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Motivation

We will introduce the integral using an example. We consider the
exponential function
[z e’

We want to calculate the area A below the graph of f and between the
vertical lines of equations z = 0, z = 1, and x-axis.

We approximate this area by sums of areas of the rectangles located under
the graph. More precisely, let n > 1 an integer, let’s divide our interval [0, 1]
using the subdivision

n—1
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The sum of the areas is then calculated as the sum of a geometric sequence :
We consider the “lower rectangles” A, ¢

= — en :—7l
n=1 n nn:l n L—en
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Draboux sum

Let I = [a,b] be an interval of R and let f : [a,b] — R be a bounded
function. We set

m= inf f(z) and M = sup f(z)
s€lab] velai)

Definition 1

An ordered subdivision of the segment I = [a, ] is any strictly increasing
sequence (z;)7_, such that

a=2Tog <21 <2< ...Tp_1 < T, =D

In this case, we write : d = {xg, 1, ..., Ty }.

For an example, let [a,b] = [0.2] and d = {0, 1 37 éa 1, %,2},
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Draboux sum

Definition 2

For 0 <i<n—1, we set
mi == infﬂ?e[wi,wi+1] f(‘r) a‘nd M’L = Supre[zi,zﬂ_l] f(x) a’nd

n—1 n—1
d) = mi(@ip1 — ), S(f,d) =) Mi(wip1 — ).
=0 1=0

The quantities s and S are called the Draboux sums.

Letf():Eand[a b =[1,2]. Let d = {1, 2 1,2}.

7472747

1 1 1 1 1 1 1 1
d==+-4+-+-=063, S(f,d==-4+-+=-4+=-=0.75

0.63 <In2 < 0.7 <
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Integable function

Let f be a function defined on a closed interval [a, b]. we reply the same
construction as previously. What will replace the rectangles will be step
functions. If the limit of the areas below equals the limit of the areas above
we call this common limit the integral of f that we notes

/ab f(x)dx

1t is not always true that these limits (that’s way, the limit of area bellow
and the limit of area above) are equal, the integral is only defined for
integrable functions. Fortunately we will see that if the function f is
continuous then it is integrable.
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Properties of simple integral

Let f, g continuous functions on [a,b] and A, u € R

@ Linearity : The integral is a linear form on the vector space of piecewise
continuous functions on a segment [a, b]. i.e.

b b b
[ Of+ug)@ds=x [ @+ u [ gy
This equivalent to
{ff(f(m) +g(@))dz = [} f(x)dz + [} g(z)dx
Sy A f(@)de = X [ f()da.

© Equality except at a finite number of points
If f, g are two piecewise continuous functions that are equal except at a
finite number of points then

/  fla)de = / ' (o)
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o b a
[ @ =— [ raas

@ Chasles relation : : Additivity of the integral :

Ve € [a,b] /abf(x)dx = /acf(x)dx—i—/cb f(z)dx

@ Positivity :

(Vo € [a,b], f / f(z)dx)
Moreover if

(fcontinuous onfa, b], f # 0;Vx € [a,b], f / f(x)dx)
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Properties of simple integral

@ Monotonicity : Let f, g two functions on [a, b] is integrable. If
b b
YV € [a,b], f(z) < g(x) alors/ flx)dx < / g(z)dx

a

@ Cauchy Schwarz inequality : si f and g are continuous on [a, b] we
have the inequality

b 2 b X
( / f(x)g(:c)dm> < [ Porte [ #lari

© Mean value inequalities
Let f, g be piecewise continuous functions on [a, b]. Then

/f x)dx

In particular, we have
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title

/fdx

</ |f(x)]|dx < b—a)su;;m

The quantity
b
fa f(x)dz

b—a '

is the mean value of f on [a,b].
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title

Theorem 4

Second mean value theorem.
Let f, g be continuous functions such that Vx € [a,b] : g(x) > 0. Then

b b
Jc € [a, b] :/ f(z)g(x)dx = f(c)/ g(x)dz.

Proof :
For every x € [a, b], we have

m < f(z) <M <= mg(z) < f(x)g(z) < Mg(z)

/ d;p</f dngng(x)dx

< Jy f(@)g(x)dz
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title

By the intermediate value theorem, there exists ¢ € [a, b] such that

/a ' Fa)ge)z = 0 / ' fla)a.

Q If g is negative over [a,b], we take —g. Thus the theorem remains true if
g does not change sign.

© If g changes sign, the theorem is false in general, as shown by the
following example.

Example 5

f(e) /02 g(x)dz =0. Vzel0,2]. CHEK
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Primitive

Definition 6

A function F is a primitive of a function f on an interval if F' is differentiable
on the interval and satisfies the equation, F’'(z) = f(x), or, is the same of,

dF (z) = f(z)dx <= F(x) :/f(x)dx.

o The difference between two primitives of f is a constant.

o If xq is an element of I there exists a unique primitive of f zero at xq :

Flz) = / " ftyat
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title

For example :
1
Inx = / —dt
1 t

@ The compute of an integral then comes down to the compute of the
primitives.

e If f is a continuous function on interval, we note [ f(z)dz is a primitive
of f on the interval.

To find an a primitive of a function f one may be lucky enough to recognize
that f is the derivative of a well-known function. This is unfortunately very
rarely case, and we do not know the primitives of most functions. However,
we will see two techniques which allow us to calculate integrals and
primitives : integration by parts and by change of variable.
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Table of Usual Functions and Their Primitives

Function Primitive
aFT
o -1 *dx = C
x (alyé ) fxlx oz—i—1+
= [ =dz=In|z|+C
x x
sin [sinazdx = —cosz + C
cos T Jcosz =sinz+C
tan Jtanazdx = —In|cosz| + C
1
cosf - i o~ xdm =tanz + C
— —5—dr = —cotx + C
sin® . sin® x
cos(ar +b) a#0 [ cos(ax + b)=sin(az + b) + C
a
1
sin(az +b) a#0 | [sin(az + b)dz = —= cos(ax +b) + C
(l’ _a)a+1
—a)® -1 —a)%dx = ——+C
G- @F-) | - =0
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Table of Usual Functions and Their Primitives

1
Ik dr =In|z —al +C
T —a T —a
e* femdxzeerC
1
e a#0 —e 4+ C
a
1
— de =2z +C
7 e
T2 f1+x2 =arctanz + C
o | —= =arcsinz + C
V1—22 \/1—3:2
I | ———=—==dz = arccosz + C
V1—22 V1—2z2
sinhz = Shx | [ Shadx = cosha + C = Cha + C
coshz = Chz | [ Chaxdx =sinhz + C = Sha + C
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Table of Usual Functions and Their Primitives

1
dr = Argchx =Inlz + Va2 — 1|+ C
z2 -1 f\/I211 J | |
dr = Argshz =In|lx +Vz2 + 1|+ C
Va2 +1 f\/x2+1 I | |

1 1 1 14+
fl_IdezArgthxziln T
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Techniques to calculate integral

@ By change variable

Theorem 7

Let u a function defined on J and v : I — J is bijection of class C*. For all
a,be J

b v(b)
w(v(@)v' (t)dt = w(x)dz
/a (v(t))' (1)t /U(a) (@)

Proof : u is continuous, we consider U the primitive function of u over J.
The function U o v is differentiable, as component of two differentiable
functions and we have : (U o v)' = uo v.v'. therefore

/u(v(t))v'(t)dt:/ (U 0v) (t)dt = U o v(b) — U o v(a)

v(b)

U(v(®d)) —U(v(a)) = /( : u(x)dx.

This completes the proof.



Example

Compute the following integrals :

/Lda: /gmcos(x2)dx /Lday
Vita? o ' 1+VI+z

T
——dx cos® zdz.
/ Vitazt /
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Solution

Let t =142 = dt =2dx

Vit=+V1+z2+C.
/\/1+x2 /
Let t = 22 = dt = 2zdx
z xZ 2 2
3 1 [T 1., = |1
/ a:cos(a:Q)dJJ:f/ cos(t)dt = = [sint]gt =| = sin(—) |
0 2 /o 2 27 4

_ _ dx _
Lett=+vV1+2 — dt—z\/m — 2tdt = dx

' t3 2
dr =2 (tzft):ngtzaLC: 3(1+2)

e

—(1+4+z)+C|

" x
/1—&-\/1—1—30
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Solution

Let t = 22 — dt = 2zdx

1 1
—argsh(t) = -Inlt++V1+2|+C
/\/1+x4 /\/1+t2 2" ®) 2 | |

1
§1n|x2+\/1+:1c4|+0

32 = cosa(1 —sin® x), then let t = sinz = dt = cosxdx

We have cos

t3 .. 3
/Cos3xdx:/(l_t2)dt=t—§:sinfv—sm3x_|_C.
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Techniques to calculate integral

@ By Parts

Theorem 9

Lets u and v two functions of the class C* over the interval [a,b)].

/ab HEy )= [“(Cv)v(m)}i—/ab u'(z)v(x)de < /ab udv = [uv}z_/ab vdu

We have
(u(@)o(@)) = ' (z)v(z) + u(z)v'(z)

By Integration, we obtain

/ab(u(w)”(x))/dx = /ab ' (z)v(z)dw + /abu(x)v/(x)dx then
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By Parts

Give the primitive functions of :

2
/arcsinxdm, /lnxdx, /arctanxdw, / z2e®dx
1
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Solution

=garcsinz ++v1—22+C

/arcsin xdx = [z arcsin

]_/ xdx
V1-—2?
1
/lnx:xlnx—/x(;)dx:xlnx—x—l—c.

xT

1
mdx = yarctanx — 3 In(1+2%)+C.

/arctan xdx = [z arctan z —/
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Real polynomial

Any function

P:R—>R

z+— P(z) = anz™ + an_ 12" 1 + ... + a1 + ay,
where (ag,ai,...,a,) € R™ and n € N, is called a real polynomial.
The numbers ag, a1, ..., a, are called the coefficients of the polynomial. If
a, # 0, the polynomial is said to be of degree n and we write deg P = n.

We denote by R[X] respectively R,,[X] the set of real polynomials
(respectively of degree equal to) n.
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Real polynomial

Theorem 12

Let P and Q be two real polynomials. Suppose that Q # 0. Then

AR, S eR,[X]: P=SQ+ R with deg R < deg Q.

R and S are called respectively the remainder and the quotient of the
division of P by Q

Proof : Uniqueness of R and S.
Suppose that

P=QS "+ R, degR <degQ’

By subtraction, we obtain

{P:QS+R,d%R<d%Q

QS—S)+R—R =0,

first, we have deg(R — R’) < max(deg R,deg R') < deg @
second, deg Q < deg @ + deg(S — S5’) = deg(R— R') < deg@ _contradiction.



title

The existence of R and S.
o If deg P < deg Q. Take S =0 and P = R.
o If deg P > deg . Divide P by @

Let

P(x)=3z" + 2% —52° + 23 — 22 — 1,
Qz)=a2*—323+224+2—3. degP =7, degQ =4
By euclidean division we obtain CHEK !

S(x) = 32® + 102* + 22z + 53

R(x) = 137323 — 452% + 11z + 158. degS = 3, deg R = 3 < deg @
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Rational Functions

Definition 14

Let P and @ be two real polynomials. Such that @ # 0. The function

P()
~ Q@)

is called a rational fraction (or rational function)

We need decompose this fraction into simple elements of the first species in
the form
A

}_) S —
* (x —a)”
and of the second species in the form
. Axr+ B
[(x —a)? + b2]"

where A, B,a,b € R and n € N.



Decomposition of simple fractions

However, before this decomposition the following rules must be verified
Q If deg(P(x)) > deg(Q(x)) we must do the euclidean division

P(z) R(x) .
= S(z) + —= hdeg :
00 S(x) + 0 with deg(R(z)) < deg(Q(x))
© Decompose the fraction Qg; i.e we put Q(z) as a product of factors

e 1 — st degree factor not repeated.
e 1 — st degree factor repeated n times.
e 2 — nd degree factor not repeated.
e 2 — nd degree factor repeated n times.

As follow :
Qz) = (z —x)" (& —x2)"...(x — ;)"

(2 — a1)? + 0™ (& — a)? + B2J™ . [(2 — ag)? + B2 ™
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Decomposition of simple fractions

R(x) __An Agg Atn,
Q) (r—mx1) (v—m21)? (x —z1)™
n Ao Az A2712
(x—2x9) (z—x9)? (x — x9)m2
Aj Ajo Ajn,
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Decomposition of simple fractions

Alll.f —+ B11 A/12I =+ B12 i A/1m133 + B1m1
[(z—a1)2+07]  [(@—a)?+07> 7 [(@—a1)® + 3™

A/21£L' + Bo AIQQ.’E + Bog T Algmzl‘ + Bng
[(z—a2)?2 + 03] [(x—a2)?+0b3]> 7 [(x—a)? +b3]m
A’lkx + Bk A’%x + Bop, A;cmk“L + Bkmk
[(z—ar)? + 6] [(z—ar)+ 0] " [(z—ax)?+ 3™
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Decomposition of simple fractions

Decompose the following fraction into simple fractions :

z+1 1 z3
(x—1)(z—2)2(22+1)" zt+1 B+a2+z+1

From the fraction,
z+1

(x —1)(z —2)2(z2 + 1)’
we have deg(z — 1) < deg((z — 1)(z — 2)%*(2* + 1)). Hence

o x—1, 1— st degree no repeat.

o (x—2)%, 11— st degree factor repeated 2 times.

o 22 +1, 2—nd degree factor not repeated.

Presented by : Dr : M. TOUAHRIA



Decomposition of simple fractions

z+1 A n B n C +DZL‘+E
(z—1)(z—2)2(224+1) z-1 z-2 (z—-2)2 2241

r+1=A(x* —42® + 52 — 4z +4) + B(z* — 32° + 322 — 32 + 2)
+C(2® -2 +x— 1)+ (Dz + E)(2® — 52 + 8z — 4)

Now collect coefficients :
r+1=(A+B+D)s*+ (-4A-3B+C —5D + E)a*

+(5A+3B—C+8D—5E)x*4+(—4A—3B+C—4D+8E)x+(4A+2B—C—4F)
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Example

Since the left side is  + 1, we obtain the system :

A+B+D=0 (1)

~4A-3B+C—-5D+E=0 (2
5A+3B—C+8D—5E=0 (3)
—4A—3B+C-4D+8E=1 (4)
4A+2B—C—4E =1 (5)

Adding the equations, we find A = 1.
In general after calculating we obtain

A=1, ; ) )
25 25 25 25
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Decomposition of simple fractions

A rational fraction is written in a unique way as the sum of a finite number
of simple fractions and a polynomial. So, calculating the primitive of a
rational fraction amounts to calculating the primitive of simple fractions.

r+1 1 22 1 15 1 1 3z+4

@ )@—-22@2+1) 2-1 27-2 25@—22 2B22+1

Therefore the primitive is

/ ztl dw—/idx—§ de
(x—1)(z—2)2x2+1) "~ ) -1 25 ) z—2

15 1 1 [3z+44
— | ——=dr — — T
25 ) (z—2)2 25 ) 22 +1
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Primitive of fraction function

Q 1-st type
1 Injx —a|] sin=1
/(x—a)”dx: 1 sin>1
(n—1)(z —a)»1
© 2-nd type
/ Ax+ B d
T, ~a .41 :L'
[(z —a)? + 07"
We write :
Ar+ B =A(x —a)+aA+ B
Hence,

_ [Alx—a)+aA+ B

-
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Primitive of fraction function

A [ 2x-—a) ' 1
== | ————xd A+ B ——d
./ G- ap o oA )/ (@ —a) + e
For the first integral, clear
(x —a) -2
iy S — 2 + Ch.
/ T _ a + bZ] (n _ 1) [(Z‘ _ a)z + bz]n—l 1

For the second integral, we are led to compute

1
In:/mdx

1 1
I, = d
b2n1/((mba)2_|_1)n z
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Primitive of fraction function

We make the change variable *7* =1 = dz = bdt

1 dt 1
IW = = Jn
v b2n—1 / (t2 + 1)71 b2n—1

Forn=1:
J1 z/i = arctant + C;
t2+1
Thus,
I = %arctanx_a + Ch.

Now compute J,_1 :
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Primitive of fraction function

1
J7L—1 — / Wdt

Using integration by parts :

Let
1 —2(n—1)t
du=1 — u=t, U:(tz—i-l)"1:>dvz(t?(+1)”)
Then
Jn—1 = % +2(n-1) / Ldt because t? = (t2 +1) — 1,
(12 + 1)1 2+ 1)
we have
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Primitive of fraction function

t
=— —+2(n—1)Jp_1 —2(n—-1)J,
@iy AT DA 2
Which implies :
2n—3 1 t
T = o G
Therefore,
2n—3 p2n—1 T —a
I = ——Jn
- 2n -2 1+2n—2[(z,a)2+b2}"—1

Presented by : Dr : M. TOUAHRIA



example

Give the primitives functions of

5 _ 2242 1 1
/“f bk U zzz/idx.

x3 —1
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Example

Since the degree of the numerator is greater than the degree of the
denominator, we first do euclidean division.

52242z +1 2z + 1
oyt _ 2,2t CHEK
3 —1 3 —1

Thus,

/x5—x2+2x+1

2¢+1
_ 2
o] dx—/a: dm—&—/mgildm.
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Example

We decompose into partial fractions :

2x + 1 A Bx+C

(z—D(z24+2z+1) x-1 22+z+1

After identification, we obtain :or
o Multiplying the previous equation by (z — 1) and then setting = = 1,
the result is .
o Multiplying the same equation by = and take x — oo, the result is
A B0 —
@ For x = 0 the previous equation become —1 = -A+(C =

Hence,
20+1 1 —x

a:3—1_x—1+a:2+x+1‘
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Example

We now integrate term by term :

3
/xde = % + C1,

1
/ dxr =In|z — 1| + Cs.
z—1

For the last term, write :

/ —x d 1/ 20+ 1 d +1/ dz
—_—dr=—— | ———do+ = | ——.
| 2) 224+2+1 2) 2242+1

We obtain :

1 1
—fln(x2+x—|—1)+f/ .
2 2 2 =\ 2
e+ 1)+ (5)
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Example

Using the standard formula

/761@ = 1/idx = 1alrctan r—a
(x—a)2+b b)) (3592+1 b b )’

with

we get
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Example

2

2¢+1
=+v3arctan| ——— | + C5.
( V3 ) ’

%/ (x+%)ji (@)2 Z\/garctan(jg (:c—l—;))

Finally

/m5x2+2z+1

3 2 1
o dx = a;)—|—1n|a:—1—ln(x2+x—|—1)—|—\/§arctan< vt >—|—C’7
3 —

V3

such that C = Cy 4+ Cy 4+ C3.
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Example

1
L= —————dx
? /[$2+2x+2]2 *
Let t =2 + 1. Then

1 1
L= [ ————dr= | 5t
= [ et | w
Write
I &
t2+1)2  £24+1  (24+1)%

After integration, we obtain

1 1 r+1
—  _dr = arct Dy Lo
/[x2+233—|—2]2 v =garctan(e+ 1)+ oo oy
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Exercise

Give the primitive functions of

/x3+x2+2d / Ly / 5 4@ bl ;
————dr; ———dx 7.
(22 +2)2 x2 -1 2 —zt 4+ 223 — 202+ + 1

We have deg(z*) > deg(z? — 1) by euclidean division we obtain :

4

T 9 1
= 1 .
2 -1 v +x271

Presented by : Dr : M. TOUAHRIA



Solution

By integrate term by term we find :

4 ) 1
/12_1dx—/< x2_1>dx.

2 _ - -
/ d;z:+/1da:+/ = +$+/(Jc—1)(m+1)dz'
Also

1 1 1 1 1
LN - dr = = (In|z — 1| -1 1

11 rz—1
=—1In .
2 z+1
Therefore
x4 x3 1 r—1
—dr = — -1 C
/x2—1 T3 +x+2nx+1‘+
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Primitives of functions that can be reduced to rational
fractions

* Primitives of the Form
/ f(sinz, cos z)dw.

Several methods exists for computing the integral [ f(sinz, cosz)dz. One of
which is completely, although not always the most efficient. We make the
change of variable

_ x 1 9, T 1 9
t—tan2 = dt = 2(1—|—tan (2))dx— 2(1+t )dx

. Then
2dt

lr = ——
dx e
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Primitives of the Form [ f(sinz, cosx)dx

then we have :

i 2t 1—¢2 2t 2
sinr = ——= COST = —— tanx =

2 =
1+ 1t 11— T iie

Therefore the integral becomes :

2t 1—t2, 2
dt
/f(1+t2’1+t2>1+t2

We want to calculate the following integral

sinx
—dx.
1 —sinx
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Primitives of the Form [ f(sinz, cosx)dx

By previous change variable, we get

sin 2 2 At
— dr= | T dt= | ———— L.
1 —sinz 1— 2 1+ (t—1)2(1+1¢2)

at A B  Ct+D

t—1)2(1+t2) t-—1 + (t—1)2 "1y
By identification, we find :

A=0, B =2, C=0, D =-2. Check

Presented by : Dr : M. TOUAHRIA



Primitives of the Form [ f(sinz, cosx)dx

4t 2 2

(t—1)2(1+2)  (t—1)2 148

sinx 2 2 9
T sz ™= - dt = ——— + 2arctant + C
/l—sinm v /((t—l)Q 1+t2> t—1+ arctant +

Back substitution :

i 2 2
/&dx: 7—2arctan<tang) +C=———-———z+C.

1 —sinx _tan%—l tan%—l
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Primitives of the Form [ f(sinz, cosx)dx

We search the primitive of the function f defined by

_ 1
"~ 3+4sinz

f(x)
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Primitives of the Form [ f(sinz, cosx)dx

1 2 34+3t2+2t
34+ 127 L1+t 1+t

P
I=|—S
/3+3t2+2t

We can write the denominator as the form :

AR
3 9

T .
R e e v

2
3t2+2t+3:3<t2+3t+1) =3
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Primitives of the Form [ f(sinz, cosx)dx

Using
/ du ¢ u
——— = —arctan —
u2z+a?2 a
we obtain :

a
2 t+ 1 1 3t+1

= — . —— arctan 3 | +C=— arctan( ) + C.
() o=

Substitute ¢ = tan £

2v/2
1

/7_@

J 3+sinz

1 ; <3tan§+1>+o
= — arctan| ————— .
V2 2v2
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Exercise

You can use the change variable t = tan . Calculate

d d
(sinz + cosx) 2sin” 3z — 3cos? 3z + 1
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Primitives of the Form [ f(e*)dx, or [ f(chx, shxz)dz.

We make t = ¢* — dt = tdx then

[ tean= [ 107

Calculate :

/ e’ / shx e
1+ e32’ chx + shx
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Primitives of the Form [ f(e*)dx, or [ f(chx, shxz)dz.

/ e’ 7/ t t gt
T+ed [ 1483 (t+1)(2—t+1)

The partial fractions are :

111 —1t+2
1+t 3¢t+1 2—t+1
Thus
/dt_}/dt 1/ tdt +g/ dt
1+ 3)t+1 3) 2—t+1 3) 2—t+1
Now,
dt
— =Inlt+1
1 n [t + 1],

/ tdt 11(t2 H_l)+1 (21
- = —1n — —= arctan| — —
t2—t+1 2 V3 V3 )’



Primitives of the Form [ f(e*)dx, or [ f(chx, shxz)dz.

/L _2 arctan(”*)
2—t+1 3 V3 )
Therefore,

dt 1 1 1 2t -1
—— =-In|t+1]— ~In(t* —t+ 1) + — arct C.
/1—|—t3 3 nlt+ 1| 5 n( + )—&—\/garcan( 7 >—|—

Because we have t = e”, then

- 1 1 1 2" — 1
/1_E63mdx:3ln(1—|—e"3)—61n(62z—e‘”—|—1)+\/garctan( e\/g )+C
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Primitives of the Form [ f(e”

h
/Ldﬂi. We have

)Ydz, or [ f(chx,shx)dx.

chx = BT, shx =

chx + shx 2
Then
chx + shx = e*
Hence h
shx T e ¥
— — 1 _ —2x
chx + shx 2e” ( )
shx 1
2 dr== - —2x C
/chx—l—shx * + 4e2x 2 tae ot
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Primitives of irrational functions
o Primitives of the Form
I—/f aa:Q—i—bm—i—c)

In this case we distinguish three cases :
@ 1-st case A > 0. So let o, 3 the roots of ax? + bx + ¢ = 0. we put

B — at?
\/m:(lf(})fézzu
a—t?
Then p ) 5 ,
ap — at all — at
I*/f a_1 1 PR —«))dt check

which is a primitive of rational function in terms of t.
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Primitives of the Form I = [ f(x, Vax? + bz + c).

Example 20

dzx
Computing the integral J = [ ——
P wal /= | =1
2 +3z—4=(z+4)(z—1) = (z+4)°
So :
1+ 4¢2 10t
_ 3 . _
10t L
J:/(lt)d_l‘ ‘4—0
1—¢2 L—t
check
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Primitives of the Form I = [ f(x, Vax? + bz + c).

@ 2-nd case

A—D- a >0, obvious as first case
" la<0, impossible to resolve.

Q@ 3-rd case

a < 0, impossible to resolve.

. ) a>0, we make the change variable
A<O: g .

t* —c
2 4+br+cec=\ar+t=r=-——
Vaz? +bx + ¢ = ax + x b2t
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Primitives of the Form I = [ f(x, Vax? + bz + c).

v +ax+1
[= | ——dx.
z

1—¢2
We have A=-3<0,a=1>0,weput Va2 +z+1l=x+t=x= 51
—t2+2t—2
et dr = +7dt then the integral I becomes
(2t — 1)2

(t2 —t+1)?
1= [ G
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Solution of example 21

We have
(2 —t+ 12 =t* =283 4+ 3t2 — 2t +1 check

and
(2t =12t —1) = (42 =4t + 1)(t> = 1) =4t — 4> —3t> + 4t — 1 check
By euclidean division, we obtain :

th 23 432 2t 41 1 341542 -3t + 2

= check
M3 32 4at—1 4 (2t-12(z—1)
Now decompose the remainder like this :
—t34+ B2 -3t+2 A B C D

Q- 121 -1 ir1 a1t @
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Solution of example 21

By identification we find

1 1 1
A=— B=—— C=_, D =—=. check
2 2 2
Hence
15 5
—t3 + 262 -3t + 2 1 1 1 1

Q122 —1) 20—1) 20+1) 20 —1) 202i—1)
Therefore

1 1 1 1 2
I:_Qt_2/<2(t—1) T+ 20— _2(27:—1)2)‘#

Integrating term by term :

1 1
I=——t—Injt—1]+1lnjt+1]-In2t — 1] - —— :
5 n| |+ 1lnjt+ 1] —In| | 2t_1+0
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Solution of example 21

Finally
1
I= —5(\/,@2+x+1—aﬁ)—1n|\/x2+x+1—x—1|+ln|\/x2+x+ —x+1]

1
—nP2vVa2+z+1—-22—-1| - +C
| | Vit +1—-22—1

Find the primitive function J and K such that

J:/\/l‘2+1d$; K:/\/x2—4da:.
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Solution

We make :

1—¢? 241
Vatl=z+t = = 5 anddx:—27dt

th+2t2+1 1, 1 1
J=— | = T gt=—-— |- —+C
/ 43 gt Tl -get

1 1 1
J=—(22+1-2)? - -In|Va2+l—-2/- ——ue-—"—+C
8( ) 2 | | 8(vVa2+1—ux)?
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Solution

Or we can use the change variable
x = Sh(t) = dax = Ch(t)dt

, SO

/Ch2 /(C’h(2t) +1)dt fSh(2t) 4! 5+C

Therefore 1 1
J = ZSh(2Argsh:r) + iArgsh:r +C

Presented by : Dr : M. TOUAHRIA



Solution
For the second integral, first method we use the change variable
g = Ch(t) = dx = 2Sh(t)dt
, 8O

K = /ChQ(t) dt = %/(Ch(%) +1)dt = iSh(%) + % +C

Then

Va2 —4 = \/4Ch2(t) — 4 = 2,/Ch2(t) — 1 = 2Sh(t).
Thus

K= /(2Sh(t))(25h(t)) dt = 4/Sh2(t) dt = 2/(Ch(2t) —1)dt..

Hence 1
K=2 (QSh(Qt) — t> +C = 5h(2t) —2t+ C.
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Solution

Now return to z. Since

Sh(2t) = 2Sh(t)Ch(t),

and
2
Cht = g Sht = \/Ch2t — 1 = x2 1
we get
214
Sh(2t) = 2V
2
Also
7 _
e (3) = ).
2 2
Therefore

ViZ—4
K= ”;\/x2—4—21n<x+;> +C.
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Solution
Or, we set up v/(z — 2)(z + 2) = (z + 2)t then
2(1 +t%) 8t
= 7 dr = ————=dt
- YT e
Hence
t2 p
K=32 | ———dt
’ /(1—t2>3
Write
11
A-pp -PpF [-o7
Hence

1 1
K= ——=dt— | ——=dt.
/ (1—t2)3 / (1—12)2
First compute

1 t 1 (14t
dt = —1In C. check
/(142)2 T ’1t‘+ cnee
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Solution

Next compute

/( L dt = t + 3t 31 ‘1+t‘+0 check

1 —¢2)3 4(1 —¢2)2 8(1—t2) 16 |[1—t
Therefore
K- t Lot 3y s
C\4(1—2)2 T 8(1—t2) 16 |1t 2(1—t2 1—t

After simplification we obtain

t t

1+t
K= - —1‘+

1-1¢

W—2)2 ’1-2) 16 ’+C'
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Primitives of the Form [ f <x, / %) dx

Using the change variable

Ljax—+b

— n o _

ar +b
T Ver+d e +d

We treat this case with the following example

I:/ /1+xdfx
l—z x

Calculate
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Primitives of the Form [ f <x, / %) dx

Put
p_ 1+ t2—1
= xr =
1—2z 24+1’
Thus 5
4t
de = ————
z (t2+1)2

Then I become a rational fraction

4t
I= [ ——dt
e
The student must complete the solution of fraction integral as
previous methods.
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M

Primitives of the Form [ f(x(%"k ))dac

Let k be the least common factor of the denominators nq, ..., ng, and we use
the change variable
r=1t" = dx=kt"dt

We have k = 4 then z = t* = dx = 4t3dt and the integral become integral

of rational fraction as follow

t2
/t3+1

The student must complete the solution of fraction integral as
previous methods.
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End Chapter 2
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