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Series N°1 : The finite expansion

Exercise 01 :

1. Using Taylor formula. Calculate the finite expansion of 3 — rd order in the neighborhood of
xo = 0 of the following functions :

N@)=In(1+2), folz)=¢" [fs(zr)=cosz, fi(x)=snz, [f5(z)="tanz,

1+ 1
_2—|—ZIT’ fS(x)

~ cosz’
fo(z) = sh(z), fio(x) =arcsinz, fii1(x) = th(x)
2. Deduce the finite expansion of 3 — rd order around to xy = 0 of the following functions :
_In(1+2)

g1(x) =cosx +sinz, go(x)=e€".tanz, g3(r)=—"-—", q(z)=c¢
x

gs(x) = sin(In(1 + ), g¢(z) = Veosz, gr(x) = e

fol)=a+a' + 2%+ 2>+ 2+ 1, fi(x)

Exercise 02 :
Using the euclidean division, Calculate the finite expansion of 4 — th order around to xq = 0 of

the following functions :
In(1 + x) e’
filz) = o5z folz) = [pp——
Exercise 03 :

Using the finite expansion, calculate the following limits

lim sinx, lim 1— cos:c’ lim sin(cos(z) — 1)’
z—0 z—0 :1;'2 z—0 €T
. 1—xsinx —cosz . . T sinx
lim , lim — [sin — —|
20 (er —1)2 20 (sin x)* l—2 1-sinz

Exercise 04 :
Calculate the following finites expansions

1
1) — to 3-rd order at o =2, 2) Inz to 4-th order at zy = 2
T

3) cosz to 3-rd order at xg = g, 4) v/ to 3-rd order atzy = 2

Exercise 05 :
Calculate the following limits such that a,b two positives real.

[ln(l + $)1 ¢
In(x) ’

1 1%

) az + bz
lim

r——+400

lim
T——+00

Exercise 06 :Homework. Let f a function defined by
f(z) =2(1+ev).

1. Calculate the finite expansion of f in the neighborhood to oo of degree 2.

2. Deduce that the graph of f admits the line of equation y = 2z + 1 as asymptote, then study
the relative position between the graph of f and this asymptote.
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Solutions

Exercise 01 :
1. Taylor expansions at xy = 0 of 3" order
We recall the standard Taylor formula around 0 is Mac-Laurin polynomials :

[ (o) f" (o) J (o)

f(x) = f(xo) + 1 9] "

(x —20)? + ... +

(CL’—ZE()) +

(x —20)" + O(x — xo)"

Such that f'(x), f"(z), ..., f"(z) are successively derivatives functions of f. Particular case. Mac-Laurin
if x =0.

/ " (n)
f(@) = £(0) + fl(!o)x + f2<!0)x2 4] n!(O)xn +O(z")

We can replace the remainder part O(x — xo)" by (x — zo)"€(x) with e(x) — 0 when =z +— zo.

x2 ZUS ZU2 x?’
In(1+ ) :CC—?—F?—FSC:SE(I'), lim €(z) = 0. e””:l—l—:c—l—?—l—g—i-ﬂv%(:v),

2 x3 3

cost =1— % +23€(z), sinw=z— - +2%(x), tanz =2+ % + 23e(2).

2 28
filz) =In(1+2) =2 — > + 3 + 2%e(x)
2 3
fo(z) =€* = 1+x+?—|—€+x3e(x)

2
fs(z) =cosx=1— % + 2e(x)

3
fa(z) =sinx =z — % + 2e(z)

3

fs(z) =tanzx =z + % + 2e(2)

Polynomial :
fo(x) =1+x 42> +2° +2* +2°

f7 is rational function :
1+ 1 o 22 2

P— —_— — —_— — —— — 3
S il S B S T

3
fo(z) = shx =z + % + 2e(x)

f10($) =z + x63 + .1736(33)

3
fu(z) =the =z — % + x36(:v)
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2. Deduction of expansions (Using the operations properties of finite expansions )

132 .’L'S
g1(z) =cosx +sinx =14z — R + 2e(x)

5
ga(z) = e"tanz = x + 2 + 6x3 + 23¢()

In(l+xz A 3
gs(z) = <x )—1 2—1-?—24—:(;36(3:)
- 2 2
ga(z) =€ =77 =e[1— T)l=e—el 1 23e()
2 2
2 3 A 3 3 2 3
gala) = sinfIn(1 4 2)) = (@ — © 4 T g aele)) - TTEIEHTAI_ BT gy

2

ge(xr) =+/cosx =1— Ty z?e(r), lime(x) = 0.

4 z—0

: 2?28
97($) — earesinz _ q Ry 5 4 ? +$3€($)
Exercise 02 : Using euclidean division by increasing power order

4

1n(1+x)_(x_%2+L;_I>

1
- 22 24
cos T (1 NN )
2 5.3 4
2 e
Is the same way from this function
e’ 13 5 37

_ 2 4 4
m—1+l’+§l‘ +€$ +ﬂ$ +x 6(1‘)

Exercise 03 : Using Taylor expansions :

lim sinz lim & + xe(x) _q
z—0 z—0 x
. 1l—cosz 1—(1—%2+$26([E)) 1
lim ———— = lim =
x—0 xr2 x—0 x2 2
i —1
lim sin(cosz — 1) _0
x—0 €T
. 1—xsinx —coszx 1
lim = _
2—0 (e® —1)2 2

After calculation and simplification we can find

) 1
sin(lfg) :l‘+$2+6$3+§$4+1‘46($)
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sinz 29,93, 24, 4
P =+ —|—6x —|—3x + z%€(x)
Thus ,
) 1 i x sin x —1
lim — [sm( > — . } = -
@0 (sin x)* 1—x 1 —sinx 6

Exercise 04 :
Using change variable : x —xg =t = x =1t+ 19

1 1 1 1 t 2
—_ = — 7 — 1 —_— + -
r o 2+t 21+%) 2 2 4 8

I A S A .
=33ty Tt i =0
1 -2 (z—2)? (x-2)3 3 .
274 T8 g @ Yele—2), limelr—2)=0

Use the same technique from the rest

B r—2 (v-2)? (x-2) (z—2)
Inz=In2+ 5~ 3 + 1 o4

Exercise 05 :

T—+400

<ln(1+x)> = lim eme(MEE)

We have
In(1+2z) Inr+In(l+1/z) " In(1+1/x)

Inx Inz Inz
In(14+1/x) =1/ + 1/x.€(1/x) near to +oo

In(1 1 11 1
(1) ). lime(—) = 0.

e(—).
Inz rzlnx  zxlnz ‘=z t—0 ‘g

6ac(M) _ (s s e(d)

Inz zlnz " zlnx

l 1 * 1 1 1

T—00 Inz T—00
1/x bl/a: z z 4 pl/z byt
2. lim H) = lim &*™ <H> = lim e!/t" <a—|—>
T—+00 2 T—+00 2 t—0 2

Around to 0, we have
at=1+tlna+te(t), b' =1+ tlnb+ te(t)

SO
lim 6l/tln <at + bt) — lim el/tln(erte(t)) _ e%ln(ab) _ \/%
2

t—0 t—0
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