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Chapter 4

Algebraic Structures

4.1 Internal Composition Law (Binary Operation)

4.1.1 Definition and Examples

Definition 1. Let E be a nonempty set. An internal composition law (or binary operation) on
E is a mapping
x: ExXFE—F

which assigns to each ordered pair (v,y) € E X E an element x xy € E. The element x * y is
called the composition of x and y under the operation *.

Example 4.1.1. e Addition: Let E = 7. Define addition as follows:
+:ZxXZ—7Z, (a,b)r—a+b
This is a law of internal composition on 7.

e Subtraction:
—ZXZ—7Z, (a,b)r—a—0>

Subtraction is a law of internal composition on Z.

e Multiplication:
X :ZLZXZ—7Z, (ab)r—axb

Multiplication is a law of internal composition on Z.

e Division:
+~:ZXZ—1Z, (a,b)—~a-=+b
Division is not a law of internal composition on Z, because a + b is not defined for all

pairs (a,b) € Z x Z, especially when b = 0 or when the result is not an integer.

4.1.2 Properties of Internal Composition Laws

Definition 2. Let * be a law of internal composition on a set E. Then:
1. Commutativity: * is called commutative if and only if:
Ve,y e E, zxy=yx*u.
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2. Associativity: = is called associative if and only if:

Ve,y,2€ B, (xxy)xz=xx*(y*2)

3. Identity Element: x has an identity element e € E if and only if:

deekE, VreFE, exx=xxe==x

4. Inverse Element: If x has an identity element e, then % has an inverse property if and

only if:
VeeE, da'cE, x*xa=2x%x=e,

an element x' € E is called an inverse of v € E.

4.2 Groups

Definition 3. A group is a set E together with a binary operation x : E x E — E satisfying
the following properties:

1. Associativity: Vr,y,z € E, (zxy)*xz=1xx(yx*z).
2. Identity element: There exists an element e € E such thatVr € E, exx =x*e = .

3. Inverse element: For every v € E, there exists ' € E  (or equivalently ') such
that xx 2’ =2’ xx = e.

If, in addition, the operation * is commutative, then (E,x) is called a commutative group or
abelian group.

Example 4.2.1. o (Z,+) is a commutative group.
o (R%, x) is a commutative group.

o (R, x) is not a group, since 0 does not admit an inverse element.

4.2.1 Subgroups

Definition 4. Let (G, *) be a group and let H C G be nonempty. We say that H is a subgroup
of G if:

1. The identity element e of G belongs to H.
2. H is closed under the operation x: Vx,y € H, xxy € H.
3. H is closed under inverses: Yo € H, x~ '€ H.
Remark 4.2.2. A practical criterion to check whether H is a subgroup of G is:
o H contains at least one element be the identity element e.
e Vy,yc H, xxy'cH.
Example 4.2.3. (R, x) is a subgroup of (R*, x). Indeed:

*

1. The identity element e = 1 belongs Lo R+2



2. Forallz,y e R}, xxyeRi.
8. VreRy, z'=1eRj.
Example 4.2.4. Let

H={ze€Z|x=2nnel}

be the set of even integers. We prove that H is a subgroup of (Z,+) using the two-condition
subgroup test.

e Identity element: In (Z,+), the identity element is e = 0. Since 0 =2-0 € H, we have
ec H.

e Closure under x +y': Let v = 2n and y = 2m with n,m € Z. The inverse of y in
(Z,+) isy' = —y = —2m. Then

r+y =2n+(—2m) =2(n—m).
Since n —m € Z, it follows that x +v' € H.
Therefore, H is a subgroup of (Z,4).

4.2.2 Group Homomorphisms

Definition 5. Let (G, %) and (Gg, A) be two groups. A homomorphism (or morphism) from

G4 to Gy is a mapping
f : G1 — G2

such that
Ve,y € G, [fzxy)=f(z)A[f(y)

Example 4.2.5. Define
exp: (R, +) — (R, x), exp(z) =e".

For all x,y € R,
exp(z +y) = e =¢" - e¥ = exp(x) - exp(y).

Then exp is a homomorphism. Thus, is a group homomorphism from (R,+) to (R%, x).

Propoerties 4.2.6 Let (Gy,*) and (G9,A) be groups with identity elements e; and es,
respectively, and let f : G; — G5 be a homomorphism. Then:

e fis an endomorphism if G; = Go
e fis an isomorphism if it is bijective.
e f is an automorphism if it is an isomorphism and endomorphism.

Proposition 4.2.6. Let (G1,%) and (Ga,A) be groups with identity elements e; and ey. If
f: Gy — Gy s a homomorphism, then:

1. f(e1) = ea.

2. Ve e Gy, f(2)=(f(x)).

3. If H is a subgroup of G1, then f(H) is a subgroup of Gs.
4. If L is a subgroup of G, then f~(L) is 4 subgroup of G.



4.2.3 Kernel and Image of a Homomorphism

Definition 6 (Kernel of a Homomorphism). Let (G, %) and (Ga, A) be groups with identily
elements ey and ey. If f: G1 — Gy is a homomorphism, the kernel of f is defined by

Ker(f) = f"'e2) ={z € G1 | f(z) =e2}.

Definition 7 (Image of a Homomorphism). Let (Gy,%) and (G, A) be groups with identity
elements ey and es. If f: Gy — Gy is a homomorphism, the image of f is defined by

Im(f) = f(G1) ={ f(z) € G,z € G1 }.
Example 4.2.7. e Consider the exponential mapping
exp: (R,+) — (R, x), exp(z)=e".

Kernel:
Ker(exp) = {z € R,e” = 1}.

The equation €® =1 holds only when v = 0. Therefore,
Ker(exp) = {0}.

Image:
Im(exp) = {e%,z € R}.

Since €* > 0 for every real number x, we conclude

Im(exp) = RY.

e (Consider the logarithm mapping
In: (R}, x) — (R,+), In(z) =log(z).

Kernel:
Ker(ln) = {z € RY,In(z) = 0}.

The equation In(x) = 0 holds only when x = 1. Therefore,
Ker(ln) = {1}.

Image:
Im(ln) = {In(z),z € R} }.

*

Since In(z) can take any real value as x ranges over R, we obtain
Im(ln) = R.
Theorem 4.2.8. Let f: (Gy,%) — (G, A) be a group homomorphism. Then:
1. Ker(f) is a subgroup of G1.
2. Im(f) is a subgroup of Gs.
3. f is injective if and only if Ker(f) = {e1}.

4. f is surjective if and only if Im(f) = G2.4



4.3 Rings

Definition 8. Let A be a set equipped with two binary operations, denoted by x and L. We say
that (A, *, L) is a ring if the following conditions hold:

1. (A, %) is a commutative group.
2. Distributivity laws are satisfied:

Ve,y,z € A, axl(y*xz)=(rly)*(xlz), (rxy)lz=(xLlz)=x(ylz).

3. The operation 1 s associative.
Remark 4.3.1. e If L is commutative, then (A, *, L) is called a commutative ring.
e If L admits a neutral element, then (A,*, L) is called a unitary ring.
Example 4.3.2. The structure (Z,4+, X) is a commutative and unitary ring because:
o (Z,+) is a commutative group.
o The distributive laws hold with respect to addition and multiplication.
Example 4.3.3. The structure (Q,+, X) is a commutative and unitary ring because:
e (Q,+) forms a commutative group.
e Multiplication in Q is associative and commutative.

o The distributive laws hold:

r-(yt+z)=(-y)+(@-2), @ty -z=@-2)+Fy-2), VryzcQ

o The multiplicative identity is 1 € Q, so the ring is unitary.

4.4 Fields

Definition 9. Let E be a set equipped with two binary operations, denoted by + and -. We say
that (E,+,-) is a field if:

1. (E,+,") is a ring with unity (i.e., a unitary ring).
2. Fvery element x € E with x # 0 admits a multiplicative inverse x', that is

Vee E,2#0 d2’ € E suchthatz- -2’ =1,

where 1 is the multiplicative identity.

Remark 4.4.1. Since multiplication in a field is always commutative, the term commutative
field is redundant. Thus, by convention, all fields are commutative under multiplication.

Example 4.4.2. 1. The structures (Q, +, xX), (R, +, x) and (C, +, X) are commutative fields.

o (R, +, x) is a commutative ring with unity.
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e For every v € R with x # 0, there exists an inverse under multiplication, namely

1
rl==€eR.
T

e Hence, (R,+, X) satisfies all the axzioms of a field.
2. The structure (Z,+, X) is not a field:

o Although (Z,+, X) is a commutative ring with unity,

e not every nonzero integer has a multiplicative inverse in Z. For example, 2 € 7Z has
no inverse in 7L, since % ¢ Z.

o Therefore, (Z,4+, x) fails the field property.



