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© Roots of Unity

@ Examples & Exercises
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Complex numbers

Problem: The equation
x? = —4,

does not solution in R, that's to say the field of real numbers has a
obvious flaw. that's reason to extend the set of real number a an
other set, where the previous equation does a solution.

Idea: We will imagine that there exists a non-real number / such that
i> = —1 then

xX*=iP4ex=2i¢Randx=-2i ¢ R

which admits two different roots.
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Construction the set of complex numbers

We consider the set C defined by
C={(a,b):a, beR},
provided by two laws: for all (a,b) € C, (c,d) € C
(a,b)+ (c,d)=(a+c,b+d), (a b).(c,d)=(ac— bd,ad+ bc).

So (C,+,.) its commutative filed, because
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@ -+ is commutative, associative, (0,0) addition identity and
(—a, —b) the inverse element to (a, b), and
@ . is commutative, associative and the multiplication distributive

over the addition. (1.0) is multiplication identity. the inverse
a

a®+ b %+ b2)

For (a,b) € C: (a,b) = (a,0) + (0,1)(b,0),

we accept that there is an identification between (a,0) € C = a € R.
And we put / = (0,1) so

i? =(0,1).(0,1) = (~1,0),

element of (a, b) is (

by identification we have: (—1,0) = —1, then /> = —1 Therefore

(a,b) = (a,0) + (0,1)(h,0) = a+ ibe C
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Conjugate

Definition

If a, b are real and z = a + ib, then the complex number, Z = a — ib
is called the conjugate of z. a andb are the real part and imaginary
part of z, respectively.

we shall occasionally write a = Re(z); b = Im(z)

If z, and w are complex, then
Qz+tw=z+Ww

Qzw=zw

Q@ z+Z=2Re(z); z—Z=2ilm(z)
s——2 (5)=Z

0 z==2 (5)=Zw=0)

© z.Zis real and positive.
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Module

Result:
ozisreal & z=7Z

o zisimaginary & z = -2

Definition

If z is complex number its absolute value |z| is non-negative square

root of zZ that is |z| = VzZ = v a* + b?

Properties: If z, and w are complex, then
0z=0&1z|=0

0 7z = |Z‘2
o |z.w| = |z|.|w|
o |Re(z) < z; [Im(2)| < |2]
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Exercise

© Write under algebraic form the following complex numbers
1 1
3 4i

—bi
Give th t f .
© Give the conjugate o 31

zZ1 = Zy =

2+ 30’

. . . 1z — 1
@ Determine the location points M(x, y) such that: — is real.
z—
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Solution

@ Compute the algebraic (rectangular) form of the complex

numbers
1 1

ATo 3 RT3 4
Rationalize each denominator:
1 2 -3 2-3i 2-3i 2 3.

AT 5Y3 2.3 2432 13 13 13"
1 344 344i 3+4i 3 4

2= 34374 34 25 25 25"
—5/

@ Give the conjugate of 3

First compute the quotient:

4-5i 3—i (4-5)B-i) 719 7 19

347 3—i 32412 10 10 10"
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Solution

Its complex conjugate is
4 —5j 7 n 19.
= — 4+ —I
3+1i 10 10

3 Determine the points M(x, y) (with z = x + iy) such that

iz—1

- c R.
z—

Write z = x + iy. Then
iz—1=i(x+iy)—1=(—y—1)+ix, z—i=x+i(y—1).
Multiply numerator and denominator by the conjugate of the
denominator:

iz—1 ((my =1 +ix)(x—i(y—1))

z—1i x2+(y—1)2
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Solution

The imaginary part of the numerator is
—(—y -y -D+x-x=Q(+)y -1 +x*=x*+y*— 1.
For the fraction to be real this imaginary part must vanish, hence
X+ —1=0=x>+y*=1.

We must also exclude the point where the denominator is zero, i.e.
z =i (which is (x,y) = (0,1)), since the expression is undefined
there.

Therefore the locus is the unit circle

X2+y2:1,

with the point (0, 1) omitted.
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Representation of complex number

The complex numbers, having two components, their real and
imaginary parts, can be represented as a plane; indeed, C is
sometimes referred to as the complex plane.

The point (a, b) represents the complex number a + bi so that

o the x-axis contains all the real numbers, and so is termed the real
axis and

o the y-axis contains all those complex numbers which are purely

imaginary (i.e. have no real part), and so is referred to as the
imaginary axis.

TOUAHRIA Messaoud (Analysis 1 / Comput Field of Reals & Complexes October 13, 2025 12 /34



[sS]

e3+21

e2-31

Definition

We define 6 to be the angle that the line connecting the origin to
z =x+ iy, z # 0 makes with the positive real axis, .The number 8 is
called the argument of z and is written argz = 6.
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Trigonometric form

We can write
z = r(cos @ + sin6).

(polar or trigonometric form) The relations between z's Cartesian
and polar co-ordinates are simple, we see that

x=rcosf, and y=rsinf, r=+/x>+y? tanf = 2.
X

Note that arg z is defined only up to muItipIes of 2m.

Or 7w
For example, the argument of 1 + / could be ~ or T or e etc...
For simplicity, in this article we shall give all arguments in the range

0 <0 < 2m, so that % would be the preferred choice here.
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Figure 1: The argument

Note that the argument of 0 is undefined.

We can easy verified that
o arg(z) — arg(l) — arg(z)[2n], arg(2) — arg(z) — arg(w)[2n]
o arg(zw) = arg(z) + arg(w)[2n], arg(z") = narg(z)[2n]
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Examples

@ Give arg(i), arg(1), arg(—i), arg(1+ /).
@ Give the principal argument of z = —2v/3+ 2/, and 2/ = 3 — 4i.

© find the trigonometric form z = —2(cos § + isin §).
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1) The principal arguments (in (—m, 7)) :
arg(i) = 2, arg(1)=0, arg(—i)=—2. arg(l+i)=7.

2) for z = —2v/3+2i :

r=lzl = \/(~2v3)2 + 2 = V12 1 4= 4.

The argument principal (with Imz > 0 and Rez < 0) is

m
arg(z)—w—g e

Thus the trigonometric form is

4( 57r+. . 57r>
z=4( cos— +isin— ) |
6 6
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ForzZZ =3 —4i:
r'=|Z'| = /32 4+ (—4)? =5,
and the principal argument (imaginary negative, real positive) is

4
arg(Z') = — arctan(§> (en radians) ~ —0.9273 (let — 53.13°).

Then the trigonometric form is

Wl

7= 5<cos ( — arctan(

)) + isin (— arctan(%))) :
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3) We give the trigonometric form of
_ T .. T
zZ=— (cosg =+ /sin g)
We remark that multiply by —1 adds 7 to the argument, hence

—2(cosg + isin g) = 2(cos (’—g —|—7T) + isin (%4—%))
o6

2( 67T+. ) )
=2( cos— +isin— ).
5 5

1++5 V10 = 2v/5

If we use cos T = andsinf=—Y—— “V*%.

o 1+v5 V10 -2v5 .
— — I.
2

z:—2cosz—2isin—:
5 5 2

Then:

6r .. 67 1+v5 V10-2V5 .
z:2(cos?+/sm?> et z=— > — > I.
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Exercise

Find the modulus and argument (polar form) of each following
numbers.

21:(1+\/§i)7 22:(2_'_’)(3_/)7 23:(1+i)5
Solution:
(1) z =1+ V3i
2l =12+ (V3P = VIT3=2

sin(f) = %, cos() = \?, arg(z) = tan™? <\/T_> = %

71 =2 (cosg + isin g) = 2¢'™/3
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Exercise

(2) z=(2+)(3—1)

First, expand:
2=02+i)B-i)=6—-2i+3i—i*=T7+i

22| = V72 + 12 = /50 = 5V/2
1
arg(z) = tan! <?>

7z =5V2 (cos(tan™'1) + isin(tan™' 1)) = 5v/2 et (1/7)
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Exercise

(3) z5=(1+1)°

For 14 i:
1+ =v12+12=v2, arg(l+i)=—
Then
sl = (V2P =22 =4V5,  arg(es) =5 x =

Hence,

23_4\/_<cosT—|—/smT)—4\/_ i5m/4
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Exponential form

Definition

(Euler’s formula) For any real number 6, we denote e’ the complex
number cos o + i sin « is the modulus 1 and 6 argument.

It follows from Euler’s formula that, for any complex number z
written in exponential form, z = re'?

Theorem

For any 0, 0, € R, we have
P eiel‘eiGQ — ei(91+92)

i0
et :
o —9 = e’(01_92)
e'”2

o (e=¢eM neZ
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Example

R

\/_3—/

@ Determine the exponential form for z =

e Calculate (1 + /)
In fact

TOUAHRIA Messaoud (Analysis 1 / Comput Field of Reals & Complexes October 13, 2025

24 /34



V6 € R, we have

it 1+ =i . ol _ o—if
cosf) = ———, sinf = ———
2 2i

e + e = cosf + isin 6 + cos(—0) + isin(—0)

=cosf +isinf 4 cosf — isind = 2cosf

e — e = cosf + isin — cos(f) + isin(f) = 2isin 6.
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Example

Linear cos® 6.

cost ) — (ei9 + e~ 0 )4 _ ehif + 4210 16+ 4e2i0 + 40
2 16
_ cos(46) + 4 cos(20) + 3

8
Same question from

il _ e—i9)3(ei9 + e—i0)2
2i 2

sin®f cos® 6 = (

After calculation

B 2sin 6 + sin 30 — sin b0
— 16 )
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Moiver’s Formula

For a real number 6 and integer n we have that
(cos @ + isinf)" = cos nf + i sin nf

(cos@ — isin®)" = cos nf — isin nf

We have

(cos® + isin )" = ()" = e = cos nf + i sin nf.

Therefore the first Moiver formula. The second formula is obtained
we replace 6 by —6. O

This formula allows you to calculate cos nf and sin nf in function of

m~mnn ) And ~1 N
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The square root of a complex number

Let w = a + i3, we want to find the square root of w, i.e find
z = x + Iy, such that z2 = w, hence

The equations (1) and (3) allowed to find x and y and equation (2)
allows us to remove the ambiguity on the signs.
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Example

V3 1.
For example w = - + 5/
x?—y? = ? ..... (1)
2xy —% ....... (2)
x2+y?=1...(03)
(D)+(3): x ==+ \/§4+2 =+ 2;\@
-1 y = £ Y23

From (2): xy > 0, so xand y have the same sign. Therefore the roots

2+v3 V243 V2++/3

+1 -

2 2 ’ 2
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Example:Quadratic equation

We deal this type of equations with a simple numerical example, we
consider

(L+1)z22—(5+i)z+6+4i=0.
Then A = 16 — 30/, so the square roots of A is 5+ 3/ and — 5 + 3/.
Hence the solutions is
21:2—3i, 22:].+i
Exercise: Find the square roots of —5 — 12/, and hence solve the
quadratic equation
22— (4+i)z+(5+5i)=0.

Exercise: Show that the complex number 1 + / is a root of the cubic
equation
2+ 224+ (5-T7i)z— (10 +2i) =0,

and hence find the other two roots.
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Consider the complex number

Zo = cosf + isinf.

where 0 < 0 < 27. The modulus of z is 1, and the argument of z; is

6.

Problem. Let n be a natural number. Find all those complex z such

that z" = 1.

We know from the Fundamental Theorem of Algebra that there are
(counting repetitions) n solutions: these are known as the nth roots

of unity.
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Let's first solve z" = 1 directly for n = 2, 3, 4.

@ When n = 2 we have
0=22-1=(z-1)(z+1),

and so the square roots of lare +1.

@ When n = 3 we can factories as follows
0=2-1=(z-1)(+z+1).

V3 V3

1
So the cube roots of 1 are 1, ) + =, - >

1_
2 2
@ When n = 4 we can factories as follows
0=z2'-1=(Z-1)(Z+1)=(z—D(z+1)(z— i)z + ),

so that the fourth roots of 1 are —1, jand — /.
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Roots of unity (example)

Problem
Solve z" =1 for z € C.

@ There are exactly n distinct solutions: z, = e*™/" for
k=0,1,...,n—1.

@ Special cases: n=2: {1}, n=3:{1,e*?"/3},
n=4:{1,-1i —i}.
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Exercise

1) Let « be a real number in the range 0 < o < g Find the modulus

and argument of the following numbers.
zi =cosa —isinq, 2 =sina — icosa,

zz=141itana, 2z4 =1+ cosa+ isina.
™ .27 2T
—,sin —, cos —

5 5 5

End chapter

.
2) Calculate sin —, cos
5
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