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Exercise 01 :
We verify each function using these conditions.

1. f1IR2—>R

fi(xy, x2) = 21 + X9

Additivity : For all (z1,22), (y1,v2) € R? :

fil(z1, m2) + (y1,92)) = fi(z1 + y1, 22 + yo)

= (z1+y1) + (22 + 12)

= fi(z1,z2) + fi(y1, y2)

Homogeneity : For all @ € R and (z1,15) € R* :

fila(zy, 22)) = fi(awy, axs)

= ax] + axs

= afi(r1, 72)
Thus, f; is linear.

2. fQZRQ%RQ

fo(w1,m2) = (21 — 22,0)

Additivity : For all (z1, ), (y1,12) € R?:

fo(m1,22) + (Y1, 92)) = fa(z1 + Y1, 22 + o)

= (21 +y1 — T2 — ¥2,0)

= (21— 22,0) + (41 — %270) = fo(w1,m2) + fa(y1,92)



Homogeneity : For all @ € R and (7, 15) € R? :

fola(xy, z9)) = folaxy, axs)

= (axy — o, 0)

= oz — x2,0) = afo(zy, 29)
Thus, fs is linear.

. f32R2—)R2

fg(iUl, 1752) = (21 — z2, =211 + 229)

For all (x1,23), (y1,72) € R* and o, 3 € R :

Ja(a(zy, x2) + By, y2)) = fs(axr + By, awy + Bys)

= (ax + By1 — axy — Bya, =201 — 2Py1 + 2axs + 28ys)

= a(x) — x2, =221 + 222) + B(v1 — Y2, —2y1 + 2y2)

— Oéf3<$1, 132) -+ ﬁf{&(yla y2)
Thus, f3 is linear.

f4ZR3—>R2

fa(z1, ke, x3) = (=221 + xg + X3, 21 — 229 + X3)

For all (1, z2,%3), (Y1,%2,Y3) € R? and o, € R :

fala(wy, 22, 23) + B(yr, y2,y3)) = falaws + Byr, axs + By2, axs + Bys)

= (—2axy — 2By1 + aws + Py + axs + Bys, axy + By — 2axs — 2Bys + aws + fys)

= afy(z, 22, 23) + Bfa(y1, Y2, y3)

Thus, f; is linear.



9. f5ZR3—>R3

fs(x1, 22, 23) = (—x1 + X2, 21 — X3, T2)

For all (w1, 22, 73), (y1,y2,y3) € R* and a, B € R :

fs(a(z1, 2, 23) + B(y1, Y2, y3)) = fs(axy + Byi, axs + Bys, axs + Bys)
= (—axy — By + axe + Pys, axy + Py — axs — Pys, axs + [ys)

= afs(x1, x2,23) + Bfs(y1, Y2, y3)
Thus, f5 is linear.

6. f61R3—>R2

fo(z1, 29, 23) = (21 + V2ws + x3,211 + x9 — Hx3)

AdditiVity : For all (1'17332,1'3), (yl,yg,yg) S R3 :

fo((@1, 2, 23) + (Y1, Y2, 3)) = fo(x1 + y1, T2 + Yo, x5 + Y3)
= (x1 +y1 + \/5(562 +y2) + 23+ y3, 2(x1 + 1) + (w2 + y2) — 523+ y3))
= (21 + \/§$2 + 3,221 + T2 — bx3) + (y1 + \/§y2 + y3, 2y1 + Y2 — DYs3)

= fo(x1, 2, 23) + fo(y1, Y2, y3)

Homogeneity : For all « € R and (21, 79, 23) € R3 :

f6(04($17$27$3)) = f6(04$1706$2706$3)
= (ax + V2ams + axs, 20x1 + e — baxs)

= oz + V229 + 3,211 + 5 — 5z3) = afs(w1, T2, 73)

Thus, fg is linear.



7. f7ZR—)R2

f?(%) = (xl, —331)

For all 1,71 € Rand o, € R :

Jr(axy + By1) = (axy + Byr, —(axy + By1))

= (oay, —axy) + (Byr, —Byr)

= afr(r1) + Bfr(y1)

Thus, f7 is linear.
Exercise 02 :
1. f is linear if and only if Vo = (z,y, 2),u = (z0, Yo, 20) € R?, we have :

FQw + pu) = Af(v) + pf (u).

We know :
AU+ pu = (AT + puxo, Ay + (1o, A2 + f120).
Let :
X=X+ pxy, Y =X y+ uyo, 24 =Az+ puz.
Then :

FOw+ ) = f(X,Y,2)=(Y + Z,X + Z,X)
= (My + 2) + 1(yo + 20), M + 2) + p(zo + 20), Az + pwo)
=AMy + 2,2+ z,2) + p(yo + 20, Zo + 20, To)
= M (@, y,2) + puf (o, Yo, 20) = Af (v) + pf (w).

Hence, f is linear. Since E = F = R3, f is an endomorphism.

2. e ker(f)={ueR?®| f(u) =0gs}, so:

f(u) =0ps <= (y+ 2,2+ 2z,2)=(0,0,0)

y+2=0 y=20
<~ srx+z2=0 <~ <z=0
z=0 z=20

Thus :
ker(f) = {(07 0, 0)} = {OR3}7

so f is injective.



e Im(f) = {f(u) | u € R} is a vector subspace of R®. We know :

dim(Im(f)) = rank(f) = dim(R?) — dim(ker(f)) =3 — 0 = 3,

50
Im(f) = R

Therefore, f is surjective. Since f is both injective and surjective, it is bijective, and
hence f is an automorphism.

3. Since f is bijective, f~! exists with f=! : R®> — R3. To find the formula for f~!, we use
the equivalence :

f(x.y,2) = (20,90, 20) <= [~ (w0, 90, 20) = (2, ¥, 2).

Then :
Y+ z = o,
f(x7y7z>:(x07y0720) — l"i‘Z:yo’
T = 29,

which implies :
Y = To — Yo + 20,
2 = Yo — <o,

Tr = 2p-

Thus :

f71($07yo, Zo) = (337 Y, Z) = (Zoa To — Yo + 20, Yo — Zo)-
Exercise 03 :

1. Kernel of f :
The kernel of f is defined as :

ker(f) = {u € R*| f(u) = Oge}.
Thus :
fw) =0 = f(z,y,2) =(0,0).
This is equivalent to :
—2rx+y+2z=0,
r—2y+2=0.

Solving this system :

—2z+y+2=0,
T —2y+2z=0.
Substituting and simplifying :
r=y==z.

Therefore :
ker(f) = {u=(y,y.9) [y € R} = Span((1,1,1)).



Since (1,1,1) is a unique nonzero vector, it forms a basis, and :

dim(ker(f)) = 1.

We know :
rank(f) = dim(R?) — dim(ker(f)) =3 — 1 = 2.

Since Im(f) is a subspace of R?, we conclude :

Im(f) = R%

2. Image of f :
Let v € Im(f). Then :

v=(2x+y+z,x—2y+z2)=z(-2,1)+y(l,-2) + 2(1,1).
This means :
Im(f) = Span(vy, va,v3), where vy = (=2,1),v9 = (1,—-2),v3 = (1,1).

Since rank(f) = 2, we can extract a basis from {vy, ve,v3}. For example :

{v; = (=2,1),v9 = (1,—2)}, if they are linearly independent.
To verify linear independence :

—2a+ =0,

avy + Pvg = (0,0) <= {a—Qﬁ:O.

Solving :
a=L=0.
Thus, the set {v1,v2} is a basis for Im(f).

3. Isomorphism :
From the first part, we have ker(f) # {Ogs}. Therefore, f is not injective, and hence not
bijective. Consequently, f is not an isomorphism.

Exercise 04 :

1. Linearity of g :
We show that g is linear using the same method as in previous exercises.

2. Kernel of ¢ :
Calculate ker(g) to determine if g is injective :

Let u = (ayc) Then :

Setting ¢g(u) = Ogz, we have :



(_gx;y%) - <8) |

This gives the following system of equations :

r—y=0,
—2x 4+ 2y = 0.
- T =Y.

Thus,

ker(g) = Span (G)) £ {0}

Hence, g is not injective. Moreover :
rank(g) = dim(R?) — dim(ker(g)) =2 —1 = 1.

This implies :
Im(g) # R?, i.e., g is not surjective.

. Image of ¢ :
From the previous question,

G) is a basis of ker(g).

Next, we calculate :

Im(g) = {g(z,y) | (z,y) € R*} = <_§x_+y2y) , (z,y) eR

This can be expressed as :

Im(g) = w@w@ (z,y) € R

Here, v3 = —vy, so we can choose : v; as the basis of Im(g).



