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Series N°2 : The Integrals

Exercise 01 : Compute the primitive functions :

/(ez)”ﬂdx, /cos(inx)dx’ /cos(x) sin(z)dz, /sin(2x) cos(3z)dx.

/exdm / de / de /sh(ex)exdx
L+ex xq/l—(lnx)f VI+a?

d 1+ 2 — 2f 1 59
/ 'x dx, /—{de, dzx, /de.
sin x 1—x Vr—x 3 — 12

Exercise 02 : Calculate the following integrals

1
I, = /arcsin(z)dx, I, = /x” In(x)dx, I3 :/ V1 — x22dx,
-1

oy -
Vet 2
1_ s
[52/\/1+:B2d$, Iaz/fvln( ")da, 1'7:/2 = dr.(put t = sinz)
0

1+z (1+sin®x)(1 + sinz)

Exercise 03 : We consider
L = / (zcosz)’dr; I = / (zsinz)?dr
0 0
- Find I + I, and I; — I, and then deduce Iy, I>.

1
Exercise 04 : Let the following function : f(x) =

1+ 22
1. Find Dy, then calculate the area S(«a) enclosed between the graph of f, the vertical lines z = o, « =
—a, (o> 0.) and horizontal line y = 0.

2. Calculate lim S(a)
a—+00
Exercise 05 : Let - .
F(z) = / cos(Int)dt; G(x) = / sin(Int)dt
1 1
1. Using the integration by parts, show that
F(z) =xzcos(Inz) — 1+ G(z), G(z)==xsin(lnz)— F(x).

2. Deduce the expressions of F(x) et G(x).
Exercise 06 : Using the decomposition of rational fractions, calculate the following integrals :

2

/4 dx /3 x°—1 de /4 r+1 de
o o(1+22)" Jo (x—1)2(22+1) " Jo 1 1

(o= 5@+ 3)a2+1)

Exercise 7 : (Home working 1) We consider the following integrals

jus
8

K= / Tcos(2z)dx, I = / “cos?(z)dr, J= / “sin®(z)dx,

— Calculate K, I+ JetI—J.
— Deduce the values of I and J.

Exercise 08 : (Home working 2) Calculate the following integrals :

/(1—\/m)2

dz.
22+ +1

e S S—
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Solution

Exercise 1 :

rx\n+1 . T/ _T\N . x\n+1
/(e) dx/e(e)dxn+1(e) +C
1
/cos(nw)d$’
x
we make change variable Inz =t = % = dt

x

/ cos(ln x)

dx =€ cos(t)dr = sin(t) = sin(Inz) + C
x

1
/cos(x) sin(x)dx = 5 sinz + C.

/5111(21:) cos(3x)dx =3 /sm (5x) — sin(x)dz = —110 cos(bx) + ;COS(JJ) +C

By change variable e* =t = e"dx = dt

t x
1+e2wdx:/1+t2 = arctan(e”) + C.

By the same way

= arcsin(lnz) + C.

/xm

= argsh(x) + C

dx
V1+ 22
/sh(ex)exdx = Ch(e®) + C, make the change variable t=e".

d d dt df
/ I‘dl’:/%dw: - = M ln|tan< )""C
sin T 5 SN 5 cos 5 sintcost tant
1 5__ .6 1 6
/—md:ﬂ:/<x +>dx:x—ln\1—x|+0.
11—z 1-— 6

By change variable \/z =t = % = 2dt

1 2dt
/ dr= [ 2% = o1 - a| +C.

VI —x 1—t
dx—/ dx
r—1

x° — 2
/:p3—x2dx_/dx+/x3—x2dx_/d$ /
_/dx+2/clx+2/d /
T 2 r—1

2
=z+Ci4+2lnlz|+Co——4+Cs—Injz— 1|+ Cy
x

2

x
|z — 1]

2
:x—;%—ln +C, 0201+CQ+C3+C4
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Exercise 02 :




By integration by parts
L = /arcsin(x)dx = zarcsin(z) + /(1 —22) + C

xn+1

IQI/SC In(z)dx = 1 (lnx—

n

)+c

n+1

1
I3 = / V1 —22dx, we make change variable z = sint
-1

z 1 —cos(2t)]?
132/ COSQtdt:[CSS(t)] = 0.

s
2

[VE]

21‘—1—

Iy = / / / =2Vl +x+2+Cy—=
e \/x2+:c+ \/a:2+x+ 2 \/x2+x+ '

1/ x
20 @ +1/2)2+7/4

So, first we make the change variable t =z +1/2 = dt =

/\/x+1/2 )2+ 7/4 /t2+7/4 /f/

2t
second, We make another change variable —= = u = dt = \/7/2du, thus

VT

/ 2dt :/ du

= argsh(u) + Cs

then

1
= 2v/2? 2 — —argsh |- .
T+ + args [\/7( 2)1
We make the change variable x = sh(t) = dx = ch(t)dt
1 1 e? —e 2
I = [T+ = [ en*(yat = /Z(e% — e 2)dt = (5 +20)+C

1 t 1 t 1
= 13]1(275) +tg C = —(2sh(t)ch(t) + 5t C= gvl + 22+ iargsh(x) +C

4

1
g\/1+x2+§ln(a:—l—\/1+a:2)+0

By integration by parts we obtain

[Gz/xln(l_x)dx:zln{l_ﬂ +/(—1+ L e

1+x 1+ 1—2z2
) [1_:”} + argth(z) + C = {1_“@ i [1“3 e
= — 1n — X ar X = — 1n — X — 1n .
2 M1+z g 2 M1+z 2 M1 =2

By the change variable, we obtain
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I _/’5 CoS T dx—/l dt gt
"o (+sin?z)(1+sinz) - Jo A+2)(1+10)

we have

1 _ A  Bt+C
(1+82)(1+t) 1+t 1+

By identification, we find

1 1
A=C=—-, B=-—-
2’ 2
Then .
1 1 1 1
I; = 21n|1—|—t|—41n|1+t2|+2arctant]0: 11n2+%

Exercise 03 : We have
x B3 8
I1+]2=/ 22dx = l] = —

0 0

™
L — I :/ 22 cos® zdx
0

By doing twice integration by parts, we obtain

T
]1—]225.
So
3
{h+L=21-1,=1
Therefore
7'('3 v 7T3 v
L =—4+2 L="0"_=
1= Ty RT3y

Exercise 04 :
1. Dy =R
2.

S(a) = /a (f(z) —y)dex = /a de__ [arctan(x)]*,, = 2arctan(«)

3. limys oo S(@) = limg_, 4o 2arctan(a) = 2(%) =

Exercise 05 :
Using the integration b parts

F(z) = [tcos(Int)]] — /lx t(—i sin(Int))dt = zcos(Inz) — 1 4+ G(x)

Also
G(z) = xzsin(lnz) — F(x)

Then the expressions of F'(z) and G(z) are :

F(z) = 5 (cos(ln ) + sin(ln ) - ;

G(z) = zsin(lnz) — g(cos(ln z)+sin(Ilnz)) + ;

G(z) = g(sin(ln x) —cos(lnz)) + ;
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Exercise 06 :

/4 dx A n Bz +C
o z(1+22) z 1422
By identification, we obtain A=1, B=-1, C=0
Thus /B
4 dx 1 2/5
——— =[nz—-In(@*+1)]; = “=.
/2 ) [Inz 5 n(z® 4+ 1)]5 it

3 r? -1 J

/z (x —1)2(22+1) “
2 —1 A . B +CQJ—|—D
(x—1)2(22+1) 2—-1 (x—1)2 22+1°

After expansion and identification of coefficients, we obtain

1 1 1
A=—= B=1 = — D=—-
2’ ’ ¢ 2’ 2
4 1
/2 . :v+1 du
_ N2 11
(& =)z +5)(@*+1)
we decompose :
x+1 A n B Cx+D
= 1

After computation :

A:Q’ B:_g C:_é’ D:—é
5 5 5 5
e 5o dfs 4
4/ 6/5 2/5 4x/5 4/5
_[3: ( 1 T 5 - B )dl’
6 1 2 1 2 4 !
1325111 x_Q‘_E)ln ﬂc+2’—5ln(1+x2)—5arctanx2.
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