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Series N°3 : Differential equations (*) for student

Exercise 01 : Give the type of each first-order differential equations (the Solution is not required)

1. 2y = (z — 1)y, (1+ y?)dy = xdz, 2zyy —y? +x=0.
r—Y / Y

) Yy — 2

T+y 11—z
Exercise 02 : Solve the following separable differential equations :

o (1+e)yy = e*, o tan(x)sin®(y)dz + cos?(z) cot(y)dy = 0.

e, 1 1—e"
= - 3e” t d dy = 0.

© i1V T © detanly)det oo dy ()

oy'tan(r) =y (), o (@+1y=y"+4 (¥
Exercise 03 : Integrate the following homogeneous differential equations :

=1+

2.y =

oy’:g_l, o y,:_ai—i-y (%) o (x—y)ydr —z*dy = 0.
x x
o (x2+y2)dx—2:1;ydy=0, (*) © y/:x;y
x

Exercise 04 : Find the general solution of following linear differential equations :
oy — J_ x, (%) o (1—2?)y +ay=2z. (%)
oy — y?cos(x) = sin(2z).

Exercise 05 : Find the particulars solutions satisfying the given initial conditions :
Loay+y—e" =0, yla)=b  (x)

Y
2.y'—1_9:2—1—ac:07 y(0) = 0.
1
3.y —yt = — 0) =0.
y' —ytan(x) cos(@)’ y(0) (%)
Exercise 06 : Find the general solution of Bernoulli differential equations :
oy + J_ —zy?, o y'sinzcosz — 3y = —3y3 sind z, (%) o Yy —y=2ye "

Exercise OS’? : Integrate the following second-order differential equations :
1.y +3y +2y =222+ 8z + 7.

y//_y:eh_ex

y" — 6y + 9y = 2e3* — e*.

y'+y=uwsinz. (%)

Y’ + 2y +y = cos? x. (%)

y" — 2y + 2y = sin(x).e” (%)

(Home working)

SIS A T

1. Integrate the differential equation
—y +y =2,
2. Find all the functions z : R —]0, +-00[ which are derivable, solutions of differential equation

-2 =0

1
and such that z(0) = 3
1

- We can do the change variable y = 27"
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0.1 Solution

Exercise 01 : The type of first order differential equations :

d -1
Loy =(@x—-1ly<s % ’ . dx Separable equation

2. (1 +y?)dy = xdx, obvious

1 1
3. 2zyy — P+ =0&1y — Y= —iy_l Bernoulli equation
x
Y
1— 2
4.y = Y L

= 7 homogeneous equation
r+y 142

Y

d. y/—l_x2:1+x<:>y’—

[— 2V 1 4+ x linear equation
Exercise 02 :

(2) :  tan(z)sin®(y)dz + cos*(z) cot(y)dy = 0.
We divided by sin?(y) cos?(x) such that : y # (2k + 1)% and = # km So

sin cos Yy
2 @/ d / dy = 0,
(2) cos3 T sy Y

in’y

after integration we obtain

1 1

2) &
) cos2x  sin?y

=C. CelR

T

1 -
(4) :  3e”tan(y)dx + =

d
cos?y Y
3e” d
We [ me [W
1 —e® sin y cos y
separable equation.
_/ 7:_/ 5 —/Cosyd —In|tany| +c
sin y cos y tan y cos tany
Then
3In|l — €| =In|tany| + C
In|tany| —3In|l —¢*| =C
Finally

tany = C(1 —e*)?
Exercise 03 :

d
1. y’:g—l,wemakethechangeofvariabley:t<:>y:tx<:>y’:t’:v+t<:>d—y
x x x
Y
SO y’:g—lﬁt’x:—lﬁx:Ce x,
x

9 , r+y

the same work for this equation

d
3. (v—yydr —2%dy=0= dy L (Q)2 the student must complete
r T T

dt

dx

T+t
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d 1.1
4. (22 +yHdr — 22ydy = 0 & - —(7 + Q) = F(g) homogeneous equation make the
dx 2°Y g x
x
change of variable as previous y = tx next we resolve a separable equation.
)
—y I 4 14t
5. y’:x - 5§<:> iC:f;dtwehave
r+y 1+ = iy 1—2t—1¢2
x
I+t _ A B
1—2t—12 t—1—+/2 t—14++2
PR RS 12
2 2
Then Y s
1+/2 1-/2
1+t -

1— 2t —¢t2 _t—l—\/§+t—12+\/§
... Continue the solution
Exercise 04 : We chose
y' — ycos(r) = sin(2z).
— Solve without second member
% = ycos(x) & y = Cesin?

— with second member : by the variation constant method
C' =sin2ze "M% & C' = ¢ 5"%(—2sinx — 1) + K then y = Ke*™* — 2sinz — 1
Exercise 05 :

For x €] — 1,1]
dy dx

de 1 — 22

by the variation constant method and after calculation we find

Sy= Ceargthx

C = 5 arcsin x + 1 sin(2arcsinz) + K
then the general solution given by
arg thx( 1

1
y=e 3 arcsin x + 1 sin(2arcsinz) 4+ K)

So the solution satisfy the initial condition y(0) = 0 is

1 1
y = eargthz(§ arcsin z + 1 sin(2arcsin z))
Exercise 06 :
y/ + % — —$y2

Bernoulli equation we multiply by »? we obtain
1
vy oy =
x

Make the change of variable y ! = 2 & —1/y~2 = 2’ the Bernoulli equation become linear equation
in the form

1
2+

—z=—x
x
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We use the variation of constant method, the general solution of linear equation given by

2

L+ x
z2=—+ —
x 3
, and the general solution of Bernoulli equation is
1 1
TR
x 3
Exercise 07 :
y' +3y +2y =222 +8x +T.......... (1)

— first the solution without second member The characteristic equation is
7’2+3r+2:O:>7’1:—1, reg = —2

then
yy = Cie™® + Che 2, (Cy,C,, are constants

— second with second member we know that yo = yg + yp
The second member is polynomial then the particular solution

yp =ax® +br+c, yp=2axr+b yh=2a

5 -5
We replace in (1) and by identification a =1, b= 3 = hence
=z? + §x + ;5
Yyp = 5 1
and
—x —2z 2 i) —9
yo = Cie” "+ Coe ™ +§x+j

Characteristic equation is

Solution without second member is
C’le_z + 0262:

then we find yp, use the variation constant method as follow : we put y; = e~

solve the system equations
11+ Cay2 =0
Clyh + Coyy = f(z)

Cle ™ + Che” = 0......(1)
—Cle ™ 4+ Cle® = f(x)...(2)

1
() +2): =5~ 1) = G =& — T+ K,
/ 1 3x 2z 3z ]' 2
(2) — (1) Clz_§<€ —e)=>Ci=—=e —i—ze + K
then X
yo = Kie™" + Kqe® + 562” + 1(1 —2x)e”

9

Yy = e” and
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Y’ — 6y + 9y = 2e3* —e”......(3)

Characteristic equation is :
r?—6r+9=0« (r—3)*=0, r=3double root

SO
Yg = (01.13 —+ 02)6396

For find the particular solution we can use
— First method : because the second member is the form P(z)e**. We search yp = yp, + yp,
such that yp, = Cx%e™®, a =3, yp, = Ce®

yp, = C(2x +3e*)e™,  yf = C(92% + 122 4 2)e™

1

3% in the same way, we find yp, = —16”

After calculation we can find C' = 1 then yp, = z%e
then 1
Yo = (Clx_’_cg)efﬂx +x2€3$ . Zem

— we can use : the variation of constant method as previous
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