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Chapter 2

Linear Mappings

2.1 Definition and Examples

Definition 1. Let E and F be two vector spaces over a field K. A mapping f : E — F is said to be linear (or
a homomorphism) if, Vx,y € E,V\ € K|

o fz+y) = f(x)+ fy)
o f(A-2)=A-f(2),

or equivalently:

FOr + py) = Af(x) + puf(y)-

In other words, a linear mapping transforms the internal law of the starting space E into the internal law of the
target space F, and similarly for the external law.

Remark 2.1.1. We denote by L(E; F) the set of linear mappings from E to F. If f and g are two linear
mappings from E to F and \ € K is a scalar, then the mappings f + g and Af defined, for all x € E, by

(f +9)(@) = f(z) +9(z),

(Af)(z) = Af(2),
are also linear mappings from E to F. The space (L(E; F),+, x) is a K-vector space.

Example 2.1.2. e Let the mapping f : R? — R?, f(z,y) = (—x,—y). Let us show that it is linear. In fact,
let u=(z,y) € R?, v = (z0,y0) € R? and X\ € R. Then we have:

o= ((10)) = (C6Em) - (5) + (50) -y s

o1 ((3)) - (1) -2 (5) e

o Let f be the mapping defined from R? to itself by:

Nezt,

f(x,y) = (SL’ —y,O).

f is linear if and only if Vv = (z,y),u = (z0,yo) € R? we have

Fw + pu) = Af (v) + pf (u).

According to the operations defined on the vector space R?,

A+ pu = (Ax + po, Ay + p1yo)-
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Let X = Az + pxg and Y = Ay + pyo. Thus,

fw +pu) = f(X,Y) = (X - Y,0)
= (Mx —y) + (w0 — ¥0),0) = Mz — y,0) + (o — ¥0,0)

= M (z,y) + pf(xo,y0) = M (v) + pf (u).

o Let f be the mapping defined from R3 to itself by:

f(x7yvz) = (—.T+y—|—22:,y—2)
f is linear if and only if Vv = (x,vy,2),u = (70, Yo, 20) € R® we have
O + ) = Af(v) + uf (u).

We know that Av + pu = (Ax + pxo, Ay + pyo, Az + pzo).
Let X = Az + pxo,Y = Ay + puyo and Z = Az + pzg. Thus,

fOv+pu)=f(X,Y,Z2)=(-X+Y +22)Y — Z)
= M=z +y+2z) + p(—z0 + yo + 220), My — 2) — (Yo — 20))
= N2 +y+2z,y—2)+ (=20 + Yo + 220, Yo — 20)
= M (x,y,2) + pf(x0,Y0, 20) = M (v) + pf (u).

2.2 Some Properties

Definition 2. e A linear mapping from E to E is called an endomorphism of E. The vector space of
endomorphisms of E is denoted by L(E).

o A linear mapping from E to K is called a linear functional or linear form.

e A bijective linear mapping is called an isomorphism.

e Bijective endomorphisms of E are called automorphisms of E.
Proposition 2.2.1. Let f be a linear mapping from E to F'.

1. f(Og) =OF

2. VxeE, f(—x)=—f(x)
Proof. We have,

L. f(Op) = f(Or + Og) = f(Og) + f(Op) = f(Op) =OF

2. f(=2)+ f(z) = f(—x+2) = f(Op) = Or = [f(-2) =—f(z)

Proposition 2.2.2. 1. The reciprocal mapping of a linear mapping is linear.

2. The composition of two linear mappings is a linear mapping.

2.3 Kernel and Image of a Linear Mapping

Definition 3. Let f : E — F be a linear mapping. The kernel of f, denoted ker f, is the set
ker f = f7(0) = {z € B | f(a) = 0},

and the image of f, denoted Imf, is the set

Imf i= §(E) =l f(z) | = € E}.



2.3.1 Examples

Determine the kernels and images of the mappings defined in the following examples:

’ ker() = (o) € B fa) = (57) = ()1 = (0%
] karlo) = {P < ®*[x]: 9P = ( 40) ) = ()

P =aX?+bX +c, thus

P0)= P'(0) =0 & c=b=0.
This implies that, bt o o
erlg) & P = ax®

concluding that ker(g) = {P € R*[X]: P = aX? a € R} = (X?).
> ker(T) = {f € E:T(f) = f' = 0} = {f € E: f is constant}.
(= U R - () ewer)={o()+s(0) wmer).

Thus,

-l () () -

5.

P =aX?+bX +ccR¥X]}

|P:aX2+bX+ceR2[X]}

I
w0
il
]
=
—N
A~ N
o =
N
7N
= o
~—
~—

Proposition 2.3.1. Let E and F' be two vector spaces over a field K, and let f : E — F be a linear mapping.
1. ker f is a vector subspace of E, and Imf is a vector subspace of F'.
2. f is injective <= ker f = {Og}.
3. f is surjective <= Imf = F'.

Definition 4 (The rank of a mapping). A linear mapping f : E — F has a finite rank if its image subspace,
Im(f), has a finite dimension. The dimension of Im(f) is called the rank of f and is denoted by rank(f).

Example 2.3.2. Let f : R? — R? be defined by

f(x,y7z) = (_x+yax - Zay)
We have

Imf = {f(z,y,2) | (z,y,2) € R’} = {(~2w +y,2 — 2,y) | (z,y,2) e R*}.
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Imf = {x(~1,1,0) + y(1,0,1) + 2(0, =1,0) | (2,5, 2) € R*}.
Thus, Imf is a subspace of R generated by {(—1,1,0),(1,0,1),(0,—1,0)}. It is easy to show that this set is
linearly independent, and thus forms a basis of R3. Therefore,
dim Imf =3, rank(f) =3, Imf=R>
We conclude that f is surjective. Moreover, ker f = {(z,y,2) € R®| f(x,y,2) = (0,0,0)},

= kerf={(x,9.2) €R*| (~w+y,2~29) = (0,0,0)} = z=y=2=0
Thus, ker f = {(0,0,0)}, so f is also injective, then is bijective.

Theorem 2.3.3 (Rank Theorem). Let f be a linear mapping from E to F with E of finite dimension. We
have:
dim E = dimker(f) + rank(f)

Proposition 2.3.4. Let E and F be two vector spaces over a field K, and let f and g be two linear mappings
from E to F. If E is of finite dimension n and {e1,ea,...,e,} is a basis of E, then

Vk e {1,2,...,n}, f(ex) = glex) < Vz € E, f(z) = g(x).

In other words, for two linear mappings [ and g from E to F to be equal, it suffices for them to coincide on
the basis of the K-vector space E.

Proof. The implication (<) is evident.
For (=), F is generated by {ej,ea,...,e,}, so for all x € E, there exist A1, A2,..., A, € K such that

Tr = )\161 +)\262 ++>\n6n

Since f and g are linear, we have

f(.%‘) = f()\lel + )\262 +...F )\nen) = )\lf(el) + )\2f(e2) +...+ Anf(en)a

g(w) = g(Arer + Agea + ...+ Anen) = Aigler) + Aaglez) + ... + Ang(en).
Thus, if we suppose that for all k € {1,2,...,n}, f(ex) = g(ex), we deduce that for all z € E,

f(@) = g().
O

Proposition 2.3.5. Let f : E — F be a linear mapping between two K-vector spaces of the same finite
dimension. Then the following statements are equivalent:

1. f is injective.

2. f is surjective.

3. f is bijective.

4. dim E = rankf.

5. dim(Im(f)) = dim(F) < Im(f)=F.
. dimker(f) =0 < ker(f) ={0g}.
Proof. Let start by

D

1) = 2) If f is injective, we have dimker f = 0, so rank(f) = dim F — dimker f = dim F = dim F'. Since Imf is a

subspace of F', we have Im f = F' and f is surjective.

2) = 3) If f is surjective, the same calculation shows that it is injective and hence bijective.

3) = 4) If f is bijective, then ker f = {0} and Imf = F. Consequently, dim E = dimker f + rank(f) = rank(f).

4) = 1) If dim F = rank(f), then according to the previous theorem, dimker f = 0, which implies ker f = {0} and

hence f is injective.
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