CALCULUS
REMINDER




1. Concept of Vector

1.1. Definition: A vector is a mathematical entity that
represents an element of a vector space /£* associated with
an affine space (of points) &%, where a direction, a sense, a
magnitude, and a point of application are defined
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2. Vector Operations

2.1 Vector Addition: Relative to an orthonormal basis (, j,
TE), the sum of two vectors is a vector where the components
add up pairwise.
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V;= XL+ y )+ zj et ﬁ=xzf+yj+zzk

5 V= V1:+V2:= (o +x)T+ (i +92)] + (21 + 25 )k

/'Vi.




2.2 \Vector Subtraction:

The difference between two vectors V and U, denoted as V - U,
IS the sum of the first vector and the negation (opposite) of the
second vector.
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V=V,—V, =V, + (V)
2.3 Vector Products:
a) Dot Product and Projection: The dot product of two I ‘ I
vectors ; and V5, denoted as V; - V5, Is a scalar represented as

—_—

V, - V,. Itis equal to the sum of the pairwise products of their
components.

7{ = X1+ V] + ZlE et ﬁ =Xyl + Vo] + ZZE

5 => 17 = V; F;: = (x1-x2) + @1-3’2 ) + (21-22)



NGie: For the unit vectors of the orthonormal basis,
we have v ii=]j= Kk =
fif:ik:ﬁﬁ:ﬂ
The square of the magnitude of the vector is:
V.V =(xx)+ (y.y) + (z.2) = x* +y* + 22 = V/*
= |[V|| =V = V= +>2 + 22

The dot product can also be defined in the
following way:

AN
Vi-Vy = |[Vi]|- Vi |- cos(Vi; V)= V3
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The dot product Is zero if:

Vil =0, [[v2]| = 0
Vil Vv,

b) Cross Product

The cross product of two vectors I/; and V, isa
vector denoted as 1/,

L7k
™ T Vi A% X A2, X 1|7
AN =y _‘}2/32 T %sz-l-‘xﬂz‘k
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Vi AV, = (3423 - 9o20)i - (0423~ 0,20 + (x19, - 19,k



Coordinate System in the Plane

Cartesian coordinates: Any point in the plane can be
located by its Cartesian coordinates in the orthonormal
basis: (Z, j). We can then write:

OM = 7 = xt + yj The magnitude is:
oM| = 7| = /2% +y?




Infinitesimal displacement: We consider the
Infinitesimal displacement of the point M (x,y) to

the point M'(x+dx,y+dy). The displacement MM
can then be written as:

1

Infinitesimal surface element:

We consider the infinitesimal surface generated by
the displacement of the point M previously
described. The area of this surface is given by
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Polar coordinates: In the plane, a point is

identified in Cartesian coordinates by its abscissa

and ordinate (two distances). In polar coordinates,

a point is identified by a distance and an angle

defined as follows:

« p: distance from the point M to the origin O.

* @ the angle In the counterclockwise (positive)
direction, known as the polar angle.

OM=7T=xi+yj=pu, =pcosfi+psinj
X =pcos0O 4
y =psiné A %
— 2+ 2 L :
<=> {p v J;, A i, )
6 = arctg = > .

-
X 0 l Polar axis



Infinitesimal displacement: We consider the
Infinitesimal displacement of point M(p,8) to point

M'(p+dp,0+d@). The displacement M Mcan then be
written as:

MM’ = dpu, + pd6ug

v ~

Infinitesimal surface element: We consider the

Infinitesimal surface generated by the previously described

point's displacement. The area of this surface is given by:







Coordinate System in the space:

A) Cartesian coordinates:

A Cartesian coordinate system is defined by an origin
point and three mutually perpendicular axes. The unit

vectors along the axes are: (i, j, E). Every point in
space Is identified by the three components of the

Z r

The displacement ,
differential Is easily found “om
from its definition: s




Infinitesimal surface element: Fixing one of the
coordinates, the point moves within an elemental
surface area:

dS, = dy.dz |f we fix the abscissa X; b
_ If we fix the ordinate y; ot L
dS, = dx.dy If we fix the height z /

Infinitesimal volume element: The displacement from" |
M to M generates an elementary volume bounded by six

——

parallel surfaces, pairwise of which MM is a principal
diagonal.
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Cylindrical coordinates: A point M In space can be
Identified by its cylindrical coordinates p, 8 and z in
the basis associated with the cylindrical coordinate
system.

—_

OM =7 =pTI;+zE

oM| = 7| = /p? + 22

Infinitesimal displacement:
We consider the infinitesimal
displacement of point
M(p,0,2) to point M'(p+dp,
0+0d0,z+dz). The e

e

displacement MM canthen  jp/ = dpit, + pdfig + dzi;
be written as:







Infinitesimal surface element: Fixing one of the
coordinates, the point M moves within an elementary
surface area;

_ If we fix the radius p.
dSg = dp.dz Ifwe fix the angle 6.

_ If we fix the height z. ‘ I I I
Infinitesimal volume element: A\
y

We consider the infinitesimal N
volume dV generated by the
previously described point's M
displacement. This volume is

MDY gy = p.dp.d6.dz







Spherical coordinates: A point M in space can be
Identified by its spherical coordinates r,0, and ¢ in the
basis associated with the spherical reference frame (u,., Uy,

Uy,).
¢ — L L s
We can then write: OM=ru,=x1+yj+zKk

u_’,.—smﬂcos:pl+smﬂsm(p]+cosﬂk —
Infinitesimal displacement:
We consider the infinitesimal
displacement of the point M( X

M(p,0,) to the point .
M'(p+dp, 6+d0, @+deg). The

displacement MM can then be
written as:

MM’ = dru, + rdfuy + rsin 0 dou,,



Infinitesimal surface element:

ds, =12sin@d@ de |fwe fix the radius r.

|
_ If we fix the angle 6.
_ If we fix the angle ¢.







Infinitesimal volume element: We consider the

Infinitesimal volume dV generated by the previously
described point's M displacement. This volume is given by:

By varying ¢ from 0 to 2z, r from 0 to R, and 8 from 0 to
, the point will describe a sphere of radius R. We can

Write:

y = ”_L dv = _U_L r? sin @drd6de

R 3

3
We can obtain the surface of the same sphere by fixing r=R

= [Xriar[7 sin6ad[}" dp = =—.2.2.

r=R: s:j'_[sds:R"jérsin&lej';”dqyz-lnRz




THE OPERATORS: Gradient, divergence, and curl

The Nabla operator 7: It is a vector operator which

has the following components: .o = a  a )
dx ' ody oz

The gradient operator:

Let's define a vector field denoted grad f witht
expression: af
radf= (555

The field grad f is called the gradlent of f. The
gradient operator Is a vector field acting on a

T g = e g




The divergence operator:
Let be a vector field V (V,, V,, V). The divergence

of V is the scalar field denoted div V and defined as:

The curl operator:
LetV (V,, V,y, V,) be a vector field. The curl of V

the vector field denoted curl Vand defined as:
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J k
2

ratff =?Aff =

[1
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