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Concept of function

To specify a function f you must
@ Give a rule which tells you how to compute the value f(x) of the
function for a given real number x, and,
@ Say for which real numbers x the rule may be applied.
. The set of numbers for which a function is defined is called its domain.

The set of all possible numbers f(x) as x runs over the domain is called
the range or image of the function.

Definition

A real function f is function from a subset D of R to R

2
Definition domain of the function f : x - ———, is D =] — o0, 2|.

V2—x’

The set C = {x € D : (x, f(x))} is called the graph of the function f.
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In mathematics, an elementary function is a function of a single variable
composed of particular simple functions

Basic examples

@ Polynomial functions :
x—=ao+ax+ax>+..+ax" a€R,i=0,..,n
Trigonometric functions : x — sin x, cosx, tanx, cot x.

Exponential function x — exp x,or e*

Logarithm function x — Inx

Inverse trigonometric functions :
X > arcsin x, arccos x, arctan x, arccotx.

e Hyperbolic functions :

: eX —e % eX +e %
x»—>smhx:#, chosh:T,or
X —e* e+ e %
xHth:T, xHCh:T,

@ Inverse hyperbolic functions : x — argshx, argchx
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Arithmetic and functions

Definition

Let f and g two functions defined on D C R
Q@ Thesum : f+g: D — R, (f+g)(x) = f(x)+ g(x),
@ The product : f.g: D — R, (f.g)(x) = f(x).g(x),
© The multiplies : A\.g : D — R, (A.f)(x) = A\.f(x),
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Definition

Let f: D — R and g : D — R tow functions. Then :
o f>gif VxeD f(x)>g(x);

o f>0if VxeD f(x)>0;

o f>0if VxeD f(x)>0;

e fconstanton Dif 3acR/Vxe D: f(x)=a
o fiszeroon DifVxeD: f(x)=0;

Definition

Let f: D — R is function. We say that :
o f is bounded from above over D if IM € R /Vx e D: f(x) <
o f is bounded from below over Dif 3me R /VNx e D: f(x) >
o fis bounded over DIfIM e R /Vxe D: |f(x) < M.
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Monotonicity

Definition
Let f : D — R is function. We say that :

e fisincreasing on D if Vx,y € D, x <y = f(x) < f(y);
@ f is strictly increasing on D if Vx,y € D, x <y = f(x) < f(y);
e fis decreasingon DsiVx,y € D, x <y = f(x) > f(y);
o f is strictly decreasing on D if Vx,y € D, x < y = f(x) > f(y);
°

f is monotone (resp. strictly monotone) on D if f is increasing or
decreasing (resp. strictly increasing or strictly decreasing) on D.

For example the function f : x — /x is increasing

VX1, Xp € [0,+OO[Z x1 < xo = \/X>1 < \/X>2
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Let f function defined on | in the form | = [—a, a] or | =] — a, a[
e f is even function ifVx € | : f(—x) = f(x),
e f is odd function if Vx € | : f(—x) = —f(x),

.

f function defined on symmetric interval, such that f = f1 + f»

@ Prove that the function f1(x) = w is even.

F(x) — F(—
@ Prove that the function f(x) = w is odd.

@ What can we conclude.

.
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Exercise

© For tow even functions, what can be say about, the sum, the product
and the compound (composed).

@ the same question if the tow functions is odd.
© Also if one is even and second is odd.

Solution :
1.) Let f and g two even functions

(f+g)(—x) = f(=x)+8(—x) = f(x)+&(x) = (f+8)(x) (f+gis even)

(f.g)(—x) = f(—x).g(—x) = f(x).g(x) = (f.g)(x) (f.gis even)
(fog)(—x) =f(g(—x)) = f(g(x)) =(fog)(x) (fogiseven)
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2.) Let f and g two odd functions
(f+g)(=x) = f(=x)+g(—x) = —f(x)—g(x) = —(f+g)(x) (f+gis odd)
(f.g)(=x) = f(=x).g(—x) = —f(x).(-g(x)) = (f.g)(x) (f.gis even)
(fog)(=x) = f(g(—x)) = f(—g(x)) = (fog)(x) (—fogisodd)
3.) We assume that f is even and g is odd
(f+g)(=x) =f(=x) +g(—x) = f(x) —g(x) = (F —g)(x) (F+g7)

(f.8)(=x) = f(=x).8(—x) = f(x).(—g(x)) = =(f.g)(x) (f.gis odd)
(fog)(—x) = f(g(—x)) = f(—g(x)) = (fog)(x) (fogiseven)
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Definition
Let f : R — R is a function, and T is a real number, T > 0. The function
f is called periodic if Vx € R, f(x+ T) = f(x)

The smallest such T (if it exists) is called the fundamental period of the
function. )

e sin and cos are periodic functions of period 27.
e tan and coth are periodic functions of period 7.

Exercise : The function f(x) = x — [x]
fix+1)=x+1—-[x+1]=x+1-[x] —1=x—[x]

f is periodic function of period T = 1.
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Exercise

Let f real function defined by :
F(x) = In(] sin(gx)\).

Find the domain of f 7 the function f is even? odd ? periodic?
f defined if |sin(gx)] £0

sin(%x)zO@%x:kW@x:ﬂg kelZ
o so f is defined for all real, unless the even integers. Hence

D =R - {2Z}.
o We have Vx € D, —x € D, so

F(=x) = In(sin(5(=x))]) = In(| sin(5x)]) = (x)

then f is even.
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Exercise

& We have

F(x +2) = In(|sin(3 (x + 2)]) = In(|sin(Zx + 7))

= In(| — sin(gx)|) = In(| sin(%x)|) = f(x).

f is periodic of period T = 2.
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Limit

The notion of a limit is a fundamental concept of calculus. More
particularly, limits allow us to look at what happens in a very, very small
region around a point.

Example

X
N
|

—

Values of the real function f defined by f(x) =

near to xg = 1

my be computed

X

0.9

0.99

0.999

0.9999 — | «+ 1.0001

1.001 | 1.01

1.1

f(x)

1.9

1.99

1.999

1.99999 — | < 2.0001

2.001 | 2.01

21

We deduce that lim f(x) = 2.
x—1

v

A small region around a point xg is called neighbourhood.
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Definition

For xo € R, an open interval as the form |xo — d, xg + J[ for some 6 > 0 is
called neighbourhood

Definition
Let f: / — R is a real function. Let xg € R is point of /
Let / € R. We say that f for a limit / at xp if

Ve>0, 35>0, Vxel: |x—x|<d=|f(x)—I<e.
Or we can write
Ve>0, 30>0, Vxel:ixg—0<x<xp+d=/—€e<f(x)<l+e
it's also said that f(x) tends to / as x tends to xp. We write :

lim f(x)=1.

X—>X0
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Figure 1 — Limit function
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Let f function defined on R — {0}. We use the definition to limit prove
that limy_o(xsin ) =0

1
Ve>0, 39>0, VxeR-{0}: ]x—0]<5élxsin;—0]<e.

.1 1
|xsin— — 0] < e=|x||sin—| < |x|e
X X

It's enough to choose § = e.

A same question from limy_4(2x — 1) =7

Ve>0, 36>0, VxeR: |[x—4|<d=2x—1-7|<e.
€

|2X—8|:2|X—4|<€:>|X—4|<5

choose § = g.
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infinite limit

e We say that the function f defined in a neighborhood of xy (except
perhaps of xp) has an +o00 or —co limit at xp if

VA>0,30 >0, :|x—x<d="f(x)>A& lim f(x) =400

X—rX0

VA>0,30 >0, :|x—x|<d="f(x)<—-A< lim f(x)= -0

X—>X0

o If f is defined in a neighborfood of oo and f has a limit L

Ve>0,3B>0: x>B=|f(x)—L <ee lim flx)=L

X—+00

Ve>0,3B>0: x<-B=|f(x)-L<e& ﬂrp flx)=1L
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infinite limit

e That the function f has limit co when x — oo

VA>0,3B>0, :x>B=f(x)>A< lim f(x)=+oc0

X—+-+00

VA>0,3dB>0, :x<-B=f(x)<—-A< Ilim f(x)=—-c0

X—r—00

VA>0,3B>0, :x>B=f(x)<-A& lim f(x)=—-o00

X—-400

VA>0,3B>0, :x<-B=f(x)>A< lim f(x)=+c0

X—r—00
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Operations on the limit

f g | f+g f.g é
/ NN 1.1 7(I' #0)
/ 00 oo | oo(l #0) 0
00 I oo | oo(l"#0) 00
0 0 0 0 ?
0 00 %) ? 0
00 0 s ? 0
400 | 00 | +o00 400 ?
—00 | —00 | —00 400 ?
400 | —00 ? —00 ?
—00 | 400 7 —00 ?

In the cases indicated by the question marks, there is indeterminacy.
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Limits and inequalities

o If there is some neighbourhood of a

f(x) < g(x),
and the limits of f and g exist at a, then

lim f(x) < lim g(x).

X—a X—a

@ If the limits of f and g exist at a, and

lim f(x) < lim g(x),

X—a X—a

then in some neighbourhood of a

f(x) < &(x).
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(Squeeze theorem) If in some neighborhood of a f(x) < g(x) < h(x), and
the limits of f and h exist at a, and

lim f(x) = lim h(x),

X—a X—a

then the limit of g also exists at a, and

lim f(x) = lim g(x) = )I(Lna h(x)

X—a X—a
v

(0 times bounded is 0.) If Ii_r)n f(x) =0, and g(x) is bounded, then
X—ra

lim f(x)g(x) = 0.

X—a
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Exercise

1.) Find the limit, when x — 1, of the function

Vx2—1+x—-1

f(x) = —

On the domain |1, 00|
. Vx—1 Vx—1
lim (Vx+1 = lim (Vv 2
Jim (Vx4 =) = lim (Vx+1 +f+1) V2
2.) Find the limit, when x — +o0, of the function

Vx24+1—x+2

f(x) = 13
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Exercise

@ For x > 0, we can write

1+5-1+2
lim ( 3 ):0
X—400 ]__|-;
@ Forx <0
—J1+5-1+2
lim ( 3 ) =-2
X——00 ]_—|-;

3.) The function f defined by
VX2
f(X) = X + x 7 X ;é 0
1 x=0
does it have a limit as x tends towards zero.

lim (f(x))=1, lim (f(x)) = =1 Does not limit.

x—0+F x—0~
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Exercise

V14 x—(1+ ax)
2
@ Find the finite limit b when x tend to zero.

Let the function f defined by f(x) =

@ Deduce that there exist a function € such that

2
Vitx=1+ % - % + x%¢(x)  with Iimo(e(x)) =0.
X—
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VIt x—(1+ax)[VI+x+(1+ax)] (1+x) — (1 + ax)?

° f(x) VI x+ (1+ ax) VI x (L ax)]
—a’x? + (1 — 2a)x —a 1-2a

TVt x+(1+ax)] m+(1+ax)+x(m+(1+ax))

In this latter form, it immediately appears that f does not finite limit b,

when x tends to zero if we have 1 — 2a =0 then a = % end in this cases

>|<[>no flx)=b= 2%
o Find the € function
We deduce about the precedent compute that
Vi+x—(1+3%) 1

lim = ——
x—0 X2 8
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The function € defined by

() = \/1+x—(1+§)+1

x2 ’
such that lim,_o(€e(x)) = 0 then
x x>,
\/1—|—X:1+§—§—|—X €(x).
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Continuous

Definition

The function f is continuous at a if and only if there exists the limit of the
function at a and the limit is f(a). Or

lim f(x) = f(a)

X—a

In logical symbolism,
Ve > 0,30 > 0,Vx € Dr : |x —a| <0 = |f(x) — f(a)] <e.

For example.

1 _ .
lim — = — by definition we can choose é = 20¢ so that f continuous at 4.
x—4 X 4

of is continuous on Dy, if its continuous at every point in Ds.
o If f is not continuous at a we say that f is discontinuous at a or that a
is a point of discontinuity of f.

Manager module Analysis 1: Dr. M. Touahriz Real Functions of Real variable 02 December 2025 27 /62



Continuous

Polynomials function is continuous on R
Constant function is continuous on the interval.
Functions cos, sin are continuous on R

In is continuous on ]0, 400

Exponential function is continuous on R

@ The integer part function is not continuous at every point a € Z
because does not limit at these points.

e Butis a € R/Z is continuous at a.
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Continuous

@ A function f is continuous from right at a if and only if there exists
its right-hand side limit at a and it is f(a).

@ A function f is continuous from left at a if and only if there exists its

left-hand side limit at a and it is f(a).

For example : signum function is not continuous at 0

lim s, =1, lim s =—-1.
A senb) =1 iy, sgnl)

The function f defined by

V2
F(x) = x+ =, x#0
1 x=0

Study the continuity of f at zero.
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Continuous

f is continuous in the right.

lim (F(x)) = —1 # £(0).

x—0~

f is not continuous in the left.
Then

lim (f(x)) # lim (f(x)).

x—0t x—0~

f is not continuous at 0.
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Continuous

Definition

A function f is uniformly continuous on a set D if for every € > 0, there
exists > 0, such that |f(x1) — f(x2)| < € for all x1,x € Dy, and
|x1 — x| < 4.

More briefly

Ve > 0,30 > 0,Vx1,x2 € Dr @ [x1 — x| < d = |f(x1) — f(x)| <e

f : x = x2 uniformly continuous on [0, 1].

In fact

X2 —x3| = |x1 + xo||x1 — x| = |x1 — x| < % choosing : 0 = % fu.C

Manager module Analysis 1: Dr. M. Touahriz Real Functions of Real variable 02 December 2025 31/62



Extension by continuity

Let f is function defined as follow D — xg — R
We say that f is continuity by extension, if there exist g defined by

f(x) if x # xo,
g(x) =1, :
limy_x, f(x) =1 if x = xp.
Then g is continuous at xg.

Example

Find the constant k such that the function defined by

3x+2 ifx<?2
fx)=1, .
xc+k if x>2.

is continuous
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Continuous

Weierstrass theorem : If a function is continuous in a bounded and
closed interval, then the function has maximum and minimum value.
Intermediate value theorem : If the function f(x) is continuous in the

bounded and closed |[a, b] interval, then every value y between f(a) and
f(b) is attained c in [a, b], such that y = f(c)

In logical symbolism this theorem has the following expression :

f € C([a, b]), and f(a).f(b) < 0 = Jc €]a, b[, such that f(c) = 0.

Let £ : [0,1] — [0, 1] continuous function. Prove that f has at least fixed
point.
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Example :Intermediate Value Theorem

Put for example g(x) = f(x) — x
g is continuous because the difference of two continuous functions
(x = x, and f). Also

g(0)=f(0)—-0=1(0)>0, g(1)=f(1)—-1<0
then g(0).g(1) < 0, according to the I.V.T there exist ¢ €]0, 1] such that
glc)=0=f(c)—c=0=f(c)=c.

Therefore f has a fixed point.

f continuous function on [a, b] such that f(a) < 0. Show that there exist

¢ €]a, b[ so that
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Exercise : |.V.T

we can choose
g(x) = (b—x)f(x) — (a—x)

g is continuous because product (x — (b — x)f(x)) and difference
(x — a — x) continuous functions, also

g(a)=(b—a)f(a) <O

g(b) = (b—b)f(b)—(a—b)=b—a>0.
according to the M.V.T there exist ¢ €]a, b[ such that

8(0) =0 (b O)f(c) (3 ) =0 F(c) = 2
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Differentiability

Definition

Let f be a function which is defined on some interval / and a be some
number in the interval. The derivative of the function f at a is the value of
the limit

lim 7’[()() —f(a) = f'(a)

x—a X — a

o f is said to be differentiable at a if this limit exists.
o f is called differentiable on the interval /, if it is differentiable at every
point ain /
Other notation : one can substitute x — a = h then

im f(a+ h)—f(a)

=f
h—0 h (a)
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Differentiability

e For example, we went to compute the derivative function of the function
f defined by f(x) = x2 at any point xp € R

f h)—f h)? — x2
im [0+ h) = flx) . (0 +h)° — x5
h—0 h h—0

= 2xp

Then the derivative function is f'(x) = 2x
e For f(x) = cos x the derivative function is

i f(xo+ h) — f(xo) — lim cos(xp + h) — cos(xp)
h—0 h h—0 h

. h . h— . hy -
im —2sin( X000 gin(X0ti—x0) —sin(2%th).sin(4)

= lim
h—0 h h—0 g
Then the derivative function is cos’(x) = — sin(x)
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The function f has a tangent line at point a if and only if f is
differentiable at a. The equation of the tangent line is

y="f(a)(x—a)+f(a)

e If f is differentiable at a, then the function is continuous at a.
The converse of the theorem is not true
For example, f(x) = |x| is continuous at 0, but not differentiable at 0.

lim =——— =1=f(0) # f.(0) = —1.

x—0t X

Figure 2 — Absolute value function
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right and left derivatives

o If lim 1) =F3)
x—at X —a

f and equal f(a).
o If lim () =1(a)
X—»a~— X —a

and equal f_(a).

= f'(a) exists, this limit is the right derivative of

= f'(a) exists, this limit is the left derivative of f

o We say that f is derivative at a if

f(a) = f2(a).
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Exercise

Let f function differentiable at a
@ Prove that . .
lim 222 — A1) (a) — af(x) = f(a) — af'(a).

X—a X —a

@ Application. Compute

im x cos(a) — acos(x)

x—a X — a

Solution :
1) xf(a)—af (x) = xf(a)—af(x)+af(a)—af(a) = f(a)(x—a)—a(f(x)—f(a))

xf(a) — af (x) _ f(a)(x —a) — a(f(x) — f(a)) — fa) - af(x) —f(a)

X —a X —a X —a

then by passing of limit, we obtain

Manager module Analysis 1: Dr. M. Touahriz Real Functions of Real variable 02 December 2025 40 /62



Exercise

jim X =300 _ oy i I =F@) gy s

X—a X —a xX—a X —a

2) Put f(x)cosx

x cos(a) — acos(x)

)I(gna 3 = cos(a) + asin(a)
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Differentiability : Derivative rules.

If f and g are differentiable at a, then
e for any c € R f is differentiable at a, and

(c.f)(a) = cf'(a)
o f 4 g is differentiable at a, and

(f+8)'(a) = f'(a) + &'(a).

o f.g is differentiable at a, and
(f.g)'(a) = f'(a).g(a) + f(a).8(a)

f
e If g(a) # 0, then e differentiable at a and

fv_ f'(a)-g(a) — f(a)-g'(a)
g g2(x)
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Derivative rules

Definition

Chain rule. If g is differentiable at a, and f is differentiable at g(a), then
f o g is differentiable at a, and (f o g)'(a) = g'(a)f'(g(a)).

For example gof (x) = In(1 + x?)

(gof ) (x) = (In(1 + x2)) = (1 + x2) (1 + x?) = 2x.(

Definition

Derivative of the inverse function. If f is continuous and has an inverse in

a neighborhood of the point a, and it is differentiable at a, then £~ is

differentiable at f(a), and (f~1)/(f(a)) = f’za)’ such that f’(a) # 0.

Manager module Analysis 1: Dr. M. Touahriz Real Functions of Real variable 02 December 2025 43 /62



Derivative of usual functions

Function Derivative Function u(x) Derivative
x" nx"1 nez u” ndu"t nez
1 1 1 u
X {2 u L,I2
u
VX — Vu
2y/x 2\/u
x¢ ax® 1T aeR a a'v®* 1l aeRrR
eX eX u u/eu
1 u
Inx — Inu —
X u
COS X —sinx cos u —u'sinu
sin x COS X sin u u' cos u
7
u
tan x 5— = 1+tan’x tanu 5— = u'(1+tan’ u)
cos? x cos? i
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Roll’s theorem

Rolle’s theorem. If f is continuous on a closed interval [a, b], and
differentiable on the open interval |a, b[, and f(a) = f(b), then there exists
¢ €]a, b[ such that f'(c) = 0.

fla)=1(d)

For example the function sin is continuous on [0, 7], differentiable on
10, 7[, and sin(0) = sin(7) then according to the Rolle's theorem there
exist ¢ €]0, [, such that

. T
sm’c:O(:)cosc:O(:)c:E.
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Mean value theorem

Mean value theorem. If f is continuous on the closed interval [a, b], and
differentiable on the open interval |a, b[, then there exists a ¢ €]a, b[ such
that

f(b) — f(a)

b—a B f’(c)

Therefore, for any function that is continuous on [a, b], and differentiable
on ]a, b, there exists ¢ €]a, b[ such that the secant joining the endpoints
of the interval [a, b] is parallel to the tangent at c.

\A

D
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proof.
Let g function defined by

g0 = () - O =1

is continuous on [a, b] because it's sum and product continuous functions

x +— f(x) by data, x — %, constant function and x — x — a.

Also
g(a) =f(a), g(b)="f(a),

Accordlng to the Rolle's theorem there exist ¢ €]a, b|

ﬁwy_ﬂ?::@)

g(b).
"(e) =

Otherwise g’(x) =

so g(a) =
such that g

then

f(b)

gﬂﬂ—ﬂk%—biﬁﬂ_oéﬂky_“@_“@

b—a
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Relation between derivative and monotonic function

Let f be continuous on [a; b], and differentiable on ]a, b|,.

e f is monotonically increasing on [a, b] if and only if for all x €]a, b|,
f'(x) > 0.

e If for all x €]a, b[, f'(x) > 0 then f(x) is strictly monotonically
increasing on |[a, b].

e f(x) is monotonically decreasing on [a, b] if and only if for all
x €]a, b[, f'(x) <O0.

e If for all x €]a, b[, f'(x) < 0 then f(x) is strictly monotonically
decreasing on [a, b].

For example if f/(x) > 0, we assume that x,y €]a, b[ so that x < y
according to the M.V.T

Fly) = f(x) = f'(c)(y — x) = 0= f(x) < f(x).

Then f is increasing.
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M.V.T : Application

Use the Main Value Theorem, prove that for all x > —1,

X

T x <In(l+x) < x

Let | — 1, 4+o00[=] — 1,0] U [0, 4o00[ and the function
f:xe— f(x)=In(1+ x)

@ Using the M.V.T on | — 1,0].0 we applied the M.V.T on ]x, 0] so
£(0) — f(x) = f(c)(0 —x) = In(1l + x) =

X

1+4c¢
1

1—|—c< 14 x

X
X <@ .
Tox “Txc X7 13x < MHx)<x

x<c<0=1l4x<c+ll=1<

then
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Let f function differentiable on open interval I, if there exist M > 0 such
that |f'(x)| < M then for all x,y in |

[f(x) = f(¥)l < M|x — |

For example the sin function, we have |sin’(x)| = | cos(x)| < 1, then

|sinx —siny| < 1.]x — y|
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M.V.T : Application

@ On [0, +o0[ for x > 0 we applied the M.V.T on [0, x|

X
1+c¢

f(x)—f(0)=f'(c)(x —0) = Inx =
Otherwise

1 1
O<e<sx=21l<c+1l<ldx=—< <1

1+ x 1+c¢

<L<X:>L<In(1+x)<x.

th
NI rx S 1+c 1+ x
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L’'Hospital’s rule

Let’s assume that f and g are differentiable in a punctured neighborhood
of a, f and g have limits at a, and either both limits are O or both limits
are 0o, that is the limit of the quotient of the two function is critical. In

f‘/
this case if there exists the limit lim ﬁ, then also exists the limit
x—a g'(x)
lim @, and
x—a g(x)
/
lim F(x) = lim @

o gl(x)  xo g(x)

This theorem is also valid for one-sided limits or limits at infinity or minus
infinity.

Manager module Analysis 1: Dr. M. Touahriz Real Functions of Real variable 02 December 2025 52/62



Application : L’'Hospital’s rule

Exercise 1 : Calculate the limits (Applying L'Hospital's theorem)

. In(14+x)—x e’ —cosx
lim —————, |lim ————
x—0 x2 x—0 x2
In(1 - 0
lim In( +x) = x +;) x_Z
x—0 X 0
In(1 _ / 1 1 0
Iim(n( +;) x) 1 ———
x—0 (x2) x=0  2x 0
1 -1
G A )
x—0 (2X)/ x—=0 2 2
i e’ —cosx . oxeX fsinx i (2 +4x%)e’ + cosx 3
x—0 X2 © x—0 2x  x—0 2 2
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Exercise 2 : Let f numerical function defined as follow

In(2 — e¥)
f(x)= X
—-1—x, x > 0.

, x <0

@ Study the continuity of f on R.
o Study the differentiability of f on R.
e f’is continuous on R? (i.e f € C}(R))
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For x < 0 we have e¥ < 1, hence 2 — e* > 1> 0, so In(2 — &¥) is defined.
Thus f is defined on all R.

e Continuity

On | — 00,0[ and on ]0, 00 + [ each branch is continuous. It remains to
check continuity at x = 0.

Consider the left-hand limit :

_ X
iy =)0
x—0~ X 0
| 2_ X I 2_ X / _aX
im M=) o @) =
x—0~ X x—0~ (X)/ x—0— 2 — eX

The right-hand limit is

lim (-1 —x) = -1,

x—0t

and f(0) = —1. Hence f is continuous at 0, and therefore continuous on R.

Manager module Analysis 1: Dr. M. Touahriz Real Functions of Real variable 02 December 2025 55 /62



e Differentiability

e On the intervals | — 00, 0[ and ]0, oo[.

o For x < 0 the numerator and denominator are differentiable and x # 0,
so by the quotient rule

X

e
. s\ YA X X(_
_ X (In(2 e))2 In(2 e): 2 _ ex : C x<o.
X X

) —In(2 — e¥)

Fi(x)

e For x > 0 we have f(x) = —1 — x, hence f'(x) = —1 for x > 0.
o At x =0.
Compute the right derivative :
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For the left derivative consider

In(2 — e¥) 41
f(x)—f(0 In(2 — e*
lim M = lim —X — |im n(—ez)—i—x.
x—0~ X x—0~ X x—0~ X
The numerator and denominator both tend to 0, so apply L'Hopital's
theorem :
 n@-e)+x) . e !
lim >N = lim =——
x—0~ (X ) x—0~ 2x
This new quotient is again of type 0/0, so apply L'Hopital once more :
—eX d eX
sl S
. 2 —eX o dx* 2 —eX
im =—— = |lim ————————.
x—0~ 2x x—0~ 2
Therefore

57 /62
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So the left derivative at 0 equals —1. Since both one-sided derivatives
equal —1, f is differentiable at 0 and /(0) = —1.
Thus

x(— ~) —In(2 — &)
f’(X): ( 2—6) ° , x<0,

x2
) XZO

* Continuity of f’

Each branch of ' is continuous on its interval. We only check continuity
at 0.

We already have f'(0) = —1 and lim,_,o+ f'(x) = —1. For the left-hand
limit consider

lim f'(x) = lim
x—0~ () x—0~ X2
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Higher derivatives

Definition

Let f be a differentiable function, and let f’ be its derivative. The
derivative of 1 (if it has one) is written f” and is called the second
derivative of f. Similarly, the derivative of the second derivative, if it
exists, is written " and is called the third derivative of f. Continuing this
process, one can define, if it exists, the n-th derivative as the derivative of
the (n-1)-th derivative. These repeated derivatives are called higher-order
derivatives. The n-th derivative is also called the derivative of order n (or
nzt?—order derivative : first, second, third-order derivative, ...) and denoted
A

The higher derivatives of the function f : x — f(x) = In(1 + x) are :
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1 1 1.2
/ _ 1" _ (3) - _
-2.3 (—=1)"*(n—1)!
B (x)=——22 f)(x) =
) (x) (1+X)4...,f (x) A5 x)
By induction demonstrate we prove that f("1)(x) = ﬂ We have
y tndu P T (1 + )T

(=1)"(=1)(n — 1)!n(1 +x)"""
((1+x)7)?

_ (_1)n+2n!
N

A D) = () =
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Leibniz’s rule

Generalizes the product rule (which is also known as Leibniz's rule). It f
and g are n-times differentiable functions, then the product f.g is also
n-times differentiable and its n-th derivative given by

(f.g)" = fMg+ Vgl 4 ckflr=Rglh) 1 4 f g

k=n
k=0

Using Leibnitz formula; calculate the derivative 7 — th of the function
h(x) = x3.Inx
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End of Chapter : Real
Functions Of Real variable
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