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Inverse trigonometric functions




arccosine function

We assume the function cosine cos : R — [-1,1], x ~— cosx.
To obtain a bijection from this function, we must consider the

restriction of cosine on the interval [0, 7]. On this interval the

function cosine is continuous and strictly decreasing, then the

restriction

cos: [0,7] — [-1,1], x> cosx.
is bijection. Its inverse bijection is the function arccosine :
arccos : [—1,1] — [0,7], x > arccos x.
So we have by definition the inverse bijection :

cos(arccosx) = x Vx € [-1,1]

arccos(cosx) = x  Vx € [0, 7]



In other words :
Si x € [0,7] COSX = y < X = arccos y

Let’s finish with the derivative of arccos :
-1
arccos'(x) = —  Vx €] —1,1]
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The restriction
sin : [_7%, g] = [-1,1], x> sinx.
is a bijection. Its inverse bijection is the function arcsine :
arcsin : [—-1,1] — [%ﬂ, %], X+ arcsin x.
We have by definition :

sin(arcsinx) =x  Vx € [-1,1]

arcsin(sinx) = x Vx € [_777, g]



In other words :

Si xe[2 2] sinx =y < x = arcsiny
Let’s finish with the derivative of arcsin is :
1
arcsin’(x) = ——— Vx €] - 1,1]
1— x?
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arctangent function

The restriction

is a bijection. Its inverse bijection is the function arctangent :

arctan : R —] X+ arctan x.

22[

tan(arctanx) = x Vx €R

- T

arctan(tanx) = x  Vx €]— R 2[



In other words :
tanx = y & x = arctany.

The derivative of arctan is :

arctan’(x) = Vx € R

arctanx

x




@ Find the exact values of

1 2
arccos(a), arcsin(—\/?_).

@ Prove that arcsin is odd function.




Hyperbolic functions and their
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Hyperbolic functions and their inverses

For all x € R the hyperbolic cosine function, written
cosh or ch is defined by the relation :

eX + e*X

hx =
chx 5

The derivative function is

ch'(x) = sh(x)




Hyperbolic cosine function and its inverse

The restriction ch : [0, +oo[— [1, 400 is bijective. and its
inverse bijection is :

argch : [1,4+o0o[— [0, +o0[

The derivative function is

o (o x>1)

argch'(x) = —= -
X [e—




For all x € R le hyperbolic sine function is defined by the
relation :

shx =
sh: R — R is continuous function, differentiable and strictly
increasing verifying

lim sh(x) = —ooet lim sh(x)=+o0,
X—»—00 X—>+00

The derivative function is sh’(x) = ch(x)




then is a bijection. And its inverse bijection is :
argsh : R — R. The derivative function is :

1

argsh’(x) = T

)

The name of these two hyperbolic functions suggest that the
have similar properties to the trigonometric functions and some
of these will be investigated.




By definition the tangent hyperbolic is :

sh(x)
th(x) =
)= 20
The function th: R —] — 1, +1[ is a bijection.
1
The derivative function is : th'(x) = 1 — th?(x) = (%)




we notice
argth:]—1,+1[— R

is inverse bijection.
The derivative function is

argth'(x) = 1= %2 (Ix] < 1)




ch(a+ b) = ch(a).ch(b) + sh(a).sh

ch(a — b) = ch(a).ch(b) — sh(a).sh
sh(a+ b) = sh(a) ch(b) + ch(a).sh

sh(a — b) = sh(a).ch(b) — ch(a).sh(b)........... (4)

By multiplying the expression for (chx 4 shx) and (chx — shx)

together, we have

—_ o~~~

ch®(x) — sh®(x) =1

obvious,
chx + shx = &*

Put a = b in first formulate (1)
ch(2a) = ch?(a) + sh?(a)
Put a = b in third formulate (3)

sh(2a) = 2.sh(a).ch(a)



th(a) + th(b)
th(a+ b) = T+ th(a).th(b) " (5)

Put a = b in third formulate (5)

2tha
th2a = —+—
a 1+ th2a

Expression of inverse hyperbolic functions with natural
logatithm

argch(x) = In(x + vVx2 = 1),( x>1)
argsh(x) = In(x + Vx2 +1),( x €R)

e %In(i X

), ( —1<x<1)

— X (



Exercise : Use the definition of chx and shx in term of
exponential functions to prove that :

ch2x = 2ch®x — 1, ch2x = 1+ 2sh®x



Vx € [-1,1] ,arcsin x + arccos x = g,

(2]
X+«
arctan a+-arctan x = arctan T ax’ (a,x) € R? ax # 1
— ax
o
N 1 x
Vx € R ,arctanx + arctan — = —
+ x 2
o

X

VItx?

sin(arctan x) =



1)  We can prove this by two methods

First, consider the function f(x) = arcsin x + arccos x,
continuous on [—1, 1], differentiable on | — 1,1[ and f’(x) = 0.
Then f is constant over [—1, 1], hence

f(0) = arcsin(0) + arccos(0) = g Therefore
Vx € [-1,1], f(x) = g

Or, we have :

. m m .
arcsin X + arccos x = E <> arccos x = 5 — arcsin x,

because cos is bijective on [0, 7] so
™ .
cos(arccos x) = cos(E — arcsin x). So x = x, then,

. T
arcsin x 4+ arccos x = 5



tana+tanb
1 —tana.tanb

tan(a + b) =

we put a = arctan «, b = arctan x, so

¢ ( ¢ tarct ) tan arctan o + tan arctan x o+ X
an(arctan a+arctan x) = =
1 — tan arctan «. tan arctan x 1—a.x

because arctan is a bijective, then :

o+ X
arctan «v + arctan x = arctan(———

)

1—ax



1
3) We put a = — in precedent formula

1
1 X X
arctan — + arctan x = arctan(Xil)
x 1—-—x
X
; +arct 2x +1 tan(o0) s
arctan x + arctan — = = arctan(oo) = —
X 0 2
4)  We put arctan e have sin? tan®y
ut y = x, we have si =———.
puty ’ Y=1 +tan2y

So:

tan?(arctan x)

X

. t —
sm(arc anX) \/1 +tan2(arctan X)

V1 x2



Prove that :

° hx)
S
Q
2 1
VA0 thx = o T e
(3]
chx —1 X

Vx € R, argth(

x+1) 2"



osine

X X
2sh—.ch— sh—
h
O VxeR: > = 2X2 the.
1+ chx 2Ch2§ ch= 2
2 1 2 1 th?
_—= - —— = —— = thx.
@ Vx#0: th2x  thx 2thx thx  thx x
« 14+ th?x
2th—
@ We have thx = 72)( and
1+ th2—
(:hx—l—ch22 +sh2——ch2 —|—sh2 —2sh2%,
chx+1—ch2 +sh2 —i—ch2 hzE :2ch2%.
So
chx —1 X X X
= 27 2y 2
1 th 5 then argth(thz) 5




1) Prove that, for all x,y € R,
@ sh(x + y) = sh(x)ch(y) + ch(x)sh(y)
e ch(x +y) = ch(x)ch(y) + sh(x)sh(y).
2) Let f be a function defined by :

arctan x
0
f)={ x ° X7
1, x=0

)

© Show that f is differentiable on R, then compute f'.

@ Using the Mean value theorem, prove that :

for all x > 0; arctanx > — .
1+ x



osine

If x # 0, f is quotient of two differentiable functions, then

1)

differentiable.

arctan x

If x =0, Iimwz lim —X— =
x=0 x—0 x—0 X

t — 0
arctanx —x) _ —. L.F By hospital theorem

>|<[>no . x2 0
— 1
. 1 — x2 . —X . . .
[im —~=—— = |lim ————= = 0. The f is differentiable at
x—0 2x x—0 (]_ +X2)

0, therefore differentiable on R.

1 arctan x

Fx) =4 x(1+x2) X2
0, if x=0

, if x#0



™ T .
2)  we know, arctan : R —] — —, —[ is continuous on R then

over [0,x], x > 0 and differentiable over ]0, x[, according to
mean value theorem there exists ¢ €]0, x[ such that

arctan x — arctan0 arctan x 1

arctan’(c) = lim = —
(©) x—0 x—0 X 142

other words,

O<c<x=1<1l4c2<1+x*= <l4c%<1,
1+ x2
1 arctan x
hence,
1+ x2 X
X
then, ———5 < arctanx.

1+ x



Prove the following inequalities :
Q Vx, y € R,|arctanx — arctany| < |x — y|
Q Vx>0, x<e¥—1< xe¥



@ According to the inequality of Main value theorem i.e
(f differentiable function on D. if
Vx,y € D :|f'(x)| < M:) then

[f(x) = f) < Ix =yl

The function arctan is differentiable on R and its

derivative : arctan’ x = 13,22 and \ ] <1, then
X

Vx,y € R: |arctanx — arctany| < |x — y|

@ We apply the Main value theorem on [0, x] we obtain

e —e¥ = e(x — 0) & X — 1 = x.e, otherwise we have

0<c<xex<xe <xe¥&ex<e¥—1< xe*



End Chapter 05
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