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Series N°5. (*) leave from student

Exercise 1 :

1. Solve the following equations in R :

x
1) arctan(§) =, 2) arcsina = arccosx

2. Compute the derivatives of the following functions :

1
f(z) = arccos 35 g(x) = arcsin vz, h(z) = arctan(3z% + x + 2)(%)
x
3. Show that :
x
a) Vz € [~1,1], sin(arccosz) = /1 — 22 b)Vx €] — 1,1|, tan(arcsinz) = —
) [—1,1], sin( ) ) Va €] [, tan( )= =
1
¢) Vx € [-1,1] ,arcsin x + arccos x = g, d) Vo € R’ ,arctanx + arctan — = g(*)
x

T+ o
e) arctan o + arctan x = arctan 1 , (,2) R ar#1
—ax

Exercise 2 :
Let f be a function defined by :
flz) =

€T ’

t
arc am:c7 v 40
1, =0

1. Show that f is differentiable on R, then compute f’.

2. Using the Mean value theorem, prove that : for all z > 0; arctanz > n
x

Exercise 3 : Calculate the derivatives of the following functions :

1) f(z) = argeh(e®), 2) f(z) =th(1+2?), 3) f(z)=argth(sinz), 4) f(x) = Inth(2z).(x)
Prove that :

x sh(x) 2 1
| R, tht = T 2 the = S
Jve e R, 2 1+ch(z)’ ) Ve 70, th th(2z) thx
chx —1 T
3) Vz eR, argth( e 1) =35

Exercise 4 : Prove the following inequalities, valid for all = > 0.

2

sh(z) > x, ch(x) > 1+ %

Exercise 5 :
Prove the following inequalities :
1. Vz, y € R,|arctanx — arctany| < |z — y|
2. Ve >0,z <e¥—1< xe”

Exercise 6 :(*)

— For what values of  do we have v1 — z2 < z?
— Draw up the variation table of the function z — /1 — 22.e2resinz,
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0.1 Solution of the series "4"

Exercise 1 :
—T

1. For all x € R, - < arctan(g) < g, therefore the equation does not solutions.

V2

2. arcsinz = arccos x < sin(arcsinz) = sin(arccosz) &z = V1 — 12 &z = >
3. The derivatives : direct compute
4. a) sin(arccosz) = /1 — cos?(arcsinz) = /1 — 22
sin(arcsi
5. b) tan(arcsinz) = in(arcsin ) =7

cos(arcsinz) /1 — 22
6. ¢) arcsinz + arccost = %, we can prove this by two methods
First, consider the function f(x) = arcsinz + arccos z, continuous on [—1, 1], differentiable on
] —1,1[ and f’(x) = 0. Then f is constant over [—1, 1], hence

£(0) = arcsin(0) +arccos(0) = 5. Therefore Va € -1, 1], f(x) = 5

™ . . e
Or, we have : arccosz = 5 — aresinz, because cos is bijective on [0, 7] so cos(arccosz) =

s . ) T
COS(§ —arcsinx). So x = x, then, arcsin z + arccos x = 7

7. d) We have :
tana + tanb

t b)y=————
an(a +b) 1 —tana.tanb

we put a = arctan «, b = arctan x, so

tan arctan o 4 tan arctan x a—+x

tan(arctan o + arctanx) = =
( ) 1 — tanarctan . tan arctan x l1—ax

)

a—+x
1—ax

because arctan is a bijective, then :  arctan a + arctan z = arctan(

1
8. e) we put « = — in precedent formula (d)
x

1
1 —+x
x
arctan — + arctanx = arctan(il)
* 1——-2
x

2z +1

arctan x + arctan — =

T
= arctan(oco) = —
z 2

Exercise 2 :

1. If z #£ 0, f is quotient of two differentiable functions, then differentiable.

arctan x 1
— f(0 - t — 0
If £ =0, lim f@=F0) _ oy e Arctanz—a) 0 By hospital
z—0 z—0 x—0 T x—0 x2 0
-1
— 2 —
theorem lim + =% — fjm — % __ — 0. The f is differentiable at 0, therefore differentiable
z—0 2x x—0 (1 + 1'2)
on R.
1 arctan x
— , if x#0
f(z) = z(1+22) x? 7
0, if =0
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2. we know, arctan : R —] — g, g[ is continuous on R then over [0,z], « > 0 and differentiable

over |0, z[, according to mean value theorem there exists ¢ €]0, z[ such that

, . arctanx — arctan0 arctan x 1
arctan’(c) = lim = = -~
z—0 z—0 x 14¢
1 arctan x
other words, 0 < c<z=1< 1+ <142% = 5 < 1+4¢? < 1, hence, 5
1+ 14+ T
T
then, —— < arctanz.
1+ 22

Exercise 3 :

T T T
2sh—.ch— sh—
h
LVoeR:—— =2 2__ 2 _4»2%
1+ chx 2ch2Z chz 2
2 2
2 1 2 1 thz
2. — = — — = — = tha.
Vo 70 th2z  thx 2thz thz thz *
1+ th2z
2thZ
3. We have thz = 72:0 and
1+ th2§

chz—1 = ch2§+sh2§—ch25+sh2g - QSth, cha+1 = ch2§+sh2§+chzg—sh25 — 2ch?E

2 2
chr —1 T T T
=,/th?= th th(th—=) = —.
o1 (g then argth(thy) =3
Exercise 4 :

For sh(x) > x let : f(z) = sh(z) —x so f'(z) =ch(z)—1, x>0
for every x > 0, f'(x) > 0 then f is increasing and f(0) = 0, then
f(#) 206 f(z) —2 >0 f(z) > 2.

2

For : ch(z) > 1+ %
2
Let g(x) = ch(z) —1— % we have g(0) = Oet ¢'(z) = sh(xz) —x > 0 then g is increasing and g(0) = 0,
2
therefore g(z) > 0 < ch(z) > 1+ %

So

Exercise 5 :

1. According to the inequality of Main value theorem i.e
(f differentiable function on D. if Va,y € D : |f'(x)] < M :) then

[f(@) = f(y)] < |z =yl

The function arctan is differentiable on R and its derivative : arctan’ x = 1_:$2,
S0 . <
| 1+ $2| =L
then

Vz,y € R: |arcsinz — arctany| < |z — y|

2. We apply the Main value theorem on [0, z] on we obtain
e —e=e(r—0) e —1=2x.o0rwehave 0 < c <z & x < re® < we”. Then

r<e®—1<ze”
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Exercise 6 (*) :

1. For v/1 — 22 < z has meaningif,xZOandl—xzzohencengS 1, so

1 2
-2 <a? & a® > g eTe [\g,ﬂ
_ 1 22
2. f defined on [—1, 1] and f’(q;) = H—\/Tearcsmm
i
2
flz)=0&2= \g,
V2

f(z) >0, ifzx €] -1, 7[, f is increasing

2
f(z) <0, ifz 6]\5, 1[ f is decreasing

Dr : M. Touahria




