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Series N°4

Remark : (*) leave to the student

Exercise 1 : Find the domain (maximal domain of the real numbers) of the following functions :

8 — 16x vr—1
2

1)V222 — 122 +18,(*)  2) In(2® +4x+4)  3) T (*)  HmE-a)+
Exercise 2 : f : R — R, is even function. We assume that the restriction from f to R_ is
increasing. What can we say about the monotony of the restriction of f to R,.

Exercise 3 : Let f, g : R — R, two odd functions. What can we say about f+g¢, f.g, and fog
Exercise 4 (*) : Let f real function defined by : f(x) = In(| sin(%x)D.

What is the domain of definition of f? the function f is even? odd ? periodic ?
Exercise 5 : We use the definition of limit, show that

1 3
T =1, lim-——Fo =+00

. orw .
glgl_}H%(5l’+3) =8(*), lim

z—+oo p — ]

Exercise 6 : Calculate the following limits :

1 2 - 1

. . Y\ . 1
D lim(s———7—3), 2) lim (1+7)° (y#0), 3) xlgg(\/ismﬁ),

oAV +1-2 . (1 —=cosz)(1+2x) _tgr—1 . TG o
4):{{1}3(:67_3), 5) lim ( A g2 ) 6)9}1_{% T % , () 7) lim cos( o )(*)
tgx — si VT — 1 VaE =1
8) Tim 55T ey 10) g VEZL ) g Y2 L
z—0 3 z=1 g —1 1+ /1 — 1

Exercise 7 : Let f and g two functions defined by :

3 2
—1
f(x):ax bt . g(r)=V4r? + 3z +1—bx

r—1

1. Study the limit of f if |z| — oc.
2. Study the limit of f at 1 (discuss according to a and b.)
3. Find according to the values of b (b € R) the limit 1_131 g(x)

V1i+x—(1+ax)

Exercise 8 : Let the function f defined by f(x) = 5
T

— Find the finite limit b of f when z tend to zero.
— Deduce that there exist a function € such that
2

Vit = 1+§—%+ZL‘26($) with lim e(x) = 0.

z—0

Exercise 9 : Consider the function f defined by the following cases :

. ve+1—-1 | sin(mx)
— ifr ¢ {-1,0,1 —— ifx #0 —=if 1
1 — st In|z| #1 ' ;2 —nd 1 tan x 7 ;o 3—rd as—l’lx7’é

0 ifr=-1,0,1 3 ifr =0 m with, m is real
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1. (1-st)
— Precisely the continuity of f at zero (using the definition).
— It’s there continuous at 1 and (—1). What can be conclude about the continuity of
f on it’s domain.

2. (2-nd) Study the continuity from f to zo = 0.
3. (3-rd) Find the value of the real m for which f is continuous at zy = 1.

Exercise 10 : Draw the Graph of following functions and study the continuity
fi(z) = [z]; fi(z) =x —[z] ([z]is the integer part of z)

Exercise 11 : Prove that the following equations admit at least one root in each proposed
interval.

1. cosz =z on I =[0,7]

2. 14+sinz=xzonl =[5 %]

Exercise 12 :(*) Consider the function f continues on [a,b] et z1, 25 et 3 numbers in the
interval [a,b]. Show that the equation : 3f(z) = f(z1) + f(x2) + f(z3) admits at least one
solution in [a, b].

Exercise 13 : Using the definition of derived number, find the following limits :

3x+2 _ 2 -1 In(2 — cost __
Lo S o g O g Ry gy €
z—0 x z—0 X =1 xr — z—% T — —
2

Exercise 14 : Find the derivatives f’(x) of the following functions

f@) = g () J@) = cosz, f<w>:(1+\;5>3, (*)f(x)zln(m)

Exercise 15 : Let f the real function = defined by

sin® 7|z |

oy =2
0 ifx =0.

ifx #£0

Is this function continuous and differentiable for x = 07
Exercise 16 : For which values of b and ¢ are the following functions differentiable at —37

Jd=2)(2-2) ifx > -3
fw) = {bx+c ifr < —3.

Exercise 17 Let f : [0,1] — R differentiable such that f(0) = f(1) with f’ continues at
0 and at 1.We define g on [0, 1] by

Is g continuous ? differentiable ? If not, what hypothesis must be added for this to be the case?
Exercise 18 : Verify the Main Value Theorem (M.V.T) for the following functions

flz)=x(z—1), on]0,1]; f(z) =sinx + 2z, on [0, 7

f(x)=ax*+pBx+v, «a#0, onla,binterval of R
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Solution of Series N°4

Exercise 1 :
Exercise 2 :

Let 0 <z <y, then 0 > —z > —y. Because f is increasing f(—z) > f(—vy), and f is even
Hence

flx) = f(—2) > f(—y) = f(y)

Then f(x) > f(y), therefore, f is decreasing on R*.
Exercise 3 :

1. Sum f+g:
(f+9)(—x) = f(—z) + g(—2) = —f(z) — g(x) = —(f + g)(x), then f+g is odd.
2. Product f.g :
(f.9)(—2) = f(—x).9(—2) = —f(z).(—g(x)) = (f.9)(x), then f+g is even.

3. fog:
(feg)(=x) = flg(=x)) = = f(9(z)) = =(f o g)(x),
then f o g is odd.

Exercise 4 :

. z+1 z+1
. $1_1>r+noo(x_1)_1<:>Ve>0,EIB>0/VxeR—{1}.x>B:|x_1

-1l <e

|x+1
r—1

2
—ll<e=z>-+1
€

2
Enough to choose B = - +1
€

)—+oo<:>VA>O,EI(5>O/V:U€R—{2}:|$—2]<(5:>(56_3)1)2>A-

¢ x1—1>r-&¥loo( (;(; — 1)2

Choose § = \/%

Exercise 5 :

2

i — = 1%
2) l_1£1 (1+ £>ew = e¥, we make change variable 4y (x = +o0, t = 0)
3) xlira1+(ﬁsin ﬁ) = 0, zero times bounded is zero.
/i —1 i — 1 1
4) lim v = lim,_,; < Ve 5 ) = _.
=l —1 V-2 +yz+1)) 3

we know (a3 — 0% = (a — b)(a® + ab+ b?)) then (z — 1 = ¥z — 1)(Y2° + ¥z + 1)

. (I—=cosz)(1+2x), l—cosz 1+2r 1
5) }:IL%( zt — 22 ) = lim—o 22 22-1 2
6) i tgr — sinx <sinas 1—cosx 1 ) 1

im ———— = lim, : : =—.

70 x3 0\ g x? cos T 2

Exercise 6 :
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1. limit of f when |z| — oo

— Ifa=0=0, limy,ef(z)=1

— Ifa=0,b#0: limyo f(2)limg e (br) = 00

— Ifa#0,b=0: limpy o f(2) = limye(az?) = co.
2. limit of f when |z| — 1

— If
. a+b +o0, a+b>0,
lim f(z) = =
z—1+ 0 —0Q, a+b<0.
— If
a+b —00, a+b>0
lim f(z) = = ’ ’
a—1- /() 0 {—i—oo, a+b<0.

— Ifa+b=0=b=—asolf

((x3—x2)+x—1

li =1li
im f(z) = lim o

rz—1 rz—1

> = lim(ax® +1) = a + 1.
z—1

P Ry 4=+ 3z +1

e(J(4+2+5)+0b)

b= -2 b=2,
00, be€]—o0,—2|,
—00, b€]2, 4o,
too, be]—2,2[

Exercise 7 :

Witz - (+a)VIta+(+az)]  (1+z)—(1+az)

° J(w) = 2Vt o+ (1 + az) VIt (Lt ax)
_a212+(1—2a)x 2 1—2a

22T+ + (14 ax)] - \/H——$+(1+ax)+x(\/H—x+(1+ax))

In this latter form, it immediately appears that f does not finite limit b, when x tends to zero

if we have 1 — 2a = 0 then a = % end in this cases

lim f(z) =b=—

a? 1
z—0 5
o Find the € function
We deduce about the precedent compute that
Vite-(1+3) 1

lim =
z—0 ;(j2 8

The function e defined by

such that lim, ,o(e(z)) = 0 then
2
Vi+x= 1—}—%— %—i—wQe(x).

Exercise 8 :
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1. (1-st).
— Continuity at points z with |z| # 1 and = # 0.
1

X —

T fa] is a composition and inverse of continuous functions (z — In |z|).
n |z
— Continuity at z = 0.

1
As © — 0 we have In |z| - —o0, hence —— —

We compute the limit lim ——
In |z|

z—0 In |;1:’ '
0. More precisely,

Ve >0, 36(e) > 0: |z — 0] < d(e) = |(z) — f(O)] <e.

So for given € > 0 we want | < e. This is equivalent to |In|z|| > 1/e, i.e.

In |z|

1 1
In— > . = 2| < eV,

|z]

1
So choosing 6§ = e~1/¢ gives |z| < § = |——| < &. Therefore

In |z|
i =0=7(0)
im——=0=
20 In || ’
and f is continuous at x = 0.
— atrx=1and z = —1.
Let © — 1. For > 1 close to 1 we have In|z| > 0 and In|z| — 07, so
() =+
im(——) =
r—1 ln’:[j‘ o0

For 0 < z < 1 close to 1 we have In|z| < 0 and In|z| — 07, so

1
(e =~

f is not continuous at x = 1.
The same reasoning applies at x = —1.

We conclude that the function f is continuous at every real number except at z =1
and z = —1. Equivalently,

f is continuous on R\ {—1, 1}.

2. (2-nd) The continuity of f at 0.

= lim ) = - =
z—=0  tanzx xﬁﬂta% vVer+1+1 2

Then f is continuous at 0.

3. The value of the real m

By change variable x — 1 =1 so

sin(7t + ) . sin(nt)
im —— = —lim = -7
t—1 t t=0 T

f is continuous at 1, i.e limy; f(x) = f(1) = m=—=
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Exercise 9 :

—2, 1],
—1,0]
0,1,
1,2

is piecewise continuous function, but is not continuous at any integer (a € Z.)

Ended

A1) 7 I 1)

Is the same from fy

r—2, [-2,—1],
r—1, [-1,0],
r)=x— 2| =
ROl =0
z+1, [1,2],
Exercise 10 :
1.
cosr =z < cosx —x =0
Put f(z) = cosx — z is continuous on R (because deference two continuous functions
T COST, T > XT.)
So f is continuous on [0, 7], also
f0)=1, f(m)=-1-7m= f(0).f(x) <0,
according to the intermediate value theorem, there exist ¢ €]0, 7[ such that : f(¢) = 0.
2. is the same way

Put f(x) = 1+ sinz — x is continuous on R (because is sum and deference two

continuous functions x +— 1, z + cosz, and x> z.)
T 2m
=) J(—) <0

according to the intermediate value theo

T 2w
- =

3 [ such that : f(c) = 0.

rem, there exist ¢ €]
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Exercise 11 :
Take f(z) = 32 so0

Also

t—1

Exercise 12 : Clear
Exercise 13 :
At first find the values of b and ¢ such that the function f is continuous at —3.

li = i 1—2)2—2)=2
im f(z) = lim (1-2)(2-2)=20
lim f(z)= lim (bx+¢)=-3b+c
T——3" T——3"
Therefore f is continuous at —3 if and only if
—3b+c=20

Otherwise, the function f is differentiable at —3
The left hand side and right hand side limit are equal

L (=22 — ) — (1—2)(2— 2)(=3)

i f(@) =l - ~ (1 - 22— 0)/(=3) = =9
b — 20
1) = i S = () =

Then b= -9, and —3(—9)+c=20=c=—T.
Exercise 14 : g is differentiable on |0, %[ because it’s composed of two differentiable functions
(f and = — 2z,) hence continuous (is the same on |3, 1[)

e The continuous at —

lim g(x) = £(2(3)) = £(1) = F(0) = Tim_g(x) = ()

x—>% 2 T—5
. . 1
So g is continuous at 3
1
e The differentiable of ¢ at 3

1
We have, for z < 5
¢(z) = 2/(22) s

1
9(z) - 9(2)
lim, 2 = () = 2/(1)
T3 r— =
2

1 1
hence g has a left derivative at 3 equal 2f’(1) and the same, g has a right derivative at 5 equal
21'(0).

1 1 1
Then g is differentiable at 3 if g’<(§) = g;(§) i.e 2f(0) = 2f(1) if and only if
£1(0) = f'(1).

Exercise 14 :
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1. fis continuous on [0, 1] and differentiable on |0, 1[, according to the Main Value Theorem

S €)0,1[: F(1) — £(0) = (1— 0)f'(c) = ¢ = =

5
2. Under the same conditions of (M.V.T)
, T
3o €0, 1 £(x) — £(0) = (x ~ () > e = 7.
a+b
3. c= 5
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