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Exercise 1. In R, the binary relation R is defined as follows:
Ve,yeR: 2Ry <=2 —1=9*—1

1. Show that R is an equivalence relation on R.
2. Determine the quotient set R/R.
Exercise 2. For everv n € N*, a binary relation on Z is defined by
Ve,yeZ:xRy<—= Ik eZ|r—y=kn

1. Show that R is an equivalence relation on Z.
2. Assume that n = 3:

(a) Determine the equivalence class of 2 € Z. Deduce the classes 0,1, 2.

(b) Show that Vm € Z:0=3m,1=3m+ 1,2 =3m + 2.

(¢) Show that 0NT=0,1N2=0,0N2= 0. Deduce the quotient set Z/R.
Exercise 3. Let F be a set and let A be a subset of I/, A binary relation R is defined on
P(E) as follows:
VX, Y €P(E): XRY <= AnX=A4ANnY

1. Show that R is an equivalence relation on P(F).

2. Determine the equivalence classes of ¢ and E. Deduce A and Cg(A).
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Exercise 4 2 binary relation R is defined on R* as follows:

V(x1,v1), (22,y2) € R* : (21, Y1) R (22,12) <= 11 < 29 and y; < 1.
1. Show that R is an order relation on RZ2.
2. Are the elements (2,4), (3,1) of R? comparable by R?



3. Is the order total on R??
4. Determine the set of upper bounds of A = {(1,2),(3,1)} C R2.



Exercise 1.
1. Ve,yeR: 2Ry = 2> -1=1y> -1

(i) Reflexivity: Vo € R,2? — 1 = 2% — 1 = zRw.
(ii) Symmetry: 2Ry 22 —1=¢y* —1=¢y* -1 =2 -1 = yRu.
(iii) Transitivity:

Ry 1=y —1
& >22-1=22—-1= 2Rz
YR~ yr—1=22-1

Therefore, R is an equivalence relation.

2. R/R={z:2eR}
Wehave 7 = {y e R [yRa} = {y e R [y =1 =27 — 1} = {z,—x [ € R}

Thus, R/R = {{z; — 2} ,2 € R}.

Exercise 2.
1. Ve,yeZ:aRy<s ke Z | v —y=kn.

- Reflexivity: We know that Ve € Z: 2 — 2 =0=0-n with k=0 € Z. so 2Rux.
- Symmetry: *Ry < r—y=kn=y—ao=(—k)-n=F-nwith &/ = —k € Z. Thus,
yRux.

- 'Transitivity:

2Ry r—y=k-n/k €l
<~

. Summing both sides:
yR= y—z=ko-n/ke €Z gives:

r—z= (ki +ko)n=hks-nwith ks =k, + ke € Z
Therefore, ¥R~z

2. Forn=3:Ve,yeZ 2Ry kel .xr—y=3k.

(a) For any



re€l:x={yel:yRa}={y€eZ:y=uz+3k}

= {x + 3k

keZ}.
In particular:

0={y€Z:yRO} = {3k

kel}=37Z
I1={yeZ:yR1} ={3k+1|keZ}=3Z+1

2={yeZ:yR2} ={3k+2| ke Z}=3Z+2.
8)

For all m € Z:

( (

0=3m OR(3m)
¢ T=3m+1 because VmeZ:q 1R(3m+1)

2 =3m+2 2R (3m + 2)

\
Indeed, for all m € Z:

y
0—(3m)=3(—m)

e

1 — (3?’?1 —+ 1) — 3(—-;73,) , —m € 7.

2—(3m+2)=3(—m)

We have:

0N1==0 0R1 0—1=—1+#3k
IN2=0 ,becauseq 1R2 .Indeed,{ 1 -2 =143k, kihoks€Z.
0N2=10 0R2 0—2=—-2+#3ks



We know that:

Z/R={z:2€Z}
={z:x=3m}U{z:x=3m+ 1} U{z: 2 =3c+2}.
={0,1,2}.

Exd YV (z1,y1), (22,12) € R? 1 2y < 29 and 1y < 0.

(i) Reflexivity: We know that

r<x
V(x,y) € R?: = (x,y)R(z,y) = R is reflexive.
y<sy

(ii) Anti-symmetry: Suppose (21, y;) R (22, 42) and (21, y2) R (21, y1)

K r2 ANy < Yo ry =g
= A = A = (x1,1) = (r2,12) . Thus, R is anti-symmetric.
Te ST Ao SN =1

(iii) Transitivity: Let (aq,y1), (22, 15), (23,y3) € R?
4 7

s
(21, y1) R (22, 92) r < TNy < o T < T3
$ A = A A =5 A = (z1,51) R (23, 93)
\ (2,Yy2) R (r3,Y3) | 72 Sa3NYa < U3 | U < Y3

Therefore, R is transitive. Hence, R is a partial order relation on R2.
(2) (2,41) and (3,1) are not comparable because (1,4) and (3,1) do not satisfy the relation. In

2<3 32 (2. 4)K(3,1)
fact, A and A = A
421 1<2 (3. 1)A(2.4)

(3) The order is partial because Ja = (2,4) and b = (3,1) where aRb and LRa.



(4) t = (x,y) € R* is an upper bound of A if Va € A : aRt.

4 s 4
(1.2)R(x,y) I<xzA2<y. r =3
= X A = X A = A
k (3, 1) R(x,y) | 3<eAl<y y =2



