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Differential equation

A differential equation is a mathematical equation that relates an
unknown function y = f(z) to one or more of its derivatives
v,y y3, .. y™. By the relations as

G(z,y,9,y",y®, ., y™) =0, or v =F(z,y,¢",y®,....,y™).

It describes how a quantity changes with respect to another variable
and is widely used to model many phenomena in physics, engineering,
biology, and economics.

In general, if y = f(z) we symbolize with

1_@ //_d2y (3):M . (”):dny.

y _dx7 y dx27
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Separable eq

ions
Linear diffe quations
Bernoulli equ

First order differential equations

For example,
dy
- =
is a differential equation stating that the rate of change of y with
respect to x is 3x2.

322

Definition 2
An equation of the form

G(x,y,y) =0 < ¢ = F(z,y);

where y is a function of x is the unknown, its called first order
differential equation.

Presented by : Dr: M. TOUAHRIA



Bernoulli equations

Separable equation

They are of the form
fw)y' = g(2). (1)

The general solution is given by

d
/f(y)dy = /g(a:)dx, because y' = ﬁ

For example we consider the first order differential equation

y'—4y:0<:>/dy:/4dx
Y

Yy = C.€4$, CeR check
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ions
1ations

Separable equations

Integrate the following separable equations:
1. (VP +1)y =z+1.

2. (z—1)y++v1—y2=0.
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Homogeneous equations
Line al equations
Bernoulli equations

Separable equation: Solution

1. (P +1)y =z+1

First, we write the equation in differential form:

dy

(P +1)>=x+1

Separate the variables:

dzx

(W 4+ 1)dy = (x4 1) dx

Integrate both sides:

3 2

(3/ +1)dy— ($+1)dx<:>—+y_7+x+c

Hence the implicit solution is

3 2

y -
3 +y= 2 +z+C
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Homogeneous e
Linear differ equations
Bernoulli equations

Separable equation: Solution

dy
N2 12
(@—-1)-- y
Separate the variables:
dy dx

Integrate both sides:

J =

arcsin(y) = —ln|z — 1|+ C

or equivalently

‘arcsin(y)—i—ln]x— 1|=C < y=sin(C —In|z — 1|)‘

Presented by : Dr: M. TOUAHRIA



Separable equation

differential equations
noulli equations

Homogeneous equations

They are of the form:
Yy
y =r() 2)

The resolution (or integration) of this type tends to the resolution of
separable equations, we set

g:t(:)y:tm,
x
then
ot e W9
d dr

The general solution is given by

dt
z=C.el T
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Separable equation

tial equations
Bernoulli equations

Homogeneous equations

For example, we solve the equation
vy —2y=2 = y =2(%)+1,
x
Use the substitution

, dt
y=tr = y =t+zx
dx
By substitute we obtain:
dt
— =2t+1
xdﬂ? +
Separate variables:
dt ~ dx
2t+1 =«

Integrate:
1
§ln\2t—|—1\ =ln|z|+C
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Separable equation

differential equations
noulli equations

Homogeneous equations

Substitute t = ¥:
2g +1=Cz?
T
Multiply by x:

2y +x = Cz®

Thus the general solution is

Cx® -z
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Separable equation

Homogeneous equations

Integrate the following homogeneous equation:

22ydr — y3dy = 23dy
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Separable equation

differential equations
bulli equations

Homogeneous equations

First rewrite the equation:

r?ydr = (2° +y®) dy

dy 2%y
de a3+ 3

Since the equation is homogeneous, use the substitution

t L
= T - = r—.
Y dx dx
By substitute we obtain:

dt  2*(tw) t

t — = = .
+ Ydr T B+ (tz)3 1413
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Separable equation

tial equations
Bernoulli equations

Homogeneous equations
Thus

dt t Py 1 ) 4
rT—=——7—-1t=t|—F7%— = -0
de 1413 1 4¢3 1443

Separate the variables:

1 3
/ = [
t4 x
By integration, we find:
1
—@ +1H|t| = —1H|LE‘ +C.
Substitute t = =:
- +ln’g‘:—ln\az|+C.
3 (3)3 x
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Separable equation

Homogeneous equations

3

x
—ﬁ—i—ln’ ‘:—ln|x\—|—C.

Finally the solutions are

ln]y\—@:c
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Separable equation

differential equations
bulli equations

Linear differential equations

They are in the form
y + f(@)y = g(x), (3)
where f, g are continuous functions on some interval [ in R, g(z) is

called the right hand side of the equation.

* Integrate homogeneous equation (i.e., Without the second
member)

y' + f(x)y =0,

it is a separable equation. The solutions are given by

Y = Ce_ff(x)dm, CeR

Presented by : Dr: M. TOUAHRIA



Separable equation
Homogeneous equations

Bernoulli equations

Linear differential equations

* Integrate with second member (or, complete equation.)
The general solution of the complete equation (3)

yGIyHerP,\

where yq : is the general solution of (3), yy : the homogeneous
solution of (3) without second member and yp : is the particular
solution of (3).
Question: How to find yp?

o By observation with the naked eye. Else

o By the variation of constant method.
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Separable equation
Homogeneous equations

Bernoulli equations

Linear differential equations

We put:
yo(z) = C(x).y1(x), where y;(x) = e~ @)z,

So
yé(w) — C’<$)e—ff(af)dx _ C(x)f(l‘)e_ff(x)dx.

Then we substitute in (3), we find
C'(z) = g(:c)ef HICLE N C(x) = /g(a:)ef f(@)dz g,

then, we obtain

yo(z) = (/g(x)eff(’”)d‘”dx> e~ f(@)dz
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Separable equation
Homogeneous equations

Bernoulli equations

Linear differential equations

We integrate the linear equation

xy — 2y =zx.

o With the naked eye, we can see that —x is particular solution.
Homogeneous solution (or, solution without second member)
zy —2y=0=y=C.x? Then yg=Caz*—2z CecR.

@ By the constant variation method, we have

1 1
y =C'2* 4 22.C thus C' = —=>C=--+K.
T T

By substitute C' in y = C.z2. We obtain The general solution of
complete equation

yo=Ka*> —z, KeR,
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Separable equation
3 1ations

Linear differential equations

Solve (or, integrate) the linear equation

(1—22)y —zy = =.
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Separable equation

1ations

Solution

First divide the equation by 1 — 2

, x oz
Y1297 12

1. Solution of the associated homogeneous equation

y -

17:623/:0.

/

y =z
y 1—a?

dy T
/y_/l_xde.
T 1

—— _dz=—=In|1-2?.
1—2a2 2
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Separable equation
Homogeneous equations

Bernoulli equations

Solution
Thus

1
ln\y]:—iln\l—:ﬂ]—i—c

C
v= V1—22

2. Integrate the complete equation. Variation of the constant.
Let C = C(z). Then
__C=)
Y V1—22
Compute the derivative:
C'(x) x
/
= ———=+4+C(x)——=~. check
V1— a2 ( )(17x2)3/2
Substitute y and 3’ into complete equation
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Separable equation
Homogeneous equations

Bernoulli equations

Solution

, x oz
YTV T
c’ C
(x) +O) x oz ! (x) oz N
V1— 22 (1—22)32 1-22/1—22 1-x
The terms containing C'(x) cancel, hence
C'z) =z
Vi—z2 1-—z%
Thus
x

@)= =

Integrate:

Cla) = / ﬁdm.
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Separable equation
Homogeneous equations

Bernoulli equations

Solution

Clx)=—-V1—-22+Cy.

3. General solution

@) VIE+G
T2 Ve
C1
V1—22

C
ya(zr) = \/17_7

y=-1+

-1
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ion
tions

equations

Bernoulli equations

They are of the form

Y + flx)y = y*g(x). (4)

e y =0, is a particular solution.
e «a = 0, complete linear equation.
@ o = 1, linear equation without second member.

o a#0, a#1, y+#0, Bernoulli equation.
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ion
tions

equations

Bernoulli equations

Solving this equation is done as follows
We multiply both side equation (4) by vy~ ¢, we obtain

y Y +y' T f @)+ = g(a).
we make the change variable

11—« /

z2=y =2=01-a)y %y

/

Hence
Z/

+ f(z)z = g(x).

We are in the case of a linear equation.

1—«
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>quations

Bernoulli equations

Example 6

2y —y=9y*lnz. (z>0)

Is Bernoulli equation, a = 2. We multiply both side previous equation
by y~*

1

$y—2y/ —y " =Inz. Putz= y—l — o = _yzyz7

we obtain

nx
7+ ~z=—=. complete linear differential equation
x
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ion
tions

equations

Bernoulli equations

1. Solution of the associated homogeneous equation

, 1
2+ —-2=0
T
By integration
dz dx z C
—=— | — <<= In—=-Inzr << z=—.
z T C x

2. Variation of the constant method

C(x)

By derivation

Substitute z and 2’ into the original equation
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equations

rential equations

Bernoulli equations

z 2

<C’(:U) C(flf)> +l@ = ln—x

T x x
Simplify:

C'(x) Inz

r oz
Then

C(z) = /lnxdm =zlnz—x+ Ch.
Therefore the General solution is

L C(x) zhhz—z+C
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equations

Riccati equations

A first order differential equations are said to be Riccati equations if
they are of the form

A(z)y' + B(z)y + C(z)y* = D(x), (5)

where A, B,C and D are real continuous functions of real variable «
being assumed to be non-zero. To solve this equation we must first
find a particular solution yp.
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0 equations
Linear differential equations

Riccati equations

A(x)yp + B(x)yp + C(z)yp = D(),

We make the change variable
t=y—yp = y=t+yp = y =t +1p
and y? = t? + 2ypt + y%.
A(@)(t' +yp) + B(@)(t +yp) + C(x)(t* + 2ypt + yp) = D()

= A(x)t' + [B(z) + 2C(z)yp)t + C(z)t* = 0,

and this last equation is Bernoulli equation in ¢ with v = 2, an
equation that we know how to solve.
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Separable equation

Homogeneot
Linear differe

Riccati equations

Solve this Riccati equation

efmy/ - 261y+y2 =1 = 62:1:,

where the particular solution yp = e*.
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ion
tions

equations

Example

We assume
t=y—e" = y=t+e" = y =t +¢"

and
y? =12 + 2"t + >,
Replacing in (6) we obtain;

eIt 4 €%) — 2e%(y = t 4 €%) + (12 + 267t + e**) = 1 — %,

dt
e +tP =0 = /tz:/—exda:,
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Separable equatior
Homogeneot
Linear differe

Example

by integration, we find

Then
‘o 1
et —C
Therefore the general solution of (6) is
y:t+e$:>y:71 +e”.
et —C
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Equations not containing (or without) y
Second order linear differential equations

2" order differential equations

Definition 8

A second order differential equation is an relation in the form

F(z,y,y,y") =0, (7)

between the variable x, the function y(x) and these two first
derivatives.

o " + w?y = 0, admits for solutions on R the functions

v1(x) = sinwez, p2(x) = coswx

e y” =0, admits for solutions all polynomial of the form ax + b,
with a and b two arbitrary constants.

— = = oy

=
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Second order linear differential equations

Cancel y

Let
F(x,y',y") = 0.

We make 3/ = z, then the equation become

F(z,2,2") =0.

Example 10

' +y? =0, wesety =z, thenz’—i—zzz():>——2:dx
z
N 1 o dx
= — _=
® 4 € d z+C

y=In(z+C)+ K, C, K are constants

A
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Second order linear differential equations

Cancel y

Integrate the equation xy” + 2y’ = 0.
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Equations not containing (or without) y

Linear equations

Definition 11

A second order linear differential equation is an equation of the form

a(x)y” +b(x)y + c(x)y = f(x),

ou a(x), b(z), ¢(r) and f(z) are functions.

We associate with this equation the equation without a second
member called homogeneous equation, i.e.

a(x)y” + b(x)y' + c(x)y =0,

with right hand side called complete equation.
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Equations not containing (or without) y

Second order linear differential equations

The general solution is obtained by adding to a particular solution of
the complete and equation the general solution of the homogeneous
equation (i.e. without a second member)

YG =yp + YH-

v Solving the equation without a second member:

If we know y1, y2 a particular solutions, then the general solution is
written as the form y = \1y1 + A\2y2 and the two solutions must be
linearly independent, which resulting in

Y Y2

Yi Yo
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Equations not containing (or without) y

Second ODE

There is not a general method we flow us to find the general solution

i finite form for the
second order differential equations of coefficients variables. Howewver,
such a method exists for equations with constants coefficients which

will be the subject of the following paragraph.

Presented by : Dr: M. TOUAHRIA



Equations not containing (or without) y

Linear differential equations with constant coefficients

They are of the form

ay” + by +cy = f(x), (8)

where a, b, c are real constants and f(z) is a function.

Solving this type of equations:

* We search yy of (9), i.e f(z) = 0. in the form y = €' and we
replace in

ay” + by +cy =0, (9)

we obtain

em(ar2+br+c):0:>‘a7“2+br—|—c:0‘,

called the characteristic equation
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Equations not containing (or without) y

Homogeneous solution (yg): We distinguish three cases

o If A =0” — 4ac > 0, then
—b— VA —b+ VA

mn=—————"T7"T2=
2a 2a

two distinct real roots. The general solution of the homogeneous
equation (H.E) is given by the formula

y = Cre* + e, (4, Cy are real constants.
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Equations not containing (or without) y

o If A = 1% — 4ac = 0, the characteristic equation has a double real

—b
root rp =19 =71 = p Then the general solution of (H.E) is
a

given by
y = (Crz + Cy)e"™.

o If A = 1% — 4ac < 0, in this case the characteristic equation has
two conjugated complex roots 11 = a + i3, ro = a —if. then
the general solution of (H.E) is given by the following formula

y = e**(cy cos(Bz) + Cysin(fz)) Cq, Cy are real constants.
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Equations not containing (or without) y

Example

To solve the equation
y' +y +y=0,
the associate characteristic equation is
Pr+l=0 = A=-3<0,

we have two complex roots conjugate

-1 V3 -1 V3

NSty T Ty

The general solution is given by
- 3 3
YH = ez ? <6'1 cos \Qfa: 4 Cy sin {x) , C1, Cy eR.
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Equations not containing (or without) y

Particular solution (yp)

* we search the general solution of complete equation (8) i.e.
f(z) #0.
o  Case where f(z) € R,[X]

e ¢ # 0. we replace y by a polynomial of degree n, then we identify.

e ¢ =0, b # 0 we replace y by a polynomial of degree n + 1, then
we identify.

e ¢ =0, b=0and a # 0 we integrate twice the function f(x).
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Equations not containing (or without) y

Example: yy

Y+ 3y + 2y =222 + 8z + T,

The characteristic equation is:
P4+3r4+2=0 = ri=-1, 7r9=-2
The homogeneous solution is

yg = Cre " + Cae™ "
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Equations not containing (or without) y

Example: yp  yg

yp in the form yp = az® + bx + ¢
yp =2ax +b = Yy} =2a

By replacing in complete equation and after identification, we obtain

5 -5
a , 5 €=
Then yp:x2+gw+_75 and

)
yo = Cre " + Coe 2" +2° + 3% + T
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Equations not containing (or without) y

Particular solution (yp)

o Case where f(x) = e** P,(z),
We search a particular solution, we make y = e**P(z), (P arbitrary
polynomial.) The equation (8) can be written

aP” + (2aa + b)P' + (ac® 4+ ba + ¢)P = P,(x).

We have in the first case.
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Equations not containing (or without) y

Particular solution (yp)

o Case where f(x) = Acos(ax)+ Bsin(ax), «a, A, B€R.

e If i is not solution of characteristic equation, we search yp in the
form yp = A’ cos(ax) + B’ sin(ax)

e Ifia is aroot of a characteristic equation (necessarily simple), we
search yp in the form yp = x(A’ cos(ax) + B’ sin(ax))
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Equations not containing (or without) y

General Method

In the general case. To solve the complete equation, we apply the
variation of constants method as follow:

Let y = Ciy1 + Csys general solution of the equation without a
second member. Search for a particular solution by the variation of
constants method we make

y = Ci(2)y1(2) + Co(2)ya(x) with Cp(2)y1(2) + Co(2)ya(x) = 0.

After calculation, we will have two equations with two unknowns

{01 ()¢ (x) + Ch(@)yh(x) = f(z)
O} ()1 (x) + Ch(@)yz(x) = 0

This system has one and only one solution because y1, y2 are linearly
independent, therefore Ci(x), Co(z) exists.
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Equations not containing (or without) y

Example

Solve the second order differential equation y” +y = xsinx.
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Equations not containing (or without) y

Solution

Solve the equation without second member

y'+y=0
Characteristic equation :
r24+1=0=r==+i,

SO
yg = Cicosx + Cysin.
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Equations not containing (or without) y

Solution

with second member:
we use the variation of constants method.

{Ci(w)m (z) + Ch(x)ya(z) =0
Cl(2)yi (z) + Cy(@)yh(x) =

sinz

{C’{ cosx + Chsinz =0

—Csinz + Cycosx = zsinz

Presented by : Dr: M. TOUAHRIA



Equations not containing (or without) y

Solution

cosx sinz

—sinx coszx

Then C] = —xsin?x, Ch=zcoszsinz
After integration we have:

1132 xT

1 1 1
C’lz—Z+Zsin2x+fcos2x, nggcos2x—1:1:+§sin2x
We replace (1, Cy in yy we obtain the general solution yg.
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Equations not containing (or without) y

Exercise

Y —y =" — e ;(2)
Characteristic equation is
2 — _
r° —1=0, r==1
Solution without second member is
Cl 6_:0 + Czex

then we find yp, use the variation constant method as follow: we

put y1 = e %, y1 = e” and solve the system equations

Cly1 + Chya =0
Clyy + Cayy = f(x)
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Equations not containing (or without) y

Cle ™ 4+ Che® = 0......(1)
—Cle ™ 4+ Che* = f(x)...(2)

1 1
(1)+(2);ogzi(ew—1):02:§em—g+f(2

1 1 1
(2)-(1):Cp = —5(6390 — e = 0 = —6631 + Ze% + K

1 1
yo = Kie™" + Kae" + 562‘” + 1(1 —2z)e”
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Equations not containing (or without) y

End Chapter 3
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