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Exercise 01 :
A-Let E=R* xR ={(a,b) : a,b € R,a # 0} and + be defined on E by

(a,b) + (¢,d) = (ac,b+d)

1. % a is vector addition (Internal composition law) on E : For any (a,b), (¢,d) € E,

(a,b) + (¢, d) = (ac,b+d)

Since a,c # 0, ac # 0, and b+ d € R, (ac,b+ d) € E. Hence, FE is closed under vector
addition +.

2. Is (E,+) a commutative group ?

To show that (E,+) is a commutative group, we need to verify that it satisfies the group
axioms : associativity, identity element, inverse element, and commutativity.

e We begin by commutativity : For any (a,b), (¢,d) € E,

(a,b) + (¢,d) = (ac,b+d) = (ca,d + b) = (¢,d) + (a,b)

Hence, + is commutative.
e Associativity : For any (a,b), (¢,d), (e, f) € E,

ac,b+d) + (e, f)

[(a,0) + (¢, d)] + (e, f) = (
= ((ac)e, (b+d) + [)
=
=

a(ce),b+ (d+ f))
a,b) + [(c,d) + (e, f)]

Therefore, + is associative.

e Identity element : Assume that (e, e;) € E is an identity element, it must satisfy
(a,b) + (e1,e2) = (a,b) for all (a,b) € E : We have
(a,b) + (e1,e2) = (a,b) = (a-e1,b+ e3) = (a,b) = (e1,e2) = (1,0)
So, (e1,e2) = (1,0) is the identity element.
e Inverse element : For any (a,b) € E, Let (a',b) € F such that
(a,b) + (a,b) = (1,0) = (a-a’,b+b) = (1,0) = (a’,b) = ("', =)
Thus, each (a,b) € E has an inversel(a_l, —b) € E.



Since (F,+) satisfies all group axioms, it is a commutative group.

B- Let an operation . be defined on F by :

Y(a,b) € E,YA € R: \.(a,b) = (a*, \b)
1. L is a scalar multiplication (External composition law) on E : For any A € R and
(a,b) € E,
A(a,b) = (a*, \b) € E
Thus, E' is closed under ..
2. Show that (E,+,.) is a vector space over R.

In addition of (E,+) is a commutative group. To prove that (F,+,.) is a vector space over
R, we need to verify the other fourth vector space axioms . Let (a,b), (¢,d) € E and \,p € R :

1. VA € R, Y(a,b),(c,d) € E,
A((a,b) + (¢,d)) = A.(ac,b+d)

((ac)*, A(b+ d))
= (a*c*, \b+ \d)
= (
= (

a*, \.b) + (M, \.d)
A(a,b)) + (A.(c,d))

Therefore, the distributive property holds.

2. Associativity of scalar multiplication : For any A\, u € R and (a,b) € E,

A(p-(a, b)) = A (a*, pub) = (@™, Apub) = (@™, (Apa).b) = (A.pa).(a, b)
Thus, scalar multiplication is associative (Au = A.ju).

3. Distributivity of scalar addition : For any A\, € R and (a,b) € E,

(A + p)-(a,0) = (a7, (A + p).b)
and
(\(a,0)) + (11.(a, b)) = (@ Ab) + (0¥, ub) = (*a", Ab+ pb) = (@, (A + 1) b)
Thus, scalar addition is distributive

4. Identity element of scalar multiplication : For any (a,b) € E,

1.(a,b) = (a', 1) = (a,b)
Thus, the identity element for scalar multiplication is 1.

Since (E,+,.) satisfies all the axioms of a vector space over R, it is indeed an R-vector
space.
Exercise 2 :



o £y ={(z,y,2) eR® |z +y =0}

i) The zero vector (neutral element) of R?, Ogz = (0,0), belongs to E; since z +y =
04+0=0.

ii) Ej is closed under vector addition : let u = (z,y) € Ey, v = (2/,y') € Ey, ie.,
r+y=0and 2’ +y = 0. We have :

utv = (x,y)+(2',y) = (x+2', y+y) = (2+2")+(y+y') = (2+y)+(@'+y") = 04+0 =0

iii) £ is closed under scalar multiplication : let A € R and let v = (z,y) € F i.e.,
xr+y = 0. We have :

Au= Az, y)=A(x+y)=20=0
Thus, E; is a vector subspace of R2.
o Fh={(z,y,2) eR® |z 4+y=2z}

i) The zero vector (neutral element) of R, Ogs = (0,0), belongs to Es since z + y =
2 0+0=0.

ii) Let \,p € R and let u = (z,y,2) € Ey, v = (2/,y,2') € Es, ie.,, z +y = z and
' +y = 2. We have :

Autpo = My, 2)+u(@', ', 2') = Aetpa’, \y+py's Netp2') = Ma+y)+p(a’+y') = Aetpe’
Thus, E, is a vector subspace of R3.
o F3={(r,y,2) € R® |z —y+52z=a,a € R}. We distinguish two cases :

— Case 1:Ifa#0,0rs ¢ Egsincex —y+52=0—0+5-0=0# q, and thus Ej is
not a vector subspace.
— Case 2 : If a =0,
i) The neutral element of R, Ogs = (0,0, 0), belongs to E3 since z—y+5z = 0 = a.
i) Let A, u € R and let u = (z,y,2) € E3, v=(2',y,2') € E3,ie, 2 —y+52=0
and 2’ — 1y’ + 52’ = 0. We have :

(A +pz’) — Ay +puy) + 5Nz +p2) = Mo —y+52) +p(' —y +52')=0=a
Thus, \u + pv € Es, and consequently, E5 is a vector subspace of R3.

o £y ={(z,y,2) € R®| z = 1} is not a vector subspace because the zero vector Ops ¢ F,
since z =0 # 1.

o B5 = {(z,y,2,t) e R* | z+y+2+2t =0and z +y = 0} is a vector subspace of R*.
Indeed,

i) The neutral element of R*, Ogs = (0,0,0,0), belongs to E5 since z +y + 2z + 2t = 0 and
r+y=0.
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ii) Let \,u € R and let u = (z,y,2,t) € E5, v = (2/,y/,2/,t') € E5,ie,c+y+2z+2t=0
and x +y=0,and 2’ +vy + 2 +2t' =0 and 2’ + ¢y = 0. We have :
M+ o = N, y, z,t) + p(a’,y, 2 1) = (Ao + pa’, \y + py', Az + p2', M+ pt')

Moreover,

(Ar+px") + Ay +uy' )+ Az +p2 )+ 200+ ut’) = Ma+y+z+2t) +p(a’ +y +2'+2t') = 0

and

Az + pa') + My + ') = Ma +y) +pa’ +y) =0

Thus, AMu + pv € Es5 (i.e, Es5 is closed under vector addition and scalar multiplication).
So, Es is vector subspace.

o B ={(z,y) e R? | zy = 0}

i) The zero vector (The neutral element) (0,0) € Eg since 0 -0 = 0.

ii) Let (z1,y1), (z2,9y2) € Eg. Then z1y; = 0 and zoy2 = 0. We need to check if (z7 +
T2, Y1 + 1) € Eg :

(x1 + 22) (11 + y2) = T1y1 + T1Y2 + T2l + Toyo

Since z1y; = 0 and z9y, = 0, the sum is not necessarily zero. Thus, Fj is not closed
under addition.

Since FEjg is not closed under vector addition, Eg is not a vector subspace.
o By ={(z,y) eR? |y =27}

i) The zero vector (The neutral element) (0,0) € E; since 0 = 0%

if)

1. Closed under vector addition : Let (z1,y1), (z2,y2) € E7 and A\, 4 € R. Then y; = \z?
and y, = px3. We need to check if (A\zy + pxe, \y1 + pyo)) € Er -

Ay1 + pyz = Aat + pah # Ay + pag)”

Thus, E7 is not closed under addition. Then, it is not a vector subspace.

2. Eg =P e R[X]|deg(P) <2

— Zero Vector : The zero polynomial P(X) =0 is in Ejg since deg(0) < 2.

— Closed under vector addition : Let P (X), Py(X) € Eg. Then deg(P;) < 2 and
deg(Py) < 2. We need to check if Pi(X) + Py(X) € Eg :

deg(P; + P,) < max(deg(P;),deg(P,)) <2

Thus, FEjg is closed under vector addition.



— Closed under scalar multiplication : Let A € R and P(X) € Eg. Then deg(AP) =
deg(P) <2:

AP € Eg
Thus, Ejy is closed under scalar multiplication.

Since FEy is closed under vector addition and scalar multiplication, Ey is a vector
subspace.

Exercise 3 : X is a linear combination of a and b if and only if there exist & and g € R
such that X = aa + (b.
Then,

X =aa+fb <= (1,-2,k) = a(1,1,1) + 5(1,2,3)

a+p=1
— qa+28=-2
a+38=k

a=4
— {pf=-3
k= -5

Exercise 4 :
1. We will show that {a, b}, {b,c}, and {a, c} are linearly independent.

e {a,b} is linearly independent <= {aa + b= 0rs — a = =0}

aa+ Bb=0ps < a(0,1,—1)+ B(—1,0,1) = (0,0,0)

—B3=0
<:>{ p = a=0,=0
a=0

e {b,c} is linearly independent <= {ab+ fc=0r:s — a = =0}

ab+ Be = 0Ops < a(—1,0,1) + A(1,—1,0) = (0,0,0)

— {_OHFBZO = a=0,=0
—B=0

e {a,c} is linearly independent <= {aa+ fc =0 — a = =0}

aa+ fe=0rs <= «(0,1,—1)+ 5(1,—1,0) = (0,0,0)

— {5:0



2. {a,b,c} is free <= {aa+pPb+yc=0r — a=F=v=0}

aa+ Bb+ e =0ps <= (0,1, —1) + B(—1,0,1) +~(1,—1,0) = (0,0,0)

—B+~v=0
< <a—v=0
—a+p3=0
V=5
< (a=v = a=[ = but not necessarily zero
f=a

Therefore, {a, b, c} is not free.

3. Since the largest free set of {a,b,c} contains two vectors, the subspace generated by
{a, b, c} has dimension equal to two.

Exercise 5 :

1. Let’s check if the family (u;,us, us) is linearly independent.
Mg + Aoy + dzuz = 0 € R? <= A\(1,—1,2) + Mo (1,1,1) + A3(—1,—5,1) = (0,0,0)

)\1+/\2—/\3:0
—)\1+)\2—5/\3:0
2\ F A+ A3=0

Do thiS2L2:L2+L1,L3:L3—2L1
>\1+)\2—)\3:0

2)\2 —6/\3 = O
A +3A3=0

Combine L, and Lg, then :

AL+ A2 —A3=0
)\2:3)\3

Substitute in Ly :

/\1+3)\3—)\3:O
A2 = 33

We get :



)\1 = —2)\3

)\2 = 3)\3
Therefore, the family is not free (is not linearly independent). Moreover, by taking A3 = 1,
A= —2,and \y = 3, we get :

—2111+3112—|—113:O€R3

In other words :

usz — 2111 - 3112

E = span(uy, ug, uz) = span(uy, ug, 2u; — 3uy) = span(uy, uy)

Since the vectors u; and us are not proportional, they form a linearly independent and
generating family for E, so they are a basis of E.

. Since 04040 =0, we have 0 € F.
Let u= (z,y,2) € Fand u' = (2/,y,2') € F,thusx +y+2=0and 2/’ + ¢y + 2 = 0.

Let A and )\ be any real numbers :

Au+\Nu' = Ar+ N oy + Ny, vz + V2= (XY, 2)

X+Y+Z = Az+N2)+Ay+ Ny ) +(Az+N2") = Maty+2)+ N (2’ +y' +2") = A0+X-0=0

This shows that Au + \Nu’ € F.

Therefore, F' is a vector subspace of R?.

cu=(x,y,2) EF <= 24+y+2=0 <= z=—x—y.
Thus, u = (z,y, —z—y) = (1,0, —1)+y(0,1,—1), witha = (1,0, —1) and b = (0,1, —1).

{a,b} is a generating set for F' and since these two vectors are not proportional, they
form a linearly independent family and thus, a basis of F.

. Let u e ENF, there exist «, 3,7, 0 such that :
u=au + fuy =~vya+ db

{aul + BUQ =7va + ob

Equating the coordinates :

a(l,—1,2)+ p(1,1,1) = v(1,0,—1) + (0,1, —1)

This gives the system of equations :



(a+8-7=0
—a+pB—-0=0
(2a+B8+7+0=0
First, we add Ly to L :
(a+8-7=0
(—a+B-0)+(a+8—-7)=0
(2a+B8+7+0=0
a+pB—-—v=0
S 28—7—0=0
20+ B+v+0=0
Now, subtract 2L, from Ls :
a+pf—-—v=0
26—v—=0=0
2a+B+y+d)—2@+B8-7)=0
a+pf—-—v=0
S 28—7—0=0
—B+3y+d=0
Next, add 2L3 to Lo :
at+f—-y=0
28—v—=0=0
20-B+3v+8)+26—-7—-9)=0
a+pf—-—v=0
S 28—7—0=0
5y +d =0
We now have a new system :
a+pf—-—v=0
S 28—7—0=0
0= —by
Solving this system :
a+pf—-—v=0
S f=—2y
0= —by
Finally, we get :

a =3y
& f=—-2y
0= —by

Thus :



u=au + fuy =3v(1,-1,2) — 29(1,1,1) = y(1, —5,4)

Also,
u= ’Ya_’— ob = ’7(17 07 _1) - 5’7(07 17 _1) = 7(17 _574)

Therefore, the intersection £ N F is spanned by the vector ¢ = (1,—5,4) :

E N F = span(c)
Exercise 6 :

1.
r+y—22=0

u=(r,y,z) € £ —
(@y,2) {Qx—y—z:o

—22=0
L2—2L1: x+y :
—3y+32=0

{x:z

—

y==z

— u=(z,2,2) =2(1,1,1)

< u=X(1,1,1) for some A € R

Therefore, E = span(a), showing that E is a vector subspace of R3.

Alternative method :

(0,0,0) € E

and

x2+y2—222:()
209 — Y2 — 22 =10

Let u; = (z1,y1,21) € E and uy = (22,99, 22) € E, then

A+ Aoty = (Ary + Ao, Aiyr + Aoy, Arzr + Aoza)
()\11]1 + )\QZEQ) + (/\1y1 + /\2y2) — 2()\121 + /\222) = /\1(1’1 + Y1 — 221) + )\2(1‘2 + Y2 — 222) =0

2()\1131 + /\2372) — ()\1% + )\23/2) — ()\121 + )\222) = )\1(2I1 — Y1 — Zl) + )\2(21’2 — Y2 — 22) = O

This shows that \ju; + Aouy € E. Theregore, E is a vector subspace of R3.



. {a} is a generating family of E. Since this vector is non-zero, it forms a basis for F, which
is the line generated by the vector a.

b=(1,0,1), c¢=(0,1,1)
These vectors are linearly independent and form a basis for F', thus dim(F') > 2. Since
e;1 = (1,0,0) ¢ F, F C R3 and hence dim(F) = 2.
1+41-1=1#0 = a ¢ span(b,c)

The set {b, c} is linearly independent, and therefore {a, b, c} is also linearly independent.
Since this set has three elements, it forms a basis for R3.

. Since, span(a) N span(b, c) = Ogs. Other part, {a} is a basis for E, {b,c} is a basis for
F, and {a,b,c} is a basis for R%. Then, Vu € R*, 3 o, 8 and v € R u = aa + b + 7c.
Thus, E + F = R3. Therefore, £ ® F = R3.

. To find «, 8,7 such that u = aa + b + yc :

u=oaa+ pb+vyc < (z,y,2) = «a(1,1,1) + 5(1,0,1) + v(0,1,1)

a+fB==x
at+y=y
a+fB+v==2
Ly=1Ly— 1Ly, L3 = L3y— Ly
a+f=x
— {—B+yv=—x+y
Yy=—x+z2
a=x—p[
— B=v+z—y
Y= —T+ 2
(a:x+y—z
= (B=—ytz
(V=—x+=2

Therefore,

u=(r+y—z)a+(-y+z2)b+(—z+2)c
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