsatisfiable
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Logical Consequence
Example

Example

Show that:
{(p ⇒ ¬q), q} |= ¬p
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1 0 1 0 0 1
1 1 0 0 1 1

((p ⇒ ¬q) ∧ q)⇒ ¬p is a tautology
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Logical Consequence
Example

Example

Show that:
{(p ⇒ ¬q), q} |= ¬p

Σ ∪ {¬Q} = {(p ⇒ ¬q), q, p}

Truth table:
p q p ⇒ ¬q

0 0 1
0 1 1
1 0 1
1 1 0

The set Σ ∪ {¬Q} = {(p ⇒ ¬q), q, p} is unsatisfiable

⇒ Valid consequence
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Logical Consequence
Exercise

Exercise: Modus Ponens

Show that:
{p ⇒ q, p} |= q
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