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Chapter 04 : Solving Of Linear Equations

System

4.1 De�nitions

The set K always refers to R or C.

De�nition 1. Let n, p ≥ 1 be integers. A linear system of n linear equations with p unknowns is a list of n
linear equations of the form :

(S)


a11x1 + · · ·+ a1pxp = b1

a21x1 + · · ·+ a2pxp = b2
...

an1x1 + · · ·+ anpxp = bn

Where (xj)j=1,...,p are the unknowns, and (aij), bj ∈ K . aij are called the coe�cients of the linear system

De�nition 2. � The homogeneous system associated with S is obtained by replacing each bj with 0.

� A solution of S is a p-tuple (x1, x2, . . . , xp) that simultaneously satis�es the n equations of S.

� Solving S means �nding all possible solutions that satisfy these equations.

Remark 4.1.1. A linear system may not have a solution at all. If this is the case, we say that the linear system
is inconsistent :

INCONSISTENT ⇐⇒ NO SOLUTION

A linear system is called consistent if it has at least one solution :

CONSISTENT ⇐⇒ AT LEAST ONE SOLUTION

Example 4.1.2. Show that the linear system does not have a solution :{
−x1 + x2 = 3

x1 − x2 = 1

solution Adding the two equations results in :

0 = 4

which is a contradiction. Therefore, there does not exist a list (s1, s2) that satis�es the system, as this would
lead to the contradiction 0 = 4.

Example 4.1.3. Consider the linear system :{
x1 + x2 = 4

2x1 + 2x2 = 8

solution Dividing the second equation by 2 yields :

x1 + x2 = 4

which is the same as the �rst equation. Since we have only one equation with two unknowns, there are
in�nitely many solutions parameterized by x1 = 4− x2, where x2 is a free variable.
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De�nition 3 (Matrix Form). Let us de�ne the vectors :

X =

x1

...
xp

 , B =

b1
...
bn

 , A =

a11 . . . a1p
...

. . .
...

an1 . . . anp


The system (S) is equivalent to the matrix equation :

AX = B

If f is a linear map from Kp to Kn such that A is the matrix associated with f in canonical bases, then the
system (S) becomes :

f(X) = B

Example 4.1.4. Consider the following linear systems :

(S1)


2x+ y = 5

x− 3y = −4
4x+ 2y = 10

Writing the system in matrix form : 2 1
1 −3
4 2

(x
y

)
=

 5
−4
10



(S2)


x+ y + z = 2

2x− y + 3z = 5

4x+ 2y + z = 7

Writing the system in matrix form : 1 1 1
2 −1 3
4 2 1

x
y
z

 =

2
5
7


4.2 Methods for Solving a Linear System

4.2.1 Using Inverse Matrix A−1

De�nition 4. A square linear system (S) in matrix form AX = B admits the solution :

X = A−1B if A is invertible.

Theorem 4.2.1. Let AX = B be a system of linear equations, where A is an n× n matrix and X is a column
vector of unknowns. The system has a unique solution if and only if A is invertible, which is equivalent to :

det(A) 6= 0.

In this case, the unique solution is given by :

X = A−1B.

Example 4.2.2. Consider the following linear system :
10x+ 5y + 4z = 1

5x+ 2y + 3z = 2

3x+ y + 2z = 3

(1) Write the system S in matrix form AX = B.

(2) Prove that the system S has a unique solution.
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(3) Solve the system using the inverse matrix method.

Solution

1. Writing the system in matrix form : The given system can be expressed as :

AX = B

where :

A =

10 5 4
5 2 3
3 1 2

 , X =

x
y
z

 , B =

1
2
3


2. Proving that the system has a unique solution : A system of linear equations has a unique solution

if and only if A is invertible, which requires det(A) 6= 0.

Computing the determinant :

det(A) =

∣∣∣∣∣∣
10 5 4
5 2 3
3 1 2

∣∣∣∣∣∣
Expanding along the �rst row :

det(A) = 10

∣∣∣∣2 3
1 2

∣∣∣∣− 5

∣∣∣∣5 3
3 2

∣∣∣∣+ 4

∣∣∣∣5 2
3 1

∣∣∣∣
Computing minors : ∣∣∣∣2 3

1 2

∣∣∣∣ = (2× 2− 3× 1) = 4− 3 = 1

∣∣∣∣5 3
3 2

∣∣∣∣ = (5× 2− 3× 3) = 10− 9 = 1

∣∣∣∣5 2
3 1

∣∣∣∣ = (5× 1− 2× 3) = 5− 6 = −1

Thus :

det(A) = (10× 1)− (5× 1) + (4×−1) = 10− 5− 4 = 1 6= 0

Since det(A) 6= 0, the matrix A is invertible, ensuring the existence and uniqueness of the solution.

3. Solving the system using the inverse matrix method : Since A−1 is given as :

A−1 =
1

det(A)
.Cof(A)T =

 1 −6 7
−1 8 −10
−1 5 −5


We compute :

X = A−1B

Performing matrix-vector multiplication :

X =

 1 −6 7
−1 8 −10
−1 5 −5

1
2
3


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Computing each component :

x = (1× 1) + (−6× 2) + (7× 3) = 1− 12 + 21 = 10

y = (−1× 1) + (8× 2) + (−10× 3) = −1 + 16− 30 = −15

z = (−1× 1) + (5× 2) + (−5× 3) = −1 + 10− 15 = −6

Final solution :

x = 10, y = −15, z = −6.

4.2.2 Using Cramer's Method

De�nition 5. A system (S) is called a Cramer system if n = p = r, meaning that (S) is a system of n
equations with n unknowns and satis�es :

det(A) 6= 0

where r is the rank of the matrix representing the system.

The solution of a Cramer system given in matrix form AX = B is determined by :

xj =
det(Aj)

det(A)
, 1 ≤ j ≤ n,

where Aj is the matrix obtained from A by replacing the j-th column with the column of constants B.

Example 4.2.3. Consider the following linear system :
10x+ 5y + 4z = 1

5x+ 2y + 3z = 2

3x+ y + 2z = 3

Solution Using Cramer's Method to solve the previous example :

xj =
det(Aj)

det(A)
, 1 ≤ j ≤ n

Since det(A) = 1 6= 0, the system has a unique solution.

1. Compute x : Replace the �rst column of A with B :

A1 =

1 5 4
2 2 3
3 1 2


Computing det(A1) :

det(A1) = (1× 1)− (5×−5) + (4×−4) = 10

x =
det(A1)

det(A)
=

10

1
= 10

2. Compute y : Replace the second column of A with B :

A2 =

10 1 4
5 2 3
3 3 2


Computing det(A2) : 5



det(A2) = −15

y =
det(A2)

det(A)
=
−15
1

= −15

3. Compute z : Replace the third column of A with B :

A3 =

10 5 1
5 2 2
3 1 3


Computing det(A3) :

det(A3) = −6

z =
det(A3)

det(A)
=
−6
1

= −6

Final solution :

x = 10, y = −15, z = −6.
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